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Abstract

We consider nonlinear algebraic systems arising from nigalediscretizations of nonlinear
partial differential equations of diffusion type. In ordersolve them, some iterative nonlinear
solver, and, on each step of this solver, some iterativaatiselver are used. We propose
adaptive stopping criteria for both these solvers, baseahom posteriori error estimate which
distinguishes the different error components, namely tberetization, linearization, and alge-
braic ones. Our estimates give a guaranteed error uppedtanchalso a robust error lower
bound. Numerical experiments for the nonlinear Laplaceaggno, nonconforming finite ele-
ment discretization, Newton linearization, and conjuggisalients algebraic solver illustrate the
theory.

Keywords: Nonlinear algebraic system; adaptive linearization, &dapalgebraic solution;
stopping criterion; a posteriori error estimate.

Introduction

Consider a system of nonlinear algebraic equations writtehé form: find a vectot) € RN,
N > 1, such that

() =F, (1)

whereo7 : RN — RN is a nonlinear operator arfel € RN a given vector. We describe in this
contribution an adaptive version of the inexact Newton métlef. [2], for problem (1).

Our method is driven by stopping criteria based on a posteximr estimators distinguish-
ing three main error components, namely the discretizatioearization, and algebraic ones.
On a nonlinear solver stedp k > 1, and linear solver stepi > 1, these estimators are respec-
tively denoted bynlL , n', andn’! A notion of an algebraic remainder estimatggm, also
appears. All the estimators are fully computable quarstitie each iteration step; their precise
form depends on the nonlinear problem, numerical disattia, and nonlinear solver at hand,
but is independent of the linear solver. Examples are giedow whereas the detailed forms
can be found in [1].

Let rem, Yaig: andyiin be positive user-given weights, typically of ordef Orelated to the
maximum percentage part of the given error component inatad ¢rror. The algorithm reads:

Algorithm 1 (Adaptive inexact Newton methad)



1. Choose an initial vector e RN, Set k= 1.

2. From U1, define a matrixAk ¢ RN-N and a vector & € RN. Consider the following
system of linear algebraic equations:

AkUK = FX. (2)

3. (a) Definer0:=uUk1andseti=1.

(b) Perform a step of a chosen iterative linear solver for sksution of the linear sys-
tem(2), starting from the vector &'—1. This yields an approximationJ to UK
which satisfies

AkUK = Fk _ RRI 3)

where ' € RN is the algebraic residual vector on step i.

(c) Performv > 0 additional steps of the iterative linear solver yielding @pproxima-
tion UXI*V to UK which satisfies

AKU Kji+v _ Fk . Rk,i+V’ (4)

where '+ ¢ RN is the algebraic residual vector on step-iv. The parametev
is progressively increased until

nrem < Vremmax{ndlsc’ r’||n|7nalg} (5)

(d) Check the convergence criterion for the linear solvethia torm

Ny < Yagmax{ nfte i }- (6)
If satisfied, set §:=UXI. If not, seti:= i + v and go back to step 3b.
4. Check the convergence criterion for the nonlinear solaghe form
M < YinNfee (7)
If satisfied, finish. If not, set:k= k+ 1 and go back to step 2.

A prominent example of linearization is the Newton one, mv{2) with

0.

Ak
au;

(UK, FR=F-gUkh+akukt 8)

but other linearizations like the fixed point one are alsovedld. As for the iterative algebraic
solver yielding (3), we also do not make any requirement.

1 A Nonlinear Partial Differential Equation and its Numerical Approximation

The nonlinear systems (1) typically arise from some nunaéapproximation of a nonlinear
partial differential equation. Le® ¢ RY, d > 2, be a polygonal (polyhedral) domain (open,
bounded, and connected set). We consider the following hmattéial differential equation:
findu: Q — R such that

—0-0(u,0u) = f in Q, (9a)
u=0 onoQ, (9b)



whereo : R x RY — RY is a nonlinear flux function anél : Q — R a source term. The scalar-
valued unknown functiom is termed thepotential and, given a potential, the vector-valued
function —a(u,Ou) is termed thdlux. We assume thatt € L9(Q), g > 1, and sep := q%l SO

that £ + 5 = 1. The energy space 6 := Wy P(Q), i.e., the space dfP(Q) functions whose
weak derivatives are ibP(Q), with the zero trace 08 Q.

The exact solutiom lies in the spac¥. Let uﬁ" be a numerical approximation on a mesh
Ihof Q, linearization stefx > 1, and algebraic solver stép- 1, corresponding to the algebraic
vectorUX! of (3). We supposel’ € V (%), where

V(%) :={ve LP(Q),vlx e WEP(K) VK e F}). (10)

Remark thaV (%) ¢ V, so thatuﬁ’I can be nonconforming. Lefk regroup the faces of
an elemenK € %, denote byh. the diameter of the face, and by|[-]] the jump operator,
yielding the difference of (the traces of) the argument ftbetwo mesh elements that share
on interfaces and the actual trace i a boundary face. The error between the exact solution
of (9) and the approximate solutiauﬁ" is measured as

U = Zurus) + Func(u), (11)
where
/uf(uﬁ’i) = sup (o(u,0u)— a(uﬁ’i,Duﬁ’i), O¢), (12a)
peVv;|0¢|p=1
Sunc(uy') = { Sy héqHHU-UEJHH&e} . (12b)
Ke Jhecék

The quantity/uf(uﬁ’i) measures the error in the approximation of the exact fhau, Cu)

by the approximate onea(uﬁ’i,Du'ﬁ’i) and represents the dual norm of the residual of (9);
/U,Nc(u'f]’i) then measures the nonconformity of the discrete potetﬁiiali.e., the departure
of ut' from the spac&. Therein|-|; stands for the Lebesgue normlif. Importantly, there

holds/u(uﬁ’i) =0 if and only if uﬁ’i = u. The error measuryu(uﬁi) is not easily computable
for a known exact solution; the Holder inequality, however, gives

Ju(U) < 8Pl = [|o(u, Ou) — o (U, O lg + _Zunc(U), (13)

which is simple to evaluate, being based on th&Q)]%-difference of the fluxes, plus the
nonconformity term. Our numerical experiments indicatat thoth error measure;%(uﬁ")
and /u“p(u'r‘]") exhibit a very close behavior.

2 A posteriori Error Estimates and their Efficiency

Recall the estimatonspgi’isc, n,'i‘r’]i, n';[(;, andn/siintroduced in the Introduction. These are quanti-

ties that are fully computable frouﬁ’i. Their precise forms for the model problem (9), various
numerical discretizations, and various linearizatiores given in [1]. Let moreover]:dad be

a quadrature antd]clf’siC a data oscillation estimator. The following theorem hasnbgteown
in [1]:



Theorem 1 (A posteriori error estimate distinguishing the differemtor components)Let
ueV solve(9) and let ' € V(Z,). Then

ki i, ki ki i,k i
AuUs') < Nt My + Najg + Mrém+ Nauad ™ Node (14)

Theorem 1 gives an overall error control on each #ej the linearization and of the
algebraic solver. This control is tight in the sense of tHewang result, shown in [1]:

Theorem 2 (Global efficiency and robustnesd)et uc V solve(9) and let Lﬁ" eV (%,). Let
the global stopping and balancing criter{&), (6), (7) be satisfied. Then there exists a generic
constant C independent of the mesh size h, the do@athe nonlinear functioro, and the
Lebesgue exponent g such that

K,i K,i K,i i K,i K,i i
Neiet Min + Najg + Mom < CLLU(US) + Nepagt N620- (15)

3 Numerical lllustration

This section gives a quick numerical illustration of thedfetical developments. We con-
sider (9) witha (u, Ju) = |Ju|P~20u, which is the so-calleg-Laplacian. Here we only con-
sider the valugp = 10. We takeQ := (0,1) x (0,1), f := 2, and prescribe an inhomogeneous
Dirichlet boundary condition by the exact solution

— - -1
U(X)=—pTl|x—(o.5,o,5)|p/(p—1)+ID 1(}>p/(p )'

p \2
We employ the Crouzeix—Raviart nonconforming finite elemeathod for the discretization,
the Newton linearization (8), and the conjugate gradiegeladaic solver with a diagonal pre-
conditioning.
We compare three different stopping criteria in Algorithpeading to three different solu-
tion approaches:

e In the Full Newton (FN) methodboth the nonlinear and linear solvers are iterated to
“almost” convergence, with the global stopping critquzg <108andn <1078 The
balancing criterion (5) is employed withen = 0.1.

¢ In theInexact Newton (IN) methodhe only difference with FN is that a fixed number
of preconditioned CG iterations is performed on each Newitogatization step. These
values were chosen respectively as 2, 3, 5, 8, 10, 15 on eaelholiethe uniform mesh
refinement.

e Finally, in the Adaptive Inexact Newton (AIN) methtdtat we propose, we rely on the
global stopping criteria (5), (6), and (7) wWitkem = Yaig = Yin = 0.3.

Figure 1 focuses on the 6th level uniformly refined mesh amcks the dependence of the

error measure u“p(uﬁ"), the overall error estimator, and the discretization anddrization

estimatorsnc'j;'SC andnlli‘r’]' of Theorem 1 on the Newton iterations. Typically, the ernmod all the
estimators exceml'i‘r’]' start to stagnate after the linearization error ceasesnurdde. This is
precisely the point where the nonlinear iteration is stappeAIN using (7), whereas both FN
and IN perform many unnecessary additional iterations.

Figure 2 further analyzes the situation on one chosen Neitetation from Figure 1. To be
in a region with similar error measur;?u“p(uﬁ"), we have chosen the 6th iteration for FN and
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Fig. 1. Error and estimators as a function of Newton iterations, 6trelanesh. Newton (left),
inexact Newton (middle), and adaptive inexact Newton (right)
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Fig. 2. Error and estimators as a function of preconditioned CG itenas, 6th level mesh.
Newton, 6th step (left), inexact Newton, 6th step (middle), atapive inexact Newton, 8th
step (right)
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Fig. 3. Number of Newton iterations per refinement level (left), nunabdéinear solver itera-
tions per Newton step on 6th level mesh (middle), and total eumitlinear solver iterations
per refinement level (right)
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Fig. 4. Estimated (left) and actual (right) error distribution, @devel uniformly refined mesh,
adaptive inexact Newton
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Fig. 5. Upper and lower effectivity indices. Newton (left), inexact ewniddle), and adap-
tive inexact Newton (right)

IN and the 8th iteration for AIN. We see that almost no deazedshe error measurgu”p(uﬁ')
can be observed during the almost 650 iterations of the pcétoned CG method in the FN
case. The fixed 15 CG iterations in the IN case are, on the egnirat sufficient to decrease
significantly the error. In our approach, just the sufficidoinline-decided” number of CG
iterations is performed and timely stopped using (6).

Figure 3 illustrates the overall performance of three apphes. We can see that the number
of Newton iterations per refinement level is stable aroundo2@N. It increases significantly
for IN, whereas it is still reduced for AIN. On one Newton #&on, the number of CG iterations
also varies significantly among three approaches. Mangtiters are necessary in the FN case
and fixed 15 iterations in the IN case, whereas AIN picks umtimaber that is “just necessary.”
Remark that this number is equal to two on the first Newton $tepy here, the error is “lagged”
as a function of Newton iterations in the AIN case, cf. Figlird he total number of necessary
CG iterations per refinement level is displayed in the right paFigure 3. On the last mesh,
AIN only needs 306 total iterations, whereas IN needs 14i@@ FN 8690 iterations. Thus, our
approach yields an economy by a factor of roughly 5 with resfeIN and roughly 30 with
respect to FN in terms of total iterations.

Flgure 4 displays the distribution of the overall error mstior and of the error measure

P(u") on the 2nd level uniformly refined mesh for AIN. We see thateivepresence of
algebraic and linearization errors, the overall errorriistion is very well predicted. Finally,



let /dow(uﬁ") be an easily computable lower bound for the error meaﬂu@uﬁ") obtained by
estimating the supremum in (12a) just with opie We define the upper and lower effectivity
indices respectively ag’? := nki/ ziP(ul) and.#' := nki/ glow(yt') and observe that
the effectivity index for the original error measugg, (ut'), defined as# := n/_z,(ut"), lies
betweens'YP and.#'°". For the three methods (FN, IN, and AIN), all these indicescdose to
the optimal value of 1 and in particula# P takes values very close to 1, see Figure 5.

Conclusion

In this work, we have presented an inexact Newton method avfitbsteriori error control and
adaptive stopping criteria. Numerical experiments illatg that tight error bound and important
computational gains can be achieved by our approach. Betagll the presented developments
can be found in [1].
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ADAPTIVN]I NEPRESNE NEWTONOVY METODY S A POSTERIORNMI
ZASTAVOVACIMI KRIT ERII

V této piaci uva&ujeme sy€my nelin@rrich algebraickch rovnic vznikaici pfi numericlée

diskretizaci nelinarrich parcalnich diferencalnich rovnic difuzriho typu. K jejich (giblizné-

mu) feSeri uvazujeme nelinarn iteratni metodu a, na Kedem jejm kroku, iter&ni FeSic

sysému linéarrich algebraicitch rovnic. Navrhujeme adaptivozplisobei pottu krokli obou
iteratnich fesicli. Obé zastavovdckritéria jsou zal@aena na a posterioich odhadech, ktér
rozliSuji riizré slazky celkowe chyby, v daém @ipacé algebraickou chybu, lineariza chybu

a diskretizé&ni chybu. N&e a posteriofirodhady poskytijzaruitenou hornhranici na celkovou
chybu mezi pibliznym a gesrym feSerim a zaroveh robustnostnhranici spodin Numeric-
ké experimenty pro nelirgeri Laplaceovu rovnici, nekonformmmetodu konénych prvki,

Newtonovu linearizaci a metodu sderych gradient profeSeri soustav linarrich algebraic-
kych rovnic ilustruj teoreticle vysledky.

DIE ADAPTIVE UNGENAUE NEWTON-METHODE MIT
A-POSTERIORtSTOPP-KRITERIEN

In dieser Arbeit betrachten wir die Systeme nichtlineatgelaraischer Gleichungen, die bei
der numerischen Diskretisation nichtlinearer partieldéferenzialgleichungen entstehen. Zu
deren - anaherungsweisen -dsung betrachten wir die nicht lineare iterative Methodd un
auf jedem ihrer Schritte - den iterativeibder des Systems der linearen algebraischen Gleichun-
gen. Wir schlagen eine adaptive Angleichung der Schrittzeider iterativer ldser vor. Beide
Stopp-Kriterien gianden sich auf A-posteriori-Satzungen, welche verschiedene Bestandteile
des Gesamtfehlers unterscheiden, im vorliegenden Fadheatgebraischen Fehler, einen li-
nearisierenden Fehler und einen Diskreditisationsfeldesere A-posteriori-Séizungen ge-
wabhrleisten eine garantierte Obergrenpeden Gesamtfehler zwischen deiiderungs- und der
genauen bsung und gleichzeitig eine Robuatdégrenze nach unten. Die numerischen Experi-
mente fir die nichtlineare Laplace-Gleichung, die nichtkonformMethode der Endelemente,
die Newton’sche Linearisation sowie die Methode der du@esdienten zur isung der Sys-
teme linearer algebraischer Gleichungen illustrierertltB@retischen Ergebnisse.

ADAPTACYJINE NIEDOKLADNE METODY NEWTONA Z KRYTERIAMI
STOPUACYMI A POSTERIORI

W niniejszym opracowaniu przedstawiono systemy nieliryickvrownan algebraicznych pow-
stapce podczas numerycznej dyskretyzacji nieliniowych pdmgch bwnah rozniczkowych o
charakterze dyfuzyjnym. Do ich (przybhbnego) rozwazania zastosowano nieliniawnetoe
iteracji a na kadym jej etapie iteracyjny spob rozwazania uktadu liniowychawnah alge-
braicznych. Zaproponowano adaptacyjne dostosowanigieiaw obu sposobw. Oba kry-
teria stopugce opartedna szacunkach a posterioriokt odbzniaja rbzne elementy agjnego
btedu, w tym przypadku algebraiczne, linearyzacyjne i dytykacyjne. Nasze oraz a posteri-
ori szacunki zapewniajgorna grani@ oglnego bedu pomedzy przyblzonym a doktadnym
rozwiazaniem oraz doln staé grani@ bledu. Eksperymenty numeryczne dla nieliniowego
robwnania Laplace’a, niekonformicammeto@ elemerttw skaczonych, linearyzaejNewtona
oraz metod gradienbw sprzzonych do rozwazywania uktadw liniowych rownah algebraicz-
nych przedstawiono w postaci teoretycznych wyik



