NUMERICAL SOLUTION OF REACTION -DIFFUSION EQUATIONS
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Abstract

The subject of the presented paper is a mathematical asalydinumerical solution of the sys-
tem of nonlinear nonstationary reaction-diffusion equagi Firstly, using the invariant region
technique, the proof of both the existence and uniquendgsg aolution and problem data con-
tinuous dependence is carried out. After time discretiratif the problem the Galerkin finite
elements method is applied and a priori error estimateseofrtethod are derived. A suitable
mesh adaptivity is discussed as well. The method is finaljglémented and tested on several
examples.
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Introduction

Reaction-diffusion equations provide an efficient mathéablmodel for description of changes
in concentration of one or more substances under an influEre® basic physical (and chemi-
cal) processes - diffusion and reaction. Using these empumtne can also describe several
mechanisms that occure in nature (see [5]). One of them isubkition of bacteria popula-
tions.

Let us denote; = uj(x,t),i =1,2,...,N, concentrations dfl types of bacteria at timeand
placex, then the mathematical model of the evolution of bacterjputettions is described by
the system of nonlinear nonstationary reaction-diffugqoations (see [6],[7],[8])

o N . .
== DiAUi—i—(ri—glaijuJ)Uiv inQr, i=12....N, (1)

whereQr = Q x (0, T) andDj,r; > 0,a; > 0 are given constants. For each functigni =
1,2,...,N, we also prescribe initial and boundary conditions

Ui(x,0) = Uoi(X) in Q, 2)
oo _ only x (0,T), 3)

on
U = Upij onI'Dx(O,T)7 (4)



whereug: Q — RN, g: 'y x (0,T) — RN andup : I'p x (0,T) — RN are given functions and
I'n, o are parts of the boundagQ such that NUTTp =dQ andl'yNTp = 0.

1 Weak Formulation

Let us denoté = (0,T) and suppose that for eack=1,2,...,N, there exist functionsip; €
L2(1,HY(Q)) nL>(1,L2(Q)) with T5; € L2(1,H-1(Q)) such that for almost all € | holds
Upi(t)|rp, = Upi(t) in the sense of traces. Further, ggtc L2(1,L2(Iy)) andug; € L2(Q) for
eachi =1,2,...,N and in order to exclude trivial solutions let us also suppibse for each
i=1,2,...,N, one hag|upi|2 > m > 0.

If we then defineV = {v € HY(Q)|v = 0on Ipin the sense of tracgs we call
uc L1, L2(Q)N n L2(1,HY(Q))N the weak solution of the problem (1) provided that for
eachi=1,2,...,N, holds

o Mic)2(v),
e Ui(0) = uoj,
e Ui(t) —Upi(t) € V for aimost allt € |

e and for eaclv € V and almost alt € | holds

(%(t),v) +Di(Oui(t), Dv) = ((ri — ngaij uj(t))ui (t),v> +Di(0i,V)ry

This formulation can be easily derived using integratiod &meen’s theorem.

2 Existence and Uniqueness

The existence and uniqueness of the solution of the proll¢fol{ow from the boundedness of
this solution. The boundedness of the solution of the prol§le) can be proved by construction
of theinvariant region(see [4] or [10]).

Definition 1. The invariant region of the problem (1) is every closedset RN with the pro-
perty

Up,Uup € X forallt € [0,T], xe Q = u(x,t) e X forallt € [0, T], xe Q. (5)

Let us denotefi(z) = (ri — zﬂ-\‘zla;jzj> z. If one wants to certify thak is the invariant

region of the problem (1), it is sufficient (see [10]) to pratat for eachz € 9% the vector
f(2) points inside the seX. Consideringg; > 0 for eachi = 1,2,....N, we can defin& =
xN 1 [0,Mi], whereM; > max{||Ugi|e, ||Upi||eo> i /i }- Consequently, for everg € 0% there
existsi € {1,2,...,N} such thatg = 0 orz = M; and thus we can denoz . ZR € 9% such that
Z-=0 and#R M. Finally, it is obvious, that vector(zb), f (zR) pomts inside the sef if
and only if fj(Z-) > 0 andf;(zR) < 0. In the second case one has

N
—Zaij _aIIMI Mj < — |\/||Za|JX'R<0 (6)
i# (¥
while in the first case holds
Z"' = Zalj i —a;i.0 =0. (7)

J#I



Thus the vectoff (Z4) is tangent ta?X and does not points inside the getNevertheless, this
drawback can be removed by showing that the problem ({t3table

Definition 2. We call the problem (1) f-stable, if there exists a sequefidenations{ f, .},
such that]| f — f[|az)n —— 0implies||u— U4 2qyn — O, whereuwiis the solution of
the problem (1) with the functioh dn the right-hand side andiis the solution of the problem
(1) with the functionf {, on the right-hand side.

Remark 1. The f-stability of the problem (1) can be shown using the secpi,, satisfying
fmi(2) = fi(2) + 1oile=2,

Theorem 1. (Existence, uniqueness and data continuous dependentci)elfeinctionsuy, Up
and g satisfy assumptions from the previous section. If thelprol{1) is f-stable, then there

exists a unique solution of the problem (1) and positive constants=BB;(T), i = 1,2,3,
independent fronausuch that :
sup [[u(t)[|3 < By (uo,Up,g), (8)
te[0,T]
T
[Iou) Bt < B, (10, g), ©
0
T
JIW O ¢ < Bs# (uo.Uo,g), (10)
0
where
«%/(Uo,UD»g)—HUonJr Sup [GIE +/|| O12 12+ [Up(®) (£ (05 r, ot (11)

Proof. Sketch of the proof: Sinceis boundedf (u) is Lipschitz-continuous and the existence
and uniqgueness come from the Banach fix-point theorem andwaitslemma respectively.
Estimates (8)-(10) can be derived from the weak formulatising Young’s inequality. [

Previous theorem also implies that for sufficiently smoo#itad(’# (Up,Up,g) < ), the
solution of the problem (1) belongs #((0, T),L?(Q)).

3 Numerical Solution

Let us choose € N, denoter = T /p and define a partition of the interv, T|: tx = kt, for
k=0,1,...,p. Further, let us denouﬂf(x) = Ui (%), g(X) = gi(x,tx) andu; (x) = upi (X, t),
fori=1,2,...,Nandk= 1,2 ...,p. We also suppose’(x) = up;(x) fori =1,2,...,N and

uk”(x)fu-k(x)
approximate the time derivative using the backward difiees i.e. u/(X,t; 1) ~ ———F—-—~

fork=0,1,...,p—1.
Then the time-discretization (see [9]) of the problem (Bd® Foreack=0,1,...,p—1
find a functionuk™1 : Q — RN such that for each= 1,2, ...,N, holds

u!(+1 — uk N
' L = DiAd 4 - > aj uf ) Uit inQ, (12)
T 4
Juktl
o = g = gi(%tea) onln, (13)

Ut = uSti(x) = upi(Xtkr1) onlp, (14)



where we used linearizatiarfuf"* ~ u* U, Consequently, the corresponding weak for-
mulation of the problem (12)-(14) reads: For e&ch 0,1,...,p—21 andi =1,2,...,N, find
Ut € H1(Q) such that

o U _gkiley

e and for allve V holds

(% —17) (U™, v) + Dy (OuF ™, Ov) + z aij (UKUI,v) = (U, V) +Di(g ™ vy
i=

3.1 Finite Elements Method

Let us define the triangulatiofi;, of the domainQ consisting of a finite number of triangular
elementsK; and satisfying<i N Kj € {0, a common vertex, edge or fgctor eachK;,K; € 7
(see [1]). Further, let us define a finite-dimensional spéce {V, € C(Q)| vhlk € Pi(K) VK €
Th} c HY(Q) and deflne alsbh, = XhNV.

If we denote{¢,, } , the basis of the spaaé anduky,; € X, the X,-interpolation ofti;,
we can define the Solution of (12)-(14) obtained by the finiéenents method ag, = uk . +

Sh @M, whereck | € R, i =1,2,...,N. The functionuf; then satisfies

k+1 k+1
® Uy = —Uppj %

° and foralls=1,2,...,N, holds

Z bk smC i = fs, where
N
bE(,sm = (% - ri> (ém, ¢s) + Di(Upm, Os) + Z aij (Ulj(‘pma ¢s) and (15)
=
= S0 + D o,

N
— () g0 - DU 00— 3 alutlen. 0
=

Thus one can compute a vect:{fr*l I‘gl)gﬂl by solving the system of linear equations

Bk = £ with a matrixBX = (b )5, and a right-hand sid = ()5

|s&1

3.2 Mesh Adaptivity

When using some advanced techniques (e.g. [2]) for meshtataap we have to combine the
properties of alN functions and thus it is necessary to construct one fund¢hiahis a "com-
bination” of them. This function should change its valueidgpwherever any o functions
changes its value rapidly. One can construct such a funfdgranstance in a following way: At
each nodé’J of the triangulation;, let us order all valueaﬁi(Pj), i=12,...,N,insuch away
thatuhI (Pj) > uhI ,(P) form=1,2,....,N—1. Then the value of the compound functigf

atpj is "defined by
N

WP = 3 (=)™ (P). (17)

m=1
However, one has to also choose a suitable projection bataveew and the old mesh. This
projection can reduce an order of convergence or even liasutionconsistency of the method.



4 Error Analysis

While solving partial differential equations numericaliyie has to estimate the error of applied
numerical method. The required estimates are provideddéfoltowing theorem (see [3]).

Theorem 2. Lett € (O, m> , wherep = max ri, M = max M; and||A || = max z'j\'zla,-j .

Further, let y,ul € L*(0,T,HS"1(Q)), U’ € L®(0,T,L?(Q)) and g € L®(0, T,HS"Y(T"y)) for
eachi=1,2,...,N, and any s> 0. Then there exist constants Cy > 0 independent fromm, h
and 3 = max Dj, such that

lenl e = max leblZ = max|iefi3 < O (T?+ BN+ hsrd) 4 g2r2ert)),

0<k<p 8§!‘§’5
<i<

0<i<N

p
lenl5 . = max (rDi Y |e{§i|§> < Cu <T2+Bh25+h2(3+1)+B2h2(5+1)>.
=

The Theorem rests upon division of the error into two partge &stimate of the discretiza-
tion error comes from the approximative properties of thadialement spaces. The error of
the numerical method is estimated using Young's inequalitgt boundedness af, and time
derivatives ofu.

5 Numerical Results
5.1 Example 1 - Neumann Boundary Conditions

In Q = [0,1]2 we solve a problem (12)-(14) with = 3, 'p = 0 and coefficient®; = 10~* and
ri=1,fori=12a3. Inadditiora;; = ay, =azgz3=1,a1;» = ap3 = ag1 = 2 anday; = ay3 =
agz = 7. Initial conditions are chosen in such a way th@t= x_ 4, fori = 1,2, 3, where

My = {(xy) Q| (x—0.23)2+(y—0.2)2< (1/4)?}, (18)
My = {(xy) € Q| (x—0.67)?+(y—0.75)° < (1/5)°}, (19)
M3 = {(xy) € Q| (x—0.7572+ (y—0.5)% < (3/10)?}. (20)

The invariant region of this problem is a blo¢® M| x [0,My] x [0,M3], where M; =
max{ ||Uoi||le, 1} = 1 fori =1,2,3. Further, we choost = 100 with p= 200 and thugy = 0.5.
Neumann boundary conditions are homogeneousg}f.e. 0,fori=123andk=0,1,....p.
The interpolation of the initial condition and a solutiomgouted aflT = 100 are depicted on
Figures 1 and 2.

5.2 Example 2 - Dirichlet Boundary Conditions

In Q = [0, 1] we solve a problem (12)-(14) with = 3, "'y = 0 and coefficient®; = 10~* and
ri=1, fori =1,2,3. In additiona;; = aypp = azz =1, ajo = ap3 = az; = 2 andap; = ai;3 =
agz = 7. Initial conditions are chosen in such a way th@t= x_ 4, fori = 1,2, 3, where

M = {(xy) €Q|9(x—0.4)2+25y—0.65)?2< 1}, (21)
My = {(xy) € Q| (x—0.67)”+(y—0.65)* < (1/5)°}, (22)
Mz = {(xy) €Q|(x—0.6)%+ (y—0.4)% < (3/10)%}. (23)

We chooseTl = 50 with p = 100 and thusty = 0.5. Dirichlet boundary conditions are
uk.(x,y) =y, foralli=1,2,3andk=0,1,...,p.

Since||u; || = 1, the invariant region of this problem is the same as theipuswone. The
interpolation of the initial condition and a solution conted atT = 50 are depicted on Figures
3and 4.
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Fig. 1. The interpolation of the initial condition of Example 1 on igotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 2724 elem&0ts nbdes)
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Fig. 2. The solution of Example 1 computed at=T100 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 3694 elements, 18%3nod
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Fig. 3. The interpolation of the initial condition of Example 2 on iaotropic (left, 5000 ele-
ments, 2601 nodes) and adapted mesh (right, 1760 elemé&otk n®des)
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Fig. 4. The solution of Example 2 computed at=I50 on an isotropic (left, 5000 elements,
2601 nodes) and adapted mesh (right, 5021 elements, 983&&nod

Conclusion

We have successfully derived and tested a numerical methtodolving reaction-diffusion
equations. We have also proven that for sufficiently smoothsaiitable data the solution of the
equations is continuous and belongs to the sga@®, T),L2(Q)). For numerical solution we
have used the Galerkin finite elements method and derivera @rror estimates on isotropic
meshes. We have used adaptively refined meshes as well, éipuey error estimates are no
longer valid on them. In order to obtain error estimates capéetl meshes a better projection
should be used.
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NUMERICKE RESENI REAKCNE-DIFUZNICH ROVNIC

Obsahem fedlazere piace je matematiékanayza a numerick feSen soustavy nelinarrich
nestacioarrich difuzré-reaknich rovnic. Nejprve je s vyZitim invariantiho regionu prove-
den dikaz existence a jednozireostifeSer a spojie zAvislosti na dateclilohy. Pocasoe
diskretizaci protdmu je apliko@na Galerkinova metoda kaiv&/ch prvki a odvozeny apriofin
odhady chyby numeriégkmetody. Rovéz je diskutovana vhoda adaptace paitych triangu-
laci. Na ZAver je ceh metoda implement@na a otestdwna nabiznych prikladech.

NUMERISCHELOSUNG REAKTIONSDIFFUSERGLEICHUNGEN

Der Inhalt der vorgelegten Arbeit besteht in der matheroléa Analyse und der numerischen
Losung des Systems nichtlinearer nicht stairen reaktionsdiffuser Gleichungen. Zahst

wird unter Verwendung einer invarianten Region der Beweidsaestenz und der Eindeutigkeit
der Losung und der kontinuierlichen ABhgigkeit von den Daten der Aufgabe erbracht. Nach
einer zeitlichen Diskretisierung des Problems wird diegdah-Methode der finiten Elemente
angewandt und es werden A-priori-Sthungen des Fehlers der numerischen Methode abgelei-
tet. Ebenfalls wird eine geeignete Adaption der gebrauchtengulationen diskutiert. Zum
Abschluss wird die gesamte Methode implementiert und ascheedenen Beispielen getestet.

NUMERYCZNE ROZWIAZYWANIE RWNAN REAKCYJNO-DYFUZYJNYCH

Przedmiotem niniejszego opracowania jest analiza mayex@d oraz numeryczne rozazanie
uktadu nieliniowych éwnan niestacjonarnych dyfuzyjno-reakcyjnych. W pierwszdgkwosci
przy wykorzystaniu niezmiennego regionu przeprowadzavedd na istnienie i jednoznaczso
rozwiazania oraz eigla zalencst od danych zadania. Po czasowej dyskretyzacji problemu zas
tosowano metoglGalerkina elemeatv skahczonych oraz oszacowano a prio8tmetody nu-
merycznej. Orbwiono takze odpowiedra adaptag zastosowanych triangulacji. W zalaze-

niu przedstawiono zastosowanie catej metody i sprawdzana jpznych przyktadach.



