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KYBERNETIKA — VOLUME 48 (2012), NUMBER 6, PAGES 1065-1088

WEAK REGULARIZABILITY AND POLE ASSIGNMENT
FOR NON-SQUARE LINEAR SYSTEMS

TETIANA KOROTKA, JEAN JACQUES LOISEAU AND PETR ZAGALAK

The problem of pole assignment by state feedback in the class of non-square linear systems
is considered in the paper. It is shown that the problem is solvable under the assumption of
weak regularizability, a newly introduced concept that can be viewed as a generalization of the
regularizability of square systems. Necessary conditions of solvability for the problem of pole
assignment are established. It is also shown that sufficient conditions can be derived in some
special cases. Some conclusions and prospects for further studies are drawn in the last section.
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1. INTRODUCTION

We consider a linear, time-invariant, continuous system of the form
Ei(t) = Az(t)+ Bu(t), t>0, (1)

where E, A € R1*" B € R?”*™ with R, z(t), and u(t) denoting the field of real numbers,

state, and input of the system, respectively. It is called non-square since ¢, in general,

does not equal n. The system will frequently be referred to as the triple (E, A, B).
Applying the (linear and proportional) state feedback

u(t) = Fzx(t) + v(t), (2)

where F' € R™*™ and v is a new control input, to the system gives the closed-loop
system
Ex(t) = [A+ BF|x(t) + Bo(t). (3)

The system (3)) differs from (I]) just by the term BF added to A, which means that the
differences between these two systems are mainly given by the changes in the (finite and
infinite) zero structure of sSE — A — BF when varying F'. Finite zeros of sE — A — BF
correspond to exponential free-response modes of the system, while zeros at infinity
represent impulsive modes. By choosing different state feedback gains we alter the zero
structure of sE — A — BF', and consequently the response of the closed-loop system.
Such a problem is called the pole structure assignment, here by state feedback .
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It constitutes one of the fundamental problems of control as it aims at shaping the desired
system response by assigning a closed-loop pole structure. Thus, the pole structure
assignment techniques belong to the basic tools for the controller design. One can meet,
see [4, 10, 12] and the references therein, many modifications of this problem. Among
them, in the case of square systems, the so-called eigenstructure assignment comprises,
in addition to the eigenvalues, an deliberate assignment of eigenvectors [8], too. The
case when just a finite pole structure is assigned to the system , which results in
the elimination of the system impulsive behavior, is likely of main practical interest [6].
But the assignment of the infinite eigenvalue to the closed-loop system is important,
too. Consider for example the design of perfect observers [3]. A special case of the pole
structure assignment problem is known as the pole assignment where just a modification
of the (finite and infinite) eigenvalues of sE — A — BF' is of concern.

The pole and pole structure assignment problems have been widely studied by many
authors in the case of square systems. The seminal work in this direction belongs to
Rosenbrock. In [12], he gives necessary and sufficient conditions of solvability for the
case of the explicit (F is invertible) and controllable systems. This result has then been
generalized to the explicit and uncontrollable systems, see [I4]. In the case of implicit
and square systems the problem is solved in [6] for controllable systems, while in [I0]
the problem is considered in the case of uncontrollable systems where necessary and
sufficient conditions of solvability to the pole assignment and necessary conditions to
the pole structure assignment can be found.

The situation is different as far as the non-square systems are concerned. The lit-
erature on this topic is not very extensive [2 5], especially that devoted to the pole
assignment. This is of course caused by the fact that the field of possible applications
is not very large yet. Nevertheless, some applications exist, see [I] and the references
therein. For example, the non-square difference systems arise quite naturally in the
graph theory (Petri nets) when writing down balance equations for each node and where
(oriented) edges are characterized by delays [II, 13]. Such systems can be applied to
some problems of supervisory control.

The paper is an attempt to solve the pole assignment problem when the system under
consideration is implicit and non-square and is organized as follows. In the section
the basic concepts and definitions are given. In particular, the feedback canonical form
and normal external description of the system are introduced. Some mathematical
tricks used for solving the problem, such as the extension of (E, A, B) and the conformal
mapping, are considered therein, too. A solution to the problem of pole assignment to
square systems is also presented here. In the section[3] conditions of solvability to the full
rank assignment in non-square systems, see Theorem [3.1] are presented and a concept
of weak regularizability is defined. This concept can be viewed as a generalization of the
regularizability known in the theory of square systems. The problem of pole assignment
to weakly regularizable systems is restated in terms of the greatest common divisor of all
minors of the maximal order (min(g,n)) in the section 4l Then, under the assumption
of weak regularizability, necessary conditions of solvability are derived, see Theorems
and Just sufficient conditions of solvability in some special cases are given by
Theorems [£.4) and [£.7] Moreover, Theorem gives a complete solution to the problem
in which the maximal number of poles is assigned. An example illustrating the methods
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developed in the paper is provided in that section, too. The last section is devoted to
concluding remarks on the achieved results.

2. BACKGROUND

As far as the notation is concerned, standard symbols, see [4] for instance, are basically
used. The divisibility of the polynomials a(s), 3(s) € R[s] is denoted by the symbol
<, i.e a(s) < 6(s) (B(s) > a(s)) means «a(s) divides B(s). The degree of a polynomial
vector z(s) € R¥[s], degx(s), stands for the greatest degree of all its entries x;(s).
Accordingly, the degree of the ith column of a polynomial matrix M(s) € RP*™[s] is
denoted by deg.; M(s). Such a matrix is called column reduced if it can be written
in the form M(s) = M,.diag {sci}zl + M(s), where M;. € RP*™ is of full column
rank and M (s) € RP*™[s] is such that deg,; M(s) < ¢; := deg,; M(s). Matrices A(s)
and B(s) are said to be equivalent (A(s) = B(s)) if there exist unimodular matrices
M (s) and N(s) over R[s] such that A(s) = M(s)B(s)N(s). A polynomial matrix of
degree 1 is called a matriz pencil. Pencils A(s) and B(s) are said to be strictly (pencil)
equivalent (A(s) ~ B(s)) if there exist invertible matrices M and N over R such that
A(s) = MB(s)N. Let SF denote the set of all k-tuples {j1, ja, - - -, jr }, J1 < j2 < =+ < ji,
ji <t, ji,t € N, the set of natural numbers, i = 1,2,...,k, k < t. Let further Pl and
Ppg), a € Si., B € S, denote submatrices of an m x n matrix P consisting of rows

i1,%2,...,%; and columns ji, ja,...,Jr of P, respectively. For example, P{g]x], acs,
B € Sk where /a := {1,2,...,m} —a, denotes a submatrix of P obtained by eliminating

rows i1,1%2,...,%; of P and having columns ji, jo,...,Ji of P.

The pencil sE—A, and analogously the system , is called regular if the matrices
E and A are square and det[sE—A] is not identically equal to zero. The regularity of
guarantees the existence of its transfer function. Closely related to this concept is
the notion of regularizability. The system is called regularizable (by state feedback)
if it is square and there exists an F' such that the pencil sE — A — BF is regular. In
the case of non-square systems an analogous concept, weak regularizability, is defined
in the section 3. It should be noted that the assumption of weak regularizability plays
a central role in the problems of pole (structure) assignment.

The pole structure of the system (F, A, B) is defined [10] by the zero structure of
the pencil sE — A. More particularly, the finite zero structure of sE — A is given [12]
by the invariant polynomials of sE — A, say 1;(s) > ¥;1+1(s), ¢ = 1,...,r — 1, while the
infinite zero structure is defined [I3] by the terms s~%, d; > 0, i = 1,..., kg, occurring
in the Smith-McMillan form at infinity of sE — A (or by the infinite elementary divisors
of sE — A of the orders p; :=d; + 1, d; > 0).

The problem of pole structure assignment by state feedback to a square system
, see [10] and the references therein, consists of finding conditions (necessary and
sufficient, if possible) under which there exists an F in such that prescribed monic
polynomials 91 (s) > 2(s)> ... > (s) and positive integers d; > dy > -+ > dj, will
define the invariant polynomials and infinite zero orders of sEE— A— BF'. It can be easily
seen that the formulation remains valid even in the case of the non-square systems (|1)).

The problem of pole assignment mentioned in Introduction can be stated in a similar
way: Find conditions (necessary and sufficient, if possible) under which there exists an F'
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in such that the roots of a prescribed monic polynomial, say v (s), and a positive
integer, say d, will define finite and infinite eigenvalues (with multiplicities included) of
sE— A— BF.

2.1. Feedback Canonical Form

Under the action of the feedback group, which consists of quadruples (P, Q, G, F’), where
P, @, G are invertible matrices and F' is an m X n matrix over R, each system (E, A, B)
can be brought into the feedback canonical form (FCF)[9],

(P,Q,G,F)o(E,A,B) =(PEQ,P[A+ BF|Q,PBG) =: (E¢, Ac, Be)

with (E¢, Ac, Be) denoting the feedback canonical form. The pencil sE¢c — A¢ is a
block diagonal matrix,
sEc — Ac = blockdiag {sE; — A;}, t € {e,0,q,p,1,1},

where sE; — A; is again a block diagonal matrix consisting of the blocks, non-increasingly
ordered by size, of type (b:), t € {¢,0,q,p,1,1},

0

67;+1
s —1
s —1
(be) (bs)
s -1 . -1
S
qi pi+1
—_—~
-1 -1 s
(bq) S (bp) . .
qi+1 pit+1
-1 - s
s —1
l; i
—_—~
s —1 s
(o) (by) -1 .
l; . ni+15
-1 - S
—aip  —Gi - STy, -1
i =1,..., ks, with k; denoting the number of the corresponding blocks. The values

describing these blocks are called:

e the nonproper controllability indices, €; > -+ > €, > 0;
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e the proper controllability indices, o1 > -+ > op, > 0;
e the almost proper controllability indices, g1 > -+ > g, > 0;
e the almost nonproper controllability indices, p;y > -+ > pg, > 0;

e the fixed invariant polynomials of [sEc— A¢, —B¢] represented by the polynomials
a;(s) = st +ay,s" 1+ ans + ai, I; >0, ar(s) > az(s) > > ay, (s);

e the row minimal indices of [sEc — Ac, —Bcg], m >+ > nx, > 0.

The matrix Bg is of the form

0 0
B, 0 ko
B, i=blockdiag {[0...01]" e R7:}
0 By i=1
B = ,  Wwhere
0 0 . T _ mait1 L
0 0 B, := block diag {[o...01] € RY }izl.
0 0

2.2. Normal External Description

Definition 2.1. Polynomial matrices N(s), D(s) are said to form a normal external
description (NED) of the system (F, A, B) if they satisfy the following conditions:

. [N(s)

D(S)] forms a minimal polynomial basis for Ker[sE—A, —B],

[sE—A, —B] [N(S) } -0,

e N(s) forms a minimal polynomial basis for KerII[sE — A], where II is a maximal
left annihilator of B,
II[sE —A]N(s) =0.

It should be noted that a normal external description always exists and is not unique.
However, when the above polynomial bases are brought into their canonical forms [4],
then such a normal external description is unique.

Let F define a state feedback . Then the formulas

R

N(s)
[sE — A— BF, —B] =0
D(s) — FN(s)

show how the state feedback acts upon the NED of (E, A, B) and hint a relationship
between the pencils [sE — A — BF, —B] and their NEDs. To enlighten this relationship
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a bit more, consider a system (F¢, Ac, Be) and its canonical NED. It can be seen that
the NED is given just by the ¢;- and oy-blocks of (E¢, Ac, Be) and does not depend
on the quantities ¢;, p;, 1; and polynomials «;(s), which means that the relationships
between these two groups of quantities would not be reflected by the NED. So, if we want
to use the NED for studying the effect of state feedback upon the system, we should
find a way to bring the lost information back into the play. To that end the matrix B¢
is extended by the matrix B¢ (see [10] for detail) in such a way that the lost quantities
of the system will appear in its NED. Such a system (E¢, Ac,[Bc Bc]) obtained from
(Ec, Ac, Be) by this trick is said to be an extended system of (Ec, Ac, Be). Its NED

is of the form [NE(S) }, where Ng(s) := blockdiag {N¢(s)}, t € {¢,0,q,p,1,n}, with

DEg(s)
ke ko
N,(s):= block diag {[1 S... sﬁi]T}‘ E N, (s):= block diag {[1 S... s”i’l]T}‘ o
k‘q T k?
N,(s):= block diag {[1 5.8 ; N, (s):= block diag {[spi o8 1] } o
7 ki Ky
N;(s):= block diag {[1 s...sti71 } X N, (s):= block diag {[sm_l s 1] E
1= 1=
and - q
0 S 0 0 0 O
0 0S8, 0 0 0
Dgpi(s) | | ——————————
Dg(s) = - —— =10 0-Ix 0 0 0
Dpa(s) 0 0 0 I, 0 0
0 0 0 0 S4 0
(000 0 0 05,
with

So = diag {s7}i7,, S, = diag{s¥ 1}, ,

mi 7Yk
So = diag {ai(s)}flzl , Sy :=block diag { [ 8_1 ] } .

=1

The “feedback” matrix describing the effect of state feedback upon the system,

DE‘Fl(S) DEl(S) F
DEF(S) = - = = =l —-———| | NE(S)a (4)
Dgra(s) Dps(s) 0

or explicitely
[Die(s) Se+Dio(s) Dig(s)  Dip(s) Du(s) Din(s) ]
Dae(s)  Dao(s)  Sg+Dag(s) Dap(s) Dai(s) Day(s)

Dgr(s)=1| 0 0 ~ I, 0 0 o |, (5)
0 0 0 ~I, 0 0
0 0 0 0 Su 0
0 0 0 0 0o S,
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where D;;(s) are arbitrary matrices satisfying the conditions

Dyj(s) , _ ,
deg,; [ Day(s) <deg, Ni(s), i=12,...,5€{e0,¢,p, 1,0} (6)

The matrices D;;(s) represent the change to the system, that can be done using a state
feedback. In particular, using the concept of the NED, the problem of finding an F' such
that the prescribed pole structure will be assigned to the system lies in the finding of
the appropriate matrices D;;(s). Let Dyp(s) := [D;;(s)]. Then, matrix Dyp(s) being
at the disposal, the feedback gain F' can be calculated using , ie.

2.3. Conformal Mapping

To handle with the finite and infinite zeros in a unified way, we use the conformal

mapping
1+aw
s = +
w

: (8)
where a € R, and is not a pole of (E, A, B). This is done as follows.

e Perform first the substitution given by to the equation

[sE— A, —B] { N(s) } — 0, (9)

e Then premultiply @) by the matrix diag {w"}, v; := deg,;[sE — A, —B]. At the
end a w-analogue, [wE — A, —B(w)], of the pencil [sE — A, —B] is obtained.
Let (E, A, B) denote the associated system.

e Postmultiply further @) by diag {w#i}, u,; := degm—[ggg |, to get @) in the form

where both [wE —A, —B(w)] and |

o 2

E:g] are polynomial matrices over Rlw].

The conformal mapping transforms the s-plane into itself moving the points s = oo
tow = 0 and s = a to w = 0o, while keeping all the finite zeros at finite positions.
Consequently, the infinite pole structure of the system (F, A, B) is determined as the
finite pole substructure of the system (E, A, B) at w = 0.

Based on the above formulas, a w-analogue, Dpp(w), of the matrix Dgp(s) (defined
in (B)) is of the form
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Dle So’ j_D].O' B D1q~ Dlp Dll Dln
Dye Day Sq + Dag Dy, Dy Dy,
Dgp(w):=| 0 0  diag{—w®} 0 0o o0 |, (10)
0 0 0 diag{—w?} 0 0
0 0 0 0 Sa 0
L O 0 0 0 0o S,
where
Sy = diag {(1 4+ aw)”}iz, S, = diag {(1 + aw)‘“}fil )
= = (14 aw)m n
S, := diag {di(w)}flzl , Sy = blockdiag { [ i } } ,
i=1
Dij are polynomial matrices satisfying the condition, similar to @, that is
d Dlj < T . .
€8¢ D 7d6gciNJ7 2_1727~~'7J 6{6707617]77[»7’}' (11)
25

It should be checked whether state feedback does not assign a zero to the resulting
matrix at the point s = a . If not, then such a state feedback is termed admaissible. In
terms of the matrices D;;, the condition of admissibility of a state feedback is satisfied if

~ ~ ~ . . D elk, §0+Dla k .
Die S"ng“] or at least one of its submatrices [ _telkql } , kg €S, if

the matrix [D

2¢ 20 2¢lkg] D20

ke > kg, is column reduced with the column degrees ¢;, 7 € S:z, and oy, 1 =1,2,..., k,.

It appears that the NED of the extended system of is a very useful tool when
treating the problems like changing the pole structure by state feedback. The proposition
below summarizes some properties of the system that will be used in the sequel.

Proposition 2.2. (Loiseau and Zagalak [10]) The following holds:
(a) The system (E, A, B) is regularizable if and only if k. = k4 and k,, = 0.

(b) The non unit invariant factors of both wE — A — B(w)F and Dgp(w) coincide for
any admissible F'.

(¢) The infinite zero structure of sE — A — BF and finite substructure of Dpp(w) at
w = 0 coincide for any admissible F'.

As the main problem considered in the paper is the problem of pole assignment to
the system (E, A, B), we recall the known result in the case of regularizable systems.

Proposition 2.3. (Loiseau and Zagalak [10]) Given a regularizable system (1)) (ke = k,
and k, = 0), a monic polynomial 9(s), and an integer d > 0, then there exists a matrix
Fin such that det[sE — A — BF] = v(s) and the sum of the infinite zero orders of
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sE — A — BF equals d if and only if the conditions - (and if ke = 0) are
satisfied:

deg(s) +d

ke ko kq kp ki
de+d oY at+y pi+y b (12)
i=1 i=1 i=1 i=1 i=1
P(s) > ar(s)aa(s)...ag(s), (13)

kq kp
Z q; + Zpi, (14)
i=1 i=1

ko ki
degvo(s) = Y oi+ Y L (15)
=1 =1

d

v

Remark 2.4. The matrix Dgp(s) or its w-analogue Dpp(w) shows that the quanti-
ties ;(s), pi,q; can not be changed by state feedback while the sum of the indices
€;,0; is the number of the poles that can freely be assigned either to finite or infinite
locations [I0].

3. POLE ASSIGNMENT IN NON-SQUARE SYSTEMS

When dealing with the non-square systems (1)), a natural question arising here is under
what conditions there exists a state feedback (2] yielding a full rank pencil sE— A— BF'.
The following theorem gives an answer to this question.

Theorem 3.1. (Korotka, Loiseau and Zagalak [0]) There exists a matrix F' € R”™*"
such that pencil sEE — A — BF' is of

(a) full row rank if and only if

ke > kg and k, =0, (16)

(b) full column rank if and only if
ky > k. (17)

Proof. For pencils having more columns than rows it easily follows, from the form of
Dgr(s), that sE— A— BF is of full row rank if and only if holds. In the case there
are more rows than columns and rank sEE — A — BF is full, say n,

rank [sE — A — BF| < rank II[sE — A] + rank B
where II is a maximal annihilator of B. This condition is equivalent to
n —rank [sE — A — BF] > n —rank II[sF — A] — rank B. (18)

Then, as n — rank II[sE — A] is equal to the number of the column minimal indices of
[sE — A — B], that is to say ke + k,, and rank B = k, + k,, it follows from that
0> ke + ks — ks — k4 and consequently follows .

Conversely, if , or , holds for a pencil [sE — A, —B], then it is always possible
to find an F' such that sE — A — BF will be of full row or column rank. O
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Example 3.2. Let the system with k. =2, k; =1 (e1 = €2 = ¢1 = 1) be given,

s -1 0 0 0]0

o o0os -1 o0]o0

sE-A =Bl:i=1 g g 0 0 —1 0
0 00 0 s]|-1

Evidently, the pencil sE — A is not of full rank but, since the system satisfies , a
state feedback can always be found such that sE — A — BF' will be of full row rank. For
example, F' :=[1 0 0 0] yields

s =1 0 0

0 0 s -1 0

sE—A— BF = 0 0 0 0 1
-1 0 0 0 s

that is of full row rank.

If the conditions and are satisfied simultaneously then the system is square
and regularizable.

The systems satisfying either or might be called weakly (row or column)
reqularizable since we cannot speak of the characteristic polynomial assignment but just
of the full rank assignment, which means that (at least) one of the minors of largest
possible order min{g,n} of sE — A — BF is not zero. The minors of P(s) € R?*"[s] of
order min{g, n} will be called dominant and denoted as dm P(s). The greatest common
divisor of all dominant minors of sE—A—BF (hereafter denoted by gecddm[sE—A—BF])
plays a similar role as the determinant of the regular pencils, which means that the zeros
of sE — A — BF are given by the zeros of gcddm[sE — A — BF]. Clearly, if the system
is not weakly regularizable, it would be difficult to speak about the pole assignment in
terms of geddm[sE — A — BF].

Example 3.3. Let ¢ =7 =1 and 07 = 3. Then the matrix Dgp(s) is of the form

o+ ars 8+ Bas®+ Pis+ B0 v
Dpr(s) = 0 0 s |,
0 0 -1

which shows that there is no F resulting in Dgr(s) (and hence sE— A— BF') nonsingular
(or at least a dominant minor is nonzero).

It is of course convenient to use the conformal mapping and work on the pencil
wE — A — B(w)F. Then the roots of ¥ (w)w? := geddm[wE — A — B(w)F| are the
transformed zeros (finite and infinite) of sE — A — BF.

4. POLE ASSIGNMENT IN WEAKLY REGULARIZABLE SYSTEMS

When using the above introduced w-notation, it follows, from the previous section,
that for the systems satisfying the conditions of Theorem the pole assignment is a
well defined problem in terms of gcddm [wE —A- B(w)F] The problem formulation
introduced below is just a rephrased version of that given in Background.
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Given a weakly reqularizable system , a monic polynomial ¥ (s), and integer
d > 0, find conditions under which there exists a matriz F € R™X™ such that,
using the w-notation, (w)w? will be a geddm[wE — A — B(w)F].

By Proposition it follows that @(w)wd is also geddm Dgp(w). Thus, geddm [wE -
A— B(w)F] can be replaced by geddm Dgp(w) in the above formulation.

4.1. Row regularizable Systems

The following lemma will be useful in the sequel.

g( 12/ } be an (m + p) x (n + p) polynomial matrix of full

row rank with Z nonsingular. Then

Lemma 4.1. Let P(s) =

geddm P(s) = geddm X det Z. (19)

Proof of Lemma It is clear that any (m + p) x (m + p) nonsingular submatrix,

say Py, (s), of P(s) is of the form g(m 12/ , where X,,, denotes any m x m nonsingular
submatrix of X. Clearly, det P,,(s) = det X,,(s) det Z(s), which implies (19). O

The necessary conditions of solvability to the problem of pole assignment to the row
regularizable systems are given in the next theorem.

Theorem 4.2. Let a row regularizable system (ke > kq and k, = 0), a monic
polynomial ¢(s), and an integer d > 0 be given. If there exists a matrix F' € R™*" such
that a ¥ (w)w? = geddm [wE —A- B(w)F}, then the conditions - 1' (and if
kq = 0) are satisfied:

kq ko kq kp ki

deg¥(s)+d < Zei+zgi+ZQi+2pi+Zli’ (20)
i=1 i=1 i=1 i=1 i=1

P(s) > ai(s)as(s)---ak(s), (21)

kq kp
d > Y a+) m (22)
i=1 i=1

kp
d = sz' (23)
i=1
with equality in if ke = kqg.

Proof. Le:c F be a matrix such that sEE — A — BF is of full row rank and qonsider
the matrix Dgp(w) in (without the rows and columns corresponding to .S, since
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k, = 0). It can be seen that this matrix is of the form of the matrix P(s) in Lemma
X = {Q“ So+Dio ], which implies that

Dze  Dao
geddm DEF(w) - ,(Z)/ (w)wEfil G+, Pigy (w)- - - ag, (w), (24)

where @Z'(w) := geddm X. The relationship then implies the conditions and
and, since

ko
2
o
Q

degdy(w) < €+ >, o4 for ke >k,

«
I
—
«
I
A

(25)

|
M

deg 1/7(10) €+ >, o4, for ke =k,

©
I
—
©
I
-

in view of ( and the assumption on the admissibility of F', the condition is

obtained from and .

If kg =0 then 1/} (w) is always coprime with w. This fact and the w-coprimeness of

polynomlals a;(w), i =1,...,k, (by assumption on the conformal mapping) imply, in
view of , the condition . |

The following example shows that the conditions of Theorem are not sufficient in
general.

Example 4.3. Let ¢; =0 and 07 = 3. Then the matrix Dgp(s) is of the form
DEF(S) = [ Q) 53 +ﬁ252 + 518 +50 ]

and the degrees of the geddm Dgp(s) are either 0 or 3, but never 1 or 2 although they
satisfy . O

When just one nonzero dominant minor of sE — A — BF is to be assigned, a more
complete answer to the problem of pole assignment to a row regularizable system can
be given.

Theorem 4.4. Let a row regularizable system (ke > kq and k, = 0), a monic
polynomial v(s), and an integer d > 0 be given. Let further {e fll be a subset of
{61}1 1- Then there exists a matrix F' € Rmx” such that a ¢(w)w? = geddm [wE —A—

B(w)F], if the conditions . and (29)) if k, = 0) are satisfied:

kq ko kq kp k;

degy(s) +d Ze§+zdi+2qz‘+2pi+zli, (26)
i=1 i=1 i=1 i=1 i=1

P(s) > ar(s)aa(s)...ax(s), (27)

kq kp
Z g + Z Di> (28)
i=1 i=1

ko ki

i=1 i=1

U
Y

o
@
03
<
—
»
N
I
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Proof. The conditions - imply that F' can be chosen such that Dgp(w) is of
form (without the rows and columns corresponding to .S;) with

geddm Dgp(w) =1 (w)wzfil @i+ Pigy(w)...ak (w), (30)
7/ o Dle SU + chy
where ¢ (w) := geddm [Dze Dy, }, and
~ kq ko
deg ) (w) = €+ Ior
1 i=1

im
. ~ . . b Dy px) O
Such matrices D;; always exist because of (11)). For instance, choose [Ele} = .

2¢ D2e[k;] 0|’
Dy 4x) So+Dio
* kq ~ 1€[k‘1]
kg € S;!, such that |:f)25[k;] P
1,2,...,kg,and 0y, 1 =1,2,...,k,.
If k, = 0 then ¢’ (w) is always coprime with w, and should be added. O

} is column reduced with column degrees €, i =

4.2. Column Regularizable Systems

Let us consider a column regularizable system .

X Y
0 Z
matrix of full column rank where Z is p X p, nonsingular, and diagonal. Then

Lemma 4.5. Let P(s) = [ } be an (m + p) X (n+ p), m —n < p, polynomial

geddm P(s) < ged { geddm X det Z; det[X Yiyw]det Zjg|, ke sy L. (31)

Proof. Clearly, the dominant minors dm P(s) are determinants of (n + p) x (n + p)
submatrices of P(s), i.e.

dm P(s) = det PUl(s), j e SpP .

More particularly,

XUl ylil

], jesmr kESgﬂ', 1=0,1,...,m —n.

Then, as a consequence of the diagonal form of Z,
j k —i n+i
dm P(s) = det[X Y]V det Z)p], kesp™, jesp (32)

Consider now the relationship for i = 0 and i« = m — n. In the former case,
the relationship describes the dominant minors of P(s) obtained when eliminating
m —mnrows of [X Y], i.e.

dm P(s) = det XU det Z, jesS®

m*
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Now, since geddm X = ged{det XU!, j € S}, it follows that

m
geddm X det Z = ged{det XU det Z, j € ST, }. (33)

The case i = m — n corresponds to eliminating m — n rows of [0 Z], which means that
the corresponding minors are

dm P(s) = det[X Y] det Zly], ke spm. (34)
The geddm P(s) divides the terms , by definition, which implies . a

In the following theorem necessary conditions of solvability to the pole assignment
problem in a column regularizable system are given.

Theorem 4.6. Let a column regularizable system (kg > k), a monic polynomial
¥(s), and an integer d > 0 be given. If there exists a matrix /' € R™>" such that

P(w)w? = geddm [wE~ —A- B(w)F}, then the conditions |) - 1] (and it k. =0)
are satisfied:

ke ko ke kp k
dogi(s) +d < SatSot St >k (35)
=1 =1 =1 =1 =1

ky
ois) > I i), (36)
i=kg—ke+1
ketkp
d > Z Zi, (37)
T
degy(s) < ZGH'ZCH*'ZQ, (38)
i=1 i=1 i=1
ke ko ke kp
d < ZQ-I-Z%-FZ%-FZP% (39)
i=1 i=1 i=1 i=1

kp
d < sz', (40)
i=1
where equality holds in for ke = kg, {zl}fz'{k” denotes the set of the first ke + &,

indices of the non-decreasingly ordered set {qi}fil U {pi}fil, and a;(s) :== 1 for k; <
kg — ke.

Proof. Let sE—A— BF be of full column rank, which implies that the matrix DEF(QJ)
(see ) also has full column rank. Bringing, by elementary operations, the matrix 5,

0
the matrices Eln, Dgn can be zeroed, which means that we can study just a submatrix

to the form, Sz = {I’“" }, the matrix DEp(w) can further be simplified. Particularly,
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of Dgr(w), hereafter denoted by P(w), that does not contain the rows and columns
corresponding to the 7-blocks. It is evident that geddm Dpp(w) = geddm P(w) as the
only nonzero dominant minors of Dgp(w) are those of P(w).

Further, it can be seen that the matrix P(w) assumes the form of the matrix P(s) in
Lemma .5l Let m := ky + kg, n:= ke + ko, and p := kg + kp, + ki,

@15 Saj_Dla‘ B D1q~ élp @1[
DQe DQJ ‘ Sq + D2q D2p D2l X ‘ Y
P(w) = 0 0 |diag{—w% } 0 ol (; 7‘2
0 0 | 0  diag{—wP} 0
0 0o | o0 0 S

with Z := diag {Z,, Zp, Sa}, where Z, := diag {—w%} and Z, := diag {—w?}.
Then, similarly as in Lemma the dominant minors of P(w) are formed by eliminating
m—n=k,+ky— (ke + ko) = kq — ke rows of P(w), i.e

dm P(w) = det[X Y]] det 2], j€Sp™, keSh™, i=0,1,... kg ke
Begin with considering the dominant minors for i = kg — ke, i.e.

k
det[X Yii]det Zjg], k € Shethothe

Let further &, k;,, kj be nonnegative numbers satisfying

ke < kg < kg, (41)
kp— (kg —k) < K, <k, (42)
ki — (kg —ke) < k) <k, (43)

(44)

Kl + K+ K = ke + Ky + K.

Then, the det Z[[,’:]] can be written in the form

(k] _ LA [kp] k]
det Z[k] =detZ [ki’] det Z [k‘f] det S 1
where detS [k‘] :=1for kj =0, and det Z [k =1 for k;’ =0.

[k' ]
l

The polynomlal det § ! k] of the smallest degree, which is defined for the smallest k;,

is .
l
det S {’;ﬂ = J] aw)
i=kg—ke+1
and the condition follows.

Consider now the polynomial of the smallest degree of the

[kq] ko] k.
detZ[k,dtZ[p] w"s,
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where k, := kj +Fk,,. Since det S [[kk’,]] is always coprime with w (&;(w) are coprime with w
Ry
by assumption on the conformal mapping), the smallest k, is defined by (44)) for k;" = ki,

ko = ke + k.

Let {2:}F2] be the set of the k, smallest indices of the set {ql}l 1 U {pz}l 1- In view of
there exist matrices Dlj such that

Di. S, + Dy, ] [ qu ] { Dlp }
det[X Y = det ~ ~ S D )
[ [/ks]] [ |: Do, Dy, Sq + D2q [/kg] D2p [/kpr]

and w are coprime. This implies the condition .
By lemma the geddm P(w) satisfies

gammf%w)qgﬂ{gﬂmnXdaz;dmp{ﬁmﬂ¢n2$} kes§+%+h}. (45)

But at first it should be noted that from the full column rank hypothesis of P(w) it
follows that at least one minor from the below set is nonzero,

det | X det Z,e] det Z, det S, ke € S}, (46)

qlke]

500,
Sq+ Dag [,

Hence, limits the largest degree of det Z[[,’:]] i

€ l
@%m@w keSS =01, kg =k} <Y g+ pi+ Y L (47)

Finally, as the matrix Sq + ng (i.e. all the entries of the matrix) is not divisible by w,
then

det Z [kl Sq + Daq

det Z
degged < geddm X T2 et lX [ qu } ], ke € S’Eq
qlke] [/ke]

(48)

The condition (35)) then follows from , and . It should be noted that if
45

ke = k4 then (45) comes to
geddm P(w) = det P(w) = det X det Z

and the equality in ) holds.
Since det Z {:‘} detZ in is of the form w’, j > 0, which means that the g, p-

blocks can’t contribute to 121( ) then should satisfy. The w-coprimeness of det S,
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implies analogously 1) If k. = 0 then the largest degree of det Z, [[,’:]] in 1] is limited by

ki

Zf; pi + > l;. In addition the ged of the bracketed expression in (48) is not divisible
i=1

by w. These facts imply . O

The conditions of Theorem [4.6] are believed to be also sufficient, but the proof should
be completed. Below, sufficient conditions are given for some special cases. More
particularly, in the column regularizable systems, it is always possible to assign the
geddm Dy (w) of the form

kel det Z, det Sa, (49)

geddm Dpp(w) = geddm X det z! ake]

where k} is a specific element from qu
In order to satisfy , let the corresponding minor be a nonzero one from the set

(E).

- D, .
dm Dgp(w) =det | X [ 1 } det Z | 5 detZ det S,, i.e.
Sa+ Dagl sy o
D,
det | X [ € } £ 0. (50)
[ Sq+ Dag [/k:}]

This minor belongs to the set

k ;
det[X Yii]det Zjg], k € Skethothy,

and is the only nonzero minor from this set if the following conditions are satisfied:

deth {S D% } [ g“’ } { g” } ] =0 (51)
0t P2q Jype) L P2 Jygy L P2t Jag
for all k # k¥, k;, # kp, kj # ki, where ki, k), kj are the same as in 7.

This condition holds for all k) # k,, k| # ki, if [D D} — 0. Then
Day, Doy

ged(det[X Y] det Ziy), k € Skthotht) = geddm Dy, det Z,, det S,

where N - -
Dle SU+D10'| B qu~

r . D2e D2U | Sq +D2q
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Now, if the matrix qu is partitioned such that

Di. S, + Dy, Dy g Digyin ]
5 kI 7 k2 =l o [ k]
Dy, Dy, | [S + DZq} k2] D2q[/k2]

qu = - /k* ~ /k* ~ /k* ~ ~ [/k:] 9
D, V¥ p, kD D, [S4+ Day) "
k2]

| Z 4kt 0[ -

L0 0 | 0 Zykd -

then can be written in the form

Dic 8s+ D, Digyez)
kel 7 k] Lk
det | Dac Dy, qu[/k:] # 0.

U]~ Uk Ta s 7R
b,k p, VK] [Sq n qu]

The matrices S + Dlg, [S + DQQ} %k*} are always nonsingular, therefore the condition

det D26 7é 0 guaranties . Similarly, if the matrices D25[/ ke ], Dzo[/ ke ], ng[[/ ’;{% are
zero matrices, then (51)) holds for all kj # kf. Indeed, using row and column elementary
operations, the matrix qu is brought to the form

Dle gg -+ Dlg | qu[k:] 0
o *] o~ [k (kZ]
DQE[kE] DQJ[’CE] | [S + D2q} (k] 0
Dyg= | 0 0 | 0 Ik |-
S G
| Zaeny 0
0 | 0 Og,—r.

which shows that the only nonzero dominant minor of the matrix ﬁmq is the minor
corresponding to (50). Since

. Di. S, + Dy,
geddm D, = det l ~[1k*] e

[k]
D25€ D[2

detZ [ ‘] —gcddedetZ ko]

k]

the relationship follows.

The above described procedure is not unique but seems to be the simplest one for
the construction of the matrices D;;. It will also be used in the following theorem.
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Theorem 4.7. Let a column regularizable system (1)) (k;, > k.), a monic polynomial
1 (s), and an integer d > 0 be given. Let further {ql}z , be a subset of {ql}Z 1- Then
there ex1stb a matnx F € R™*" such that a ¢(w)w? = geddm[wE — A — B(w)F] if the
conditions (52) — (54) (and (55) if k. = 0) are satisfied:

ke ko ke kp k
degv(s)+d = Zﬁi—FZO’iﬁ-qu‘szi-‘rili, (52)
=1 =1 i=1 =1

P(s) > a_l(s)az(s) oo (8), (53)
ke kp
1:61 7.:kll
degip(s) = Y oi+ Y L (55)
i=1 i=1

Proof. Suppose — hold. This implies that
ke

ko k
Zl <deg1/) Z —|—Zm+i:li,
i=1 i=1

ke kp ke ko ke kp

DG pi<dS) G+ oitd g+ pi

i=1 i=1 i=1 i=1 i=1 i=1
which means that an F' can be chosen such that

det Z K] iy p ai(s)...ag(s),

geddm Dpp(w) = geddm [Dle S + Dl"}

D2€ DZU [k*]
where ~ ~ ~ .
Dle SO'+ :| -
deg geddm | =~ ~ € + Oy
gwtam [ 571 P0) 353"

ke
’

24 s [
det Z {k*} denotes wi=t , and k¥ corresponds to the positions of terms w% in (II_OI>

If k. = 0 then geddm {S”gf 1“} is always coprime with w, which is reflected by (55)).

Such a matrix F, and consequently matrices ZN)ij, always exists because of (|11). For
instance, &) [k*]
DQE = |: D206 :l ; D?U = |: D :l ; (56)

such that
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and
5 k) A R o
- Doglicz) - Dagpie) D, Dy
DQq = Uk y D2 _D2l = 0. (57)
€ 4
0 Dy
0

It should be noted that deg)(s) + d is the number of poles (multiplicities included)
of system (i.e. deg(s) is the number of finite poles, multiplicities included, and d is
the multiplicity of the pole at infinity). In the case of regularizable system this value is
constant (see (12])). The situation is different as far as weakly regularizable systems (see
and ) are concerned. In the following theorem the problem of pole assignment
there is considered in the case when the maximal number of poles is to be assigned.

Theorem 4.8. [5] Given a weakly (row or column) regularizable system (1) (i.e. ke >
kq and k,, = 0 or kq > k), a monic polynomial ¢(s), and an integer d > 0. If

kr ko ky kp Ky
degw(s)—l—d:Zei+Zai+Zqi+2pi+Zli, (58)
i=1 i=1 i=1 i=1 i=1

then there exists a state feedback 1) such that geddm [wE —A- B(w)F} = P(w)w? if
and only if the conditions (59), (60) (and if k. = 0) are satisfied:

P(s) > ar(s)aa(s)...ak(s), (59)
k. kp
d = Y a+) pi (60)

ko o
degi(s) = Zai—&—Zli, (61)
i=1 i=1

where k, := min{k, kq}.

Proof. The necessity of — follows directly from Theorem and Theorem
for the row and column regularizable systems, respectively. These conditions are

also sufficient by Theorem [4.4] and Theorem O
Example 4.9. Consider a system (FE, A, B) given by
0 -1 0 0]0 0
0 s -1 0]0 0
[sE-A, -B]:=]10 0 s O0]-1 0],
0 0 0 -1]0 0
0 0 0 s|0 -1

i.e. with e =0, g1 =2, g2 = 1. The system is column regularizable and, as follows
from Theorem [£.8] the maximal number of the poles that can be assigned is d = 2. We
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are going to show how to construct a matrix F such that geddm Dgp(w) = w?. To that
end, the extended system of (E, A, B) and its NED are constructed first.

0O -1 0 0]0 0 -1 0
0 s -1 0]0 0 0 0
[sE-A, —[BB]]:=|0 0 s O|-1 0 0 0
0O 0 0 —-1]0 0 0 -1
0 0 0 s|]0 -1 0 0
1 0 0] 1 0 0 ]
0 1 0 0 w? 0
0 s 0 0 (14 aw)w 0
Ng(s) 0 0 1 Ng(w) 0 0 w
Dg(s) 0 s2 0 Dg(w) 0 (1+aw)? 0
0 0 s 0 0 1+ aw
0 -1 0 0 —w? 0
|0 0 -1 | |0 0 —w |

Now, the matrix Dgp(w) will be constructed such that geddm Dgp(w) = w?, which

means that the matrices D;; should be appropriately chosen. By 1] we have
2
= | an = | appwt +ai3w apqw
D26 o [ a21 :| ’ ng T |: 01227.1)2 + Q3w (QugqW :| ’ (62)

where coefficients a;; can freely be chosen. Next, taking into account the relationships
7 and the fact that ¢ = 2, we put k¥ = {1}, which gives degdet BQE]
degdetay; =0, i.e. a1 #0, Dg/el] = 91 =0, D i agow? + agsw = 0. Then, the

- 2q[ 1]
matrix Dgp(w) is found to be of the form
air (14 aw)? + appw? + ajzw Q4w
~ . 0 0 1+ aw 4+ agqw
Dpr(w) =1 w2 0 ,
0 0 —w

where aq1 # 0 and the values of all other coeflicients o;; are irrelevant.

Let Dy r(w) denote a w-analogue of the matrix Dy g(s) in . This matrix is of the
form

a1 appw? +oqgw aqaw

0 0 QogW

which gives the state feedback gain F = [ “§t “127¥12 233 @14 ] with aq1 # 0 (the values
of other «;; are irrelevant).

It can be easily verified that for such an F' the pencil sEE — A — BF has the pole at
infinity of order 2,

DNF = , app # 0,

0 -1 0 0 -1 s 0 0
0 5 -1 0 0 -1 s 0
[SE—A—BF] = | —011 —a12+aa13 S—Q13 —Q14 ~ 0 0 -1 0
0 0 0 -1 0 0 0 -1
0 0 0 S—Quoy 0 0 0 S
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Remark 4.10. For the systems of low dimensions, like the above one, a state feedback
gain F' can be calculated directly from the forms of dm Dgp(w). For example, consider
Dgr(w) with the matrices D;; defined by (6 7 i.e.

arr (14+aw)?4+apw?+aizw — ajw a1y 1+(2a+ai3)w 0
~ (a5 a22w2+a23w 1+aw+assw | o | o1 0 1
Dpr(w)=1" —w? 0 “lo —w? 0
0 0 —w 0 0 —w

There are four dominant minors of the above matrix, namely

detDEF( )[/1] = w? 0421,
detDEF( )[/2] = wdaq1,
detDEF( )[/3] —wa21[1+(2a+a13) ]
detDEF( )[/4] = ’U) 11,

which implies that the maximal number of assignable poles is d = 2 (the full column
rank hypothesis implies that at least one coefficient a1, 7 = 1,2 is nonzero). The result
follows on putting a1 # 0, ag; = 0.

5. CONCLUSIONS

The problem of pole assignment by state feedback to the non-square implicit systems
is considered in the paper. If the condition (a) or (b) of Theorem [3.1]is satisfied, then the
problem is well-defined and such systems are called weakly (row or column) regularizable
- the weak regularizability can be viewed as an analog of the regularizability known [11]
in the case of square systems (|1f). The main result of the paper is stated in Theorem
and Theorem [4.6] that give necessary conditions of solvability. The conditions are stated
in terms of the greatest common divisor of the dominant minors of [wE A—B(w )F],
which is an analog of the determinant of the square pencils. Just sufficient conditions
for particular cases are also given in Theorem [£.4] and Theorem [£.7] In a special case,
when the maximal number of zeros (both finite and infinite) is to be assigned to the
pencil sE — A — BF, Theorem [£.8] gives necessary and sufficient conditions.

By investigating the results of the section 4, the concluding remarks are given below.
We begin with the row regularizable systems (k. > kq and k,, = 0). In the case when
ke = kq (regularizable system) the conditions of Theorem coincide with those of
Theorem (a set {¢] } | is the whole set {€;}¥<, now). In other words, the conditions
of these theorems are necessary and sufficient. And in fact, these theorems reduce to
Proposition The same holds in the case of column regularizable systems.

The blocks causing the non-regularizability of the system, but not breaking the weak
regularizability, deserve a special attention. Particularly, the extension of the regulariz-
ability to its weak analogue is due to these blocks, which will hereafter be called as NS
blocks. In the case of row regularizable systems they generate k. — k, nonproper indices,
while the column regularizable systems may possess k; — ke NS g-blocks. In addition,
all the n-blocks belong to the NS blocks, too. Their influence upon the dynamics of the
system is described below.

First, it should be noted that the maximal number of assignable poles (with multi-
plicities included) of a weakly regularizable system cannot be increased by its NS blocks.
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Second, the number of poles that can freely be assigned to weakly regularizable
systems can be different from the similar number in regularizable systems, see Remark
In the row regularizable systems this number is described by the term 12}/ (w) in
1] Since deg ’z[}’(w) < Zfil € + Zf;l 0y, it follows that NS e-blocks may lead to the
cancellation of all such poles (in the case when deg®(w) = 0). The same inequality,
inspired by , holds in the column regularizable systems, caused by NS ¢-blocks.

The last remark concerns the quantities «;(s), g;, p; in the column regularizable sys-
tems. Particularly, the conditions , imply that only k; — k, + k. smallest o;(s)
and k. + k, smallest indices of {qi}fil U {pi}fil are not changed by state feedback ,
which is different from the analogue conclusions for regularizable systems (see Remark
and row regularizable systems (see Theorem [4.2)).
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