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Uvod

Teorie parcialnich diferencialnich rovnic ma siroké uziti nejen ve fyzice, ale i v tech-
nické praxi. Teorie potencialu predstavuje v dnesni dobé icinny matematicky apa-
rat ke studiu parcialnich diferencialnich operatort predevsim eliptického a parabo-
lického typu.

Pro zadatek uvazujme Laplacetiv operator v R™, n > 3, tj. diferencialni operator
tvaru

d? 82
e Gt oo
Klasickou teorii potencialu lze chapat jako teorii Laplaceova operatoru.

Piedpokladejme, ze U C R™ je oteviena, relativné kompaktni mnozina a f
spojita funkce na hranici QU (f € C(0U)) mnoziny U. Klasicka Dirichletova iloha,
nazyvana casto klasickd prvni okrajova tloha, spociva v nalezeni funkce u spojité
na uzavéru mnoziny U (u € C(U)) takové, Ze na U plati Au = 0 a restrikce u|au
funkce u na QU splyva s f.

Je-1i U oteviena jednotkova koule v R™ bez stfedu, nelze ocekavat, ze ma kla-
sicka Dirichletova tiloha reSeni pro kazdou spojitou funkci na 9U. Podobné pro tzv.
Lebesguetiv hrot, viz napf. [24], s. 175, nema tato tiloha feSeni pro kazdou spojitou
hraniéni funkei .

Vznika tedy potfeba vhodnym zpusobem zobecnit formulaci a pojem feSeni
Dirichletovy tlohy. Pro otevienou relativné kompaktni mnozinu U C R" oznac-
me

H(U) = {h e CY(U); Ak =0 na U};

prvky H(U) nazyvame harmonickymi funkcemina U. Zobecnéna Dirichletova iloha
pro U a f € C(BU) spociva v nalezeni funkce HU harmonické na U, pricemz
prifazeni f +— HJ, je nezaporné a linearni a plltom }'1"r splyvéa s feSenim klasické
Dirichletovy tlohy, pokud toto feseni pro f existuje. Takové pritazeni se zpravidla
povazuje za feseni zobecnéné Dirichletovy tlohy.

Nejvice propracovana je tzv. PWB (Perron, Wiener, Brelot) metoda zalozena
na pojmu hyperharmonické funkce. Zdola polospojita funkce v > —oco na oteviené
mnoziné [/ C R" se nazyva hyperharmonickd, jestlize pro kazdou uzavienou kouli
K, (z) o stiedu z a poloméru r > 0, K,(z) C U, plati tzv. podminka nadpriméru,
t].
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zde w, oznacuje povrch jednotkové koule v R™ a o povrchovou miru na 9K, (2).

Pro relativné kompaktni otevienou mnozinu U C R™ a f € C(9U) oznacéme Uy
mnozinu viech zdola omezenych hyperharmonickych funkei na U, jejichz liminf na
hranici dU majorizuje f. Funkce Hf{r = inf&’}’l se nazyva PWB-reseni zobecnéné
Dirichletovy tlohy. Je zndmo, viz napft. [24], s. 157, ze f — H}J je nezaporné
linearni zobrazeni vektorového prostoru C(9U) do vektorového prostoru H(U). Dale
je znamo, ze pro funkci g € C(AU), pro kterou existuje klasické feseni Dirichletovy
ulohy, je H_;’r(;r) — g(z) pro = — z, kdykoliv z € dU. Je tedy PWB-feSeni feSenim
zobecnéné Dirichletovy tlohy.

Hranicni chovani funkce HY je obecné slozité. Je-li z € OU a pro kazdou funkei
f € C(aU) je H};(l) — f(z) pro @ — 2z, nazyva se z reqularni bod. MnoZina
regularnich bodu se znaé¢i U, a Casto se nazyva regularni hranici U.

Necht 7 je nejhrubsi ze vsech topologii v R", pro kterou jsou viechny hyperhar-
monické funkce na R™ spojité. Pro A C R" oznac¢me symbolem b(A) mnozinu viech
bodi v R", které jsou 7-hromadnymi body pro A. Mnozina b(A) se nazyva bazi
mnoZiny A a topologie 7 jemnou topologii. Jemna topologie tizce souvisi s regularni
hranici. Plati totiz nasledujici rovnost, srov. [6]:

U, = h(Euinll,

(C je symbol pro doplnék mnoziny). Lze tedy bazi mnoziny chapat jako zobecnéni
pojmu regularni hranice na libovolné mnoziny.
Pro dals$i potfeby oznacme pro relativné kompaktni, otevienou mnozinu U C R"™

H(U) := {h € C(T); hly € H(U)}.

Pro z € U oznacme symbolem M, mnozinu viech nezapornych Radonovych mér
p na U, pro néz je u(f) = f(z) pro viechny funkce f € H(U). Ziejmé je Diracova
mira ¢, soustredéna v bodé z prvkem M,. MnoZina

Chy{u}ﬁ = {Z € U; Mz = {82}}

se nazyva Choquetova hranice U vzhledem k H(U). Choquetova hranice méa azky
vztah k regularni hranici, plati totiZ rovnost ChH(U]U =10,

Problémem charakterizace mnoZiny regularnich bodi se zabyval N.Wiener. Nez
uvedeme Wienerovo kritérium regularity, budeme se zabyvat pojmem Newtonovy
kapacity. Pro A C R" necht M*(A) oznacuje mnozinu viech nezapornych Rado-
novych mér s kompaktnim nosi¢em v A. Newtonovo jidro N je definovano rovnosti
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(n23)

o0 L=

N :R" x R" = [0, 00] : N(z,y) :={ le=yl*™ z #y;

zde || - || oznacuje eukleidovskou normu v R”. Newtonova kapacita kompaktni mno-
ziny L C R" je definovana rovnosti:

N-cap(L) := sup{p(L); p € M¥(L), Ny(z) := ./R“ N(z,y) u(dy) < 1 pro z € R"}.
(1)
Neni tézké ukazat, Ze pro kompaktni mnoziny Ly C R", k € N, plati:
(i) 0 < N-cap(L);
(i1) N-cap(L1) < N-cap(L,), je-li Ly C Ly;
(i) N-cap(Ly U Ly) 4+ N-cap(Li N Ly) < N-cap(Ly) + N-cap(Ls);
(111") N-cap(Ly U Ly) < N-cap(Ly) + N-cap(L,);

(iv) je-li Lyyy C Ly prok € Ny a L = N3, Li, potom N-cap(Lx) — N-cap(L) pro

k — oo.

(Vlastnosti (ii) se fikd monotonie, (i) silna subaditivita, (i1i’) subaditivita a vlast-
nost (1v) se zpravidla nazyva spojitost shora.)

Mnozinova funkce cap definovana na kompaktnich podmnozinach lokalné kom-
paktniho topologického prostoru X se spocetnou bazi se nazyva Choquetova ka-
pacita na X, jsou-li splnény pro cap predchazejici étyri podminky. Je tedy N-cap
Choquetova kapacita na R”™.

V roce 1924 dokéazal N.Wiener v [37] nasledujici charakterizaci regularnich bodi:

(s.9]

z € U, pravé tehdy, je-li Y 28" N.cap(CU N Ky-(2)) = 0.
k=1

M.Brelot podal v roce 1944 v [6] charakterizaci bodii baze b(A) mnoziny A ¢ R"
ve tvaru Wienerovy tady:

z € b(A) pravé tehdy, je-li E gn=d] N-cap®(A N K,-«(2)) = oo;
k=1



zde N-cap® oznacuje vnéjsi Newtonovu kapacitu.

V tficatych letech jsou v pracich Petrovského a Sternberga metody znamé z kla-
sické teorie potencialu aplikovany také na jiné parcialni diferencialni operatory.
Jedna se predeviim o tepelny operator v R™!' n € N| tj. operator tvaru

9,
Hi=A—- 5%
zde A oznacuje Laplaceiiv operator v R", n € N, body v R"*! piSeme ve tvaru
(z,t),z € R*, t € R.

Predeviim z potieby diikladného studia PWB metody reseni Dirichletovy ulohy
a jejiho uziti v teorii parcialnich diferencialnich rovnic vznika na konci padesatych
let axiomaticka teorie potencialu. Podrobné se lze s touto teorii seznamit napf.
v [3] a [20]. Zde uvedeme jen nékolik zakladnich definic a pojmi, které budeme dale
potrebovat.

Predpokladejme, ze X je lokalné kompaktni topologicky prostor se spocetnou
bazi a H svazek vektorovych prostori spojitych (realnych) funkci. Kazdé otevre-
né podmnoziné V # ) prostoru X tedy zobrazeni H prirazuje vektorovy prostor
H(V) Cc C(V) tak, ze plati tyto podminky:

o je-li f € H(V)aW #0 oteviena podmnozina V, potom flw € H(W);

o je-li {V;; 7 € I} systém neprazdnych otevienych mnozin, V jeho sjednoceni a
[ je funkce na V, pak f € H(V), pokud je f|y, € H(V;) pro vSechna j € I.

Prvkiam prostoru H(V') budeme fikat harmonick€ funkce na V. Relativné kom-
paktni oteviena mnozina V C X se nazyva regularni, je-li 9V # () a pro kazdou
funkei f € C(QV) existuje funkce Hy € H(V) tak, Ze pro kazdé z € 9V pla-
ti: H}”(x) — f(z) pro  — z; dile H}f > 0, pokud f > 0. Zdola polospojita
funkce v > —co na oteviené mnoziné U se nazyva hyperharmonickd na U, jestli-
ze pro kazdou regularni mnozinu V, V' C U, a kazdou funkci f € C(9V) plati:
je-li f < u na dV, potom Hf < u na V. Mnozinu viech hyperharmonickych
funkeci na U ozna¢me *H(U). Svazek H se nazyva harmonickd struktura na X,
plati-li nasledujici axiomy:

¢ axiém konvergence: limita neklesajici posloupnosti funkei harmonickych na
oteviené mnoziné je harmonicka funkce, pokud je koneéna na husté podmno-
ZIneé;



. o’ r ’ r W o ’ . . f.
e axiém baze: regularni mnoZiny tvori bazi topologie prostoru X

e oddélovaci axiém: systém *H(X) oddéluje linearné body prostoru X, tj.,
jsou-li 2,y € X, z # y, potom existuji funkce f, g € “H(X) tak, ze f(z)g(y) =£
f(y)g(x); dale pro kazdou otevienou, relativné kompaktni mnozinu U existuje
h € H(U) tak, ze h > 0 na U.

Prostor X opatieny harmonickou strukturou se nazyva harmonicky prostor. Je zna-
mo, viz napf. [30], Ze siroka tiida eliptickych a parabolickych diferencialnich ope-
ratorft 2.fadu definuje prirozenym zptisobem harmonicky prostor. Je-li L takovy
operator v R™, pak se pro otevienou mmnozinu V C R" definuje H(V) = {h €
C*(V); Lh = 0 na V}. Mezi standardni piiklady patii Laplaceiiv a tepelny opera-
tor.

Analogicky jako v pripadé klasické teorie potenciilu se definuje PWB-reseni
zobecnéné Dirichletovy tlohy (s vyuzitim hyperharmonickych funkei) a pojem re-
gularniho bodu. Jemnd topologie je i v harmonickych prostorech definovana jako
nejhrubsi ze vSech topologii, pfi niz jsou vSechny hyperharmonické funkce na X
spojité. Baze mnoZiny je pak definovana podobné jako v klasickém pripadé.

Abychom mohli formulovat nékteré dalsi vysledky, uvedeme zde jesté definici
podstatné baze a semipolarnich mnozin. Mnozina S C X se nazyva semipoldrni, je-
li S spocetnym sjednocenim mnozin 75, n € N, pro které je b(7,) = 0. Podstatnou
bazi mnoziny A C X nazyvame mnozinu 3(A) vsech bodu z € X takovych, Ze pro
zadné jemné okoli V bodu z neni mnozina V' N A semipolarni.

Munoho vysledkii znamych z klasické teorie potencialu lze snadno prenést do
axiomatické teorie potencialu. Avsak situace zde jiz neni tak jednoducha jako v pii-
padé Laplaceova operatoru, existuji dokonce nékteré podstatné rozdily. Abychom
se vyhnuli zbytecnym komplikacim, budeme demonstrovat tyto rozdily na teorii
potencialu pro tepelny operator.

_Pro relativné kompaktni otevienou mnozinu U C R"*!' oznaéme K(U) := {h €
C(U); hlu € H(U)}; zde H(U) oznacuje harmonické funkce vzhledem k tepelnému
operatoru, tzv. kalorické funkce na U. Choquetova hranice Ch.;\-[u](_f mnoziny U
vzhledem ke K(U) je definovana podobné jako v pfipadé Laplaceova operatoru.
Zatimco v klasické teorii potencialu je ChyanU = U,, v tepelné teorii potencialu
tato rovnost obecné neplati, viz [29], ale plati pouze inkluze:

ChxwyU C U,.
Dale plati (viz [5]):
U, =blU)nT, ChxanlU = BLU)NT.
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Lze tedy podstatnou bazi chapat jako zobecnéni pojmu Choquetovy hranice na
libovolné mnoziny. Poznamenejme, Ze v klasické teorii potencialu vzdy plati rov-
nost b = S, obecné ale plati pouze inkluze (A C X): B(A) C b(A). 1 v tepelné
teorii potencialu bylo po znaéném usili matematikit dokazano kritérium regularity
Wienerova typu, viz [21]. Pro z = (x,t), 2’ = (2/,t') € R™*! polozme

Lot 0 yje-lit < ¢,
LV .'E’t;ﬂf ,1. = o2 ! ; :
( ) (4:r[t.1.g-‘]} exp('—_ 4(t—t') ) ,Je'll T :

tzv. Weierstrassovo (tepelne) jadro. Piislusnou W-kapacitu oznacme fcap. Tepelna
koule o stiedu z = (z,t) € R™! a poloméru r > 0 je definovana rovnosti:

B, (2} i= {(zh ) € REES Wigetio?,1)2 (rn)ea).

(Poznamenejme, ze stied tepelné koule lezi na jeji hranici.) Wienertv test ma v tom-
to pripade tvar:

z € U, pravé tehdy, je-li 3 2% "cap(CU N B,-«(z))

=1

0.

Il

Prirozené jsou otazky, zda existuje i v tomto pripadé analogie Wienerova kritéria
pro bazi (viz zminény Brelotiv vysledek z roku 1944) a zda lze nalézt test Wiene-
rova typu pro podstatnou bazi a tedy i pro Choquetovu hranici. V pracich [10] a
(18] jsou tyto otazky reSeny v kontextu vymetovych prostorii, které (zhruba feceno)
zobeciuji pojem harmonického prostoru a umoznuji metodami teorie potencialu
zkoumat 1 nékteré nelokalni (pseudodiferencialni) operatory. (Definice je uvedena
na s. 11, k podrobnému studiu odkazujeme na monografii [5].) V souvislosti s Wie-
nerovymi testy pro podstatnou bazi je zaveden pojem a-kapacity a jsou studovany
jeji vlastnosti a vztah k tzv. spojité kapacité, kterou pro tepelny operator zavedl
v roce 1967 G.Anger v [1].

V roce 1930 dokazal F.Riesz nasledujici tvrzeni:

Je-li 4 Radonova mira na R", n > 3, a neni-li N, identicky rovna +oo,
potom je N, hyperharmonicka funkce na R™ a nejvétsi harmonicka mi-
noranta pro N, je nulova funkce.

Plati také obraceni tohoto tvrzeni, totiz:



Je-li p nezaporna hyperharmonickd funkce na R™, n > 3, ktera neni
identicky rovna +o0o a jejiz nejvétsi harmonickd minoranta je nulova
funkce, potom existuje Radonova mira u na R" tak, ze p = N,.

Tato tvrzeni byla v axiomatické teorii potencialu vzata za zaklad definice potencialu.
Nezaporna hyperharmonicka funkce, kterd je koneéna na husté podmnoziné X a jejiz
nejvétsi harmonicka minoranta je nulova funkce, se nazyva potencial na X. Rieszova
véta tedy tika, ze kazdy "abstraktni” potencial p lze v klasické teorii potencialu
vyjadiit ve tvaru p = N, pro vhodnou Radonovu miru p. Analogie Rieszovy véty
plati i v tepelné teorii potencialu, viz [34]. Obdobné tvrzeni pro Kolmogoroviv
operdtor, t]. operator
5 -
/[ —8——-2--—:1:-(l v R?

T ot 02 oy
dokéazano v [11].

V dalsich odstavcich uvedeme nékteré hlavni vysledky habilita¢ni prace.

Protoze je vétsina vysledku formulovana v kontextu vymetového prostoru, za-
vedeme nejprve tento pojem.

Necht X je lokalné kompaktni (Hausdorffiv) topologicky prostor se spocetnou
bazi. Oznacme B(X) systém vSech borelovskych numerickych funkei na X a C(X)
prostor spojitych funkci na X. Necht F C B(X). Oznacme

S(F) := {sup fu; (fu)iz, neklesajici posloupnost v F}.
neN

Rikame, ze F je o-stabilni, je-li S(F) = F.

Systém F se nazyva linearné oddélujici, jestlize pro kazdou dvojici bodu z, y €
X,z#yaldeR, >0, existuje f € F tak, ze f(z) # A f(y).

Konvexni kuzel § C C(X) se nazyva kuzel funkei, jestlize S spliuje nasledujici
podminky:

(i) existuje sop € S tak, Ze sg > 0 na X;
(ii) nezaporné funkce z S tvori linearné oddélujici systém;

(iii) pro kazdou f € § existuje nezaporna funkce g € S takové, ze pro libovolné
£ > 0 existuje kompaktni mnozina I C X tak, ze |f(2)] < eg(x) pro 2 € CK.
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Necht W je konvexni kuZel nezapornych, zdola polospojitych funkei na X. Nej-
hrubsi topologii na X, ktera je jemnéjsi nez piivodni topologie a pro kterou jsou
viechny funkce z W spojité, nazyvame jemnou topologii. Topologické pojmy, které se
vztahuji k jemné topologii, budeme oznacovat privlastkem ”‘jemny”. Jemny uzavér
mnoziny A C X budeme oznacovat symbolem A

Pro numerickou funkei f : Y — [—o00, o] na topologickém prostoru Y oznacuje
f nejvétii zdola polospojitou minorantu f, tj. funkei, definovanou rovnosti

-

ko) = ligliglff(y), r € X.

Systém viech nezapornych Radonovych mér na prostoru X budeme oznacovat M.

Necht X je lokdlné kompaktni (Hausdorffiiv) topologicky prostor se spocetnon
bazi a W konvexni kuZel zdola polospojitych funkci na X. Dvojice (X, W) se nazyva
vymetovy prostor, jestlize plati:

(1) kuzel W je o-stabilni;

(i1) je-li ¥V C W, potom inf V/ € W; zde ~/ oznacuje zdola polospojitou regulari-
zaci vzhledem k jemné topologii;

(ii1) pro u, vy, v, € W, u < vy + vy, existuji funkce uy, u, € W tak, Ze u =
U + ug, ug < U1 a uz < vy;

(iv) existuje kuzel funkei P tvofeny nezapornymi spojitymi funkcemi takovy, ze

W = S(P).

Jestlize X je harmonicky prostor, v némz kuzel W nezapornych hyperharmo-
nickych funkei linearné oddéluje body, potom (X, W) je vymetovy prostor. Za kuzel
P z bodu (iv) lze vzit systém spojitych potenciali na X. (Poznamenejme, Ze teorie
vymetovych prostori umoznuje také napf. studium excesivnich funkei prisluinych
semigrupé jader ¢i zahrnuje diskrétni teorii potencialu.)

Piipomenime, ze mnozina P C X se nazyva poldrni, existuje-li u € W tak, ze u
Jje konecna na husté podmnoziné X a pro vSechna z € P je u(z) = oo.

V praci [12] jsou zkonstruovany nékteré nové piiklady vymetovych prostorti
generovanych pseudodiferencialnimi operatory, specialné je zde ukazano, ze tzv.
tepelny operdtor ridu o, a €, .

generuje vymetovy prostor (zde (—A)® oznacuje a-zlomkovou mocninu —A v R”™.
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Harmonické morfizmy

Uvazujme nyni klasickou teorii potencidlu v R™, n > 3. Necht R je ortogonalni
matice typun X n, k > 0, ¢ € R*. Je-li u : R* — R harmonicka funkce, je ziejmé i
funkce

(Su)(z) :=u(kR -z +c) (2)

harmonicka na R".
Necht dale y € R™ a p > 0. Transformaci

o) (y+ “—pz—(w—y)), ceR'\ g}, (3)

lz -yl z -yl

budeme nazyvat Kelvinovou transformaci s pélem v bodé y. V [24], s. 36, je ukazano,
7e Kelvinova transformace zachovava harmonicitu, tj., je-li © harmonicka na R™ \
{y}, je funkce Ku harmonicka na téze mnoZiné. Slozenim transformaci typu (2) a
(3) dostaneme opét transformaci, ktera prevadi harmonické funkce na jisté oteviené
mnoziné na harmonické funkce na jiné oteviené mnoziné. Vsechny tyto transformace
jsou tvaru (U, V C R" oteviené, o : U - R, ¢ >0, ¥ :U — V bijekce U na V a

u:V — R):
(Tu)(z) := p(z)u(¥(z))- (4)

Piirozena je otazka, zda existuji transformace tvaru (4), které prevadéji harmonické
funkce na harmonické a které nevzniknou sloZzenim transformaci typu (2) a (3).
Odpovéd na tento problém je uveden v knize O.D.Kelloga, viz [28], s. 235. Je zde
uvedeno, ze slozenim transformaci typu (2) a (3) obdrzime vSechny transformace
tvaru (4).

V pripadé rovnice vedeni tepla je situace ponékud komplikovanéjsi. Je-li u ka-
loricka funkce, je zfejmé i funkce (A, ¢ € R, A > 0, R ortogonalni matice typu
n X n,c€ R

(Su)(z,t) := u(AR + ¢, \*t + p) (5)
kalorickd. Roli Kelvinovy transformace zde zaujima Appellova transformace, tj.
transformace tvaru

[Edl&

(Au)(z,t) = 7 esp (1215) 0 (2,2) )

definovana na R™*! mimo rovinu ¢ = 0; srov. [2].
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H.Leutwiler v [31] zavadi pojem kalorického morfizmu. Uvedme zde jeho definici.
Necht U, V c R™!, n > 1 jsou oteviené mnoziny, ¢ : U — R, ¢ > 0, a necht
U : U — V je bijekce U na V. Necht dale u : V — R. Zobrazeni ((z,t) € U)

(Pula ) =ple Hul ety (7)

se nazyva kaloricky morfizmus na U, jestlize plati: je-li funkce u kaloricka na V/, je
funkce Tu kaloricka na U.

Leutwileriiv vysledek lze nyni snadno formulovat: keZdy kaloricky morfizmus je
slozenim morfizmi typu (5) a (6).

Prace [17] se zabyva problematikou L-harmonickych morfizmi pro Kolmogoro-
viiv operator (definice je uvedena v [17], s. 3). Je zde nalezena transformace, ktera
v tomto piipadé zaujima roli Appellovy transformace. Déle je zde podana tuplna
charakterizace L-harmonickych morfizmi na dané oteviené mnoziné (viz Theorem

na s, 3 v/[17]).

Kapacity

Prace [13] a [16] se zabyvaji problematikou kapacit. V tivodni ¢asti jsme zaved-
li pojmy Newtonova a Choquetova kapacita. Prirozenym zobecnénim Newtonovy
kapacity dochazime k pojmu K-kapacity.

Necht X je lokalné kompaktni Hausdorffiiv topologicky prostor se spocetnou
bazi. Zdola polospojitou funkei K : X x X' — [0, c0] nazyvame jadrem na X. Pro
miru 4 € M* definujeme K-potencidl miry j rovnosti

Ku(z):= [ K(o,y)u(dy), @ €X.

Mnozinovou funkei ¢ : K — [0, 00] definovanou na systému K vSech kompaktnich
podmnozin X vztahem

¢(L) :=sup{p(L); p € M*(L), K, <1 na X}

budeme nazyvat K-kapacitou (podrobnéji: K-kapacitou odvozenou od jidra K).

Obecné neni K-kapacita Choquetovou kapacitou. Piislusny piiklad je uveden
v [16), s. 91. Snadno 1ze ukazat, ze kazda K-kapacita je monoténni, subaditivni a
shora spojitou funkei na X, viz napf. [8]. Tedy, K-kapacita je Choquetovou kapaci-
tou pravé tehdy, je-li silné subaditivni.
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Pomoci nasledujicich principti lze odpovédét na otéazku, za jakych podminek
kladenych na jadro K je K-kapacita Choquetovou kapacitou.

Necht K je jadro na X. Rikame, ze jadro K spliiuje spojity dominaéni prin-
cip, jestlize plati:

jsou-li miry v, p € M* takové, ze K,, K, jsou spojité a omezené K-
potencialy na X a K, < K, na supp v, potom K, < K, na X.

Rikame, ze jadro K splije spojity princip rovnovazného rozlozeni, jestlize
plati:

je-li L € X kompaktni a (G oteviena, relativné kompaktni podmnozina
X, L C G, potom existuje mira p € M*(G) takova, ze K, < 1 a spojity
na Xoat K., =1 na okoljel.

K jadru K na X definujeme rovnosti f{(:r,y] = K(y,z), =,y € X adjungovane
jadro K.

Hlavnim vysledkem prace [13] je nasledujici véta (viz Theorem 1, s. 92, v [13}).
Pii dilkazu této véty se podstatnym zptisobem vyuziva nasledujici lemma, které
umoziuje definovat K-kapacitu jinym zpusobem.

Lemma. Necht jadra K a K spliiuji spojity princip rovnovdzneho rozloZeni, L C X
je kompaktni mnozina a c, resp. ¢, je K-kapacita, resp. K-kapacita, odvozend od
jadra K, resp. K, na X. Potom plati:

o(L) = inf{pu(X); p € M* K, > 1 na okoli L, K, je spojity K-potencidl na X};

(L) = inf{u(X); p € MY, K, > 1 na okoli L, K, je spojityj K-potencidl na X}
ell) =& L)

Véta. Necht jidra K a K spliuji spojity princip rovnovazncho rozloZeni a jadro K
navic spojity dominacni princip. Potom je K-kapacita Choquetovou kapacitou na

X

Uvedena véta zobecnuje vysledky M. Brelota z [8], které jsou aplikovatelné na
jadra (fundamentalni feseni) odvozena predevsim od parcialnich diferencialnich ope-
ratorti 2. fadu eliptického typu, na obecnéjsi jadra, napf. na tepelna jadra, pro ktera
principy z (8] neplati.
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Piirozena je otazka, zda vibec jadra, kterd se v teorii potencialu vyskytuji, vyse
uvedené principy splinji. Odpovéd lze nalézt v [13], s. 91; zhruba Feceno, jadra
uvedené principy spliuji, pokud Ize abstraktni potencialy 1'ep1‘ezentova,t pomoci
jadra K ve smyslu Rieszovy véty z tivodu.

Dalsi z vysledki [13] se zabyvaji vatahem polarnich mnozin a mnozin nulové
kapacity (viz Theorem 2, s. 97, v [13]). Abychom nezachézeli piilis do podrobnosti,
budeme tyto vysledky demonstrovat na dvou prikladech.

Pro z = (z,y,t) € R® ozna¢me

B 0 et <l
el onaee i )

Kolmogorovovo jadro E : R®*xR? — [0, oo] je definovano rovnosti (z = (z,y,t), 20 =
(0, Yo, to) € Ra)l

E(z;20) := E(z — x0,y — yo + To(t — to), t — to).

Oznacéme *cap, resp. fcap, E-kapacitu, resp. F-kapacitu, na R* a necht cap™ oznacuje
vnéjsi kapacitu odvozenou od cap, viz s. 20.

Véta. Je-li P C R?, potom jsou ndsledujici podminky ekvivalentni:

(i) P je poldrni pro Kolmogoroviv operdtor;

(i) fean’(P) =.0;

(ir) P je polarni pro adjungovany Kolmogoroviv operdtor;

(iv) *cap*(P) = 0.

Jako dalsi priklad uvazujme tepelnou teorii potencialu tfadu a. Tepeln€ jadro

rddu o je definovano rovnosti ((z,t), (y,s) € R**):

e { s 0 , elit < s,
(4m)™™ fgn exp{—(t — s)||€||** + i(z — y, &)} dE ,je-lit > s;

zde (-, -) oznacuje skalarni soucin v R". Symbolem (“keap, resp. (")Ca,p oznac¢me W)
kapacitu, resp. W(®)-kapacitu, na R™*', tzv. tepelnou, resp. adjungovanou tepelnou,
kapacitu radu o.

Véta. Je-li P C R™!, potom jsou ndsledujici podminky ekvivalentni:



(i) P je poliarni pro tepelny operdtor radu o;
(i) (“cap*(P) = 0;
(iii) P je poldrni pro adjungovany tepelny operdtor radu c;

(iv) @eap(P) = 0.

Uvazujme nyni K-kapacity na R. Pro a > 0 oznacme:

el a)i= { 2l J:e‘l.i ; 7_& o

o0, je-li t =s,
tzv. Rieszovo jddro tddu «. Dale definujeme T K (t,5) := K*(t,5) - 1)o,cof(t — 5) @
“K*(t,s) := Y K*(s,t), t, s € R. Zfejmé jsou funkce K*, * K* a ~ K jadra na R.
Odpovidajici kapacity ozna¢me po radé symboly “cap, fcap a Zcap. Kapacita “cap
se zpravidla nazyva Rieszova kapacita radu a.

R.Kaufman a J.M.Wu v [27] ukazuji, Zze systémy mnozin nulové kapacity pro
viechny tfi vySe uvedené kapacity splyvaji v pripadé a = 1. Jejich dikaz je zaloZen
na vztahu polarnich a adjungovanych polarnich mnozin pro tepelnou teorii poten-
cialu. Kaufiman a Wu se dale ptaji, zda uvedené tvrzeni plati i pro jina a. Odpoved
na tento problém v pripadeé a € [’5, 1] dava nasledujici véta (hlavni vysledek prace

(16]):

Véta. Necht o € [1/2,1[ a P C R. Potom jsou ndsledujici podminky ekvivalentni:
(i) P is a-polarni;
tl eqp* (P =10
(ui) “cap*(P) = 0;
(tu) *pan’(P) =.0.
Diikaz tohoto tvrzeni je uveden v [16]. Poznamenejme zde, ze se v diikaze pod-

statnym zpiisobem vyuziva vysledkii [13] pro tepelny operator fadu a (viz véta na
strané 15).

16



Kapacitni interpretace Fulksovy miry

V této Easti prace se budeme zabyvat kapacitni interpretaci Fulksovy miry (definice
nasleduje dale). PFipomenime nejprve jeden vysledek klasické teorie potencialu, totiz
Gaussovu vétu:

Véta. Necht U C R?, d > 2, je oteviend mnoZina a u je harmonickd funkce na U.

Potom pro kaZdou kouli B,(x) se stredem z € R* a polomérem r > 0, B.(z) C U,
plati

u(z) /aB,(a:) udoy ,; (8)

zde 0., oznacuje normalizovanou povrchovou miru na 9B, ().
Obrdcent, je-li u : U — R spojita funkce sphiugict (8) pro viechna B,(x) C U,
potom je u harmonickda na U.

7, potencialné-teoretického hlediska je normalizovana povrchova mira o,, na

JB,(z) vymetem Diracovy miry £, v bodé z na komplement B,(z), tj.

0rp = eLBe),
presnou definici vymetené miry zde nebudeme uvadét, lze ji nalézt napt. v (7],
s. 138-139, nebo [3], s. 113-115.

V avodni ¢asti jsme zavedli Newtonovu kapacitu. Kapacitni mirou pro kompakt-
ni mnozinu A C R% d > 3, rozumime nezapornou Radonovu miru IK, pro kterou
je N, = RF; zde fi‘;‘ oznacuje vymet funkce identicky rovné jedné na kompaktni
mmnozinu /. Je-li py kapacitni mira pro K, je N-cap(K) = pg (K).

Pro uzavienou kouli B = B,(z) lze kapacitni miru snadno nalézt, totiz

p5(B) = (d — 2)wgr*?;

zde w, oznacuje povrch jednotkové koule v R?.

vvvvv -

V pripadé teorie potencialu pro rovnici vedeni tepla je situace ponékud slozit&jsi.
Abychom mohli formulovat hlavni vysledek prace [14], musime zavést nasledujici
oznaceni.

Necht §)(z,¢) oznacuje vnitfek tepelné koule o stiedu z a poloméru ¢ v R4+!
a B(z,c) := dz,c) tepelnou sferu. Oznaéme symbolem o := opg(. . povrchovou
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miru na B(z,¢) (tj. d—dimensionalni Hausdorffovu miru). Pro 2/ = (2/,#') € R,
definujme funkci Q : (R?x]0, 00[) U {0} — R rovnosti

212 2'||2¢2 $r2_2d12—1;‘21 t 0’
Olat) ::{ e S e

Déle, pro z = (z,t) definujme funkci ¢.(2') := Q(z — 2),2' € R4+ na
(RYx] — 0o, t[) U {z} a polozme q.. := ¢:|p(z,)- Nezaporna Radonova mira

~d/2

Hze := (4?TC) q.‘:,cJB{Z,C]

na B(z,c) se nazyva Fulksova mira pro tepelnou kouli (z, ¢); srov. [4], s. T0-T1.

Tepelné koule a Fulksova mira hraji pro rovnici vedeni tepla tutéz roli jako
euklidovské sféry a normalizovana povrchova mira pro Laplaceovu rovnici. W. Fulks,
viz [22], dokéazal analogii Gaussovy véty v tomto pripadé.

Véta. Necht U C R, d > 1, je oteviend mnozina a v : U — R kalorickd funkce
TR B g—?f‘,%'f e =l e Jd e Bu= 0lmaili sje-li 2= 15 VNS

Qz,¢) C U, potom u sphiuje na U ndsledujici podminku primeéru:

u(z) = ]u di 2 (9)

Obracene, splnuje-li spojita funkce uw : U — R podminku (9) pro viechny
Q(z,¢) C U, potom je u kalorickd na U.

Oznacme Jug kapacitni miru kompaktni mnoziny K C R™! vzhledem k adjun-
gované tepelné teorii potencialu (definici 1ze nalézt v [14], s. 4). Nyni jiZ mfizeme
pristoupit k formulaci vysledki préace [14]:

Véta. Necht z € R4 ¢ > 0 a Q := Q(z,c). Potom plati ndsledujici rovnosti

= EE“ = (4mc)™? "ug.

Poznamenejme, Ze ditkaz prvni rovnosti lze nalézt v [4], jinymi prostiedky v [32].
V [14] je ukazano, jak lze prvni rovnost dokazat pomoci vysledkit N. Watsona
z [36]. Ditkaz druhé rovnosti 1ze zobecnit a dokéazat v kontextu vymetovych prostorii
s Greenovou funkei, spliujici jisté vlastnosti (vysledek nebyl publikovan).
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Spojité kapacity

K formulaci dalsich vysledki potfebujeme zavést nékteré pojmy.
Necht £ C X a z € X. Pfipomeiime, srov. s. 5 a 8, Ze mnozina F je tenkd v bodé
z, neni-li z jemné hromadny bod pro E. Bazi mnoziny E nazyvame mnoZinu

b(E) := {z € X; E neni tenkd v z}.

Mnozina S C X se nazyva semipoldrni, je-li spocetnym sjednocenim mnozin 15,
n € N, takovych, ze b(T,,) = 0 pron € N. (Tedy, semipolarni mnoziny, baze mnoziny
a tenkost mnoZiny v daném bodé se i v piipadé vymetovych prostoru definuji stejné
jako v klasické teorii potencialu € v harmonickych prostorech, srov. definice na s. 5
a8.)

Necht £ C X a z € X. Rikdme, Ze mnozina E je semipoldrni v bod¢ z, jestlize
existuje jemné okoli V' bodu z tak, Ze mnozina £ NV je semipolarni. Podstatnou
bazi mnozZiny F nazyvame mnozinu

B(E) := {z € X; E neni semipolarni v z}.

Necht v je Choquetova kapacita na X a X' C X kompaktni mnoZzina. Vztahem

definujeme a-kapacitu (podrobnéj: a-kapacitu odvozenou od kapacity ) mnoziny
K.

Mmnozinova funkce a je monoténni a silné subaditivni, obecné vsak a neni
Choquetova kapacita na X. Nasledujici véta, jejiz diikaz je uveden v [19], dava
odpovéd na otazku, kdy je a-kapacita Choquetova kapacita na X.

Véta. Necht (X, W) je vymetovy prostor ay Choquetova kapacita na X, pro kterou
plati:

kompaktni mnozina K C X je polarni, prave kdyz v(K) = 0.
Potom jsou nasledujici podminky ekvivalentni:

(i) « je Choquetova kapacita na X;

(it) a =7,
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(iii) vymetovy prostor (X, W) spliuje axidm polarity, tj., semipoldrni mnozZiny v X
Jsou polarnt.

Necht K je jadro na X. Mnozinovou funkci o : K — [0, co] definovanou rovnosti
(L €X)
o(L) :=sup{pu(X); p € Mt (L), K, <1 aspojity K-potencial na X'}

budeme nazyvat spojitou K-kapacitou na X.

Vztah mezi spojitou K-kapacitou a a-kapacitou odvozenou od jadra K na X
je vyjasnén v [19]. Dale je zde podana charakterizace borelovskych semipolarnich
mnozin pomoci spojité kapacity.

V [19] jsou také uvedeny odpovédi na nékteré dosud nefesené problémy z knihy
G. Angera [1].

Wienerovska kritéria pro bazi a podstatnou bazi
mnozin
Pro z € X ar €]0,1] oznaé¢me B”(z) kompaktni podmnoZinu v X takovou, ze
Bi(z)ic BUz) prori< s;
ﬂo<r§1 B(z) = {z}.

Pro A €]0,1[ a k € N piSeme By(z,\) misto B’\k(z).
Necht 7 je Choquetova kapacita na X. Pro A C X definujeme vnitini, resp.
vnéjsi, Choquetovu kapacitu rovnosti:

Y«(A) :=sup{y(K); K C A, K kompaktni},

resp.
7" (A) :=inf{7.(U); U D A, U oteviena }.

Pro a-kapacitu a odvozenou od Choquetovy kapacity v na X definujeme vnitrni
a-kapacitu o, rovnosti (A C X):

a.(A) :=sup{a(K); K C A, K kompaktni}.

K hlavnim vysledkiim praci [10] a [18] patii nasledujici véty:
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Véta. Necht z € X, E je libovolnd podmnozina X, X € |0,1[ a necht v je Choque-
tova kapacita na X. Predpoklidejme, Ze mnoZina {z} je tenkd v bodé z a Ze plati
nasledugici podminka (P):

Ezistuje posloupnost nezdpornych éisel (cx(z,\))iz, tak, Ze nasledujici
podminky jsou ekvivalentni, kdykoliv F C X je kompaktni:

F je tenkd v z;
T2y ez A EfuBlz, A< oo,

Potom E je tenkd v bodé z praveé tehdy, je-li Tada
o
z ck(z *(E 0 Bi(z,A))
=il

konvergentni.

Veéta. Necht z € X, B je borelovskd podmnozina X, X €]0, 1[ a necht 4 je Choque-
tova kapacita na X, pro kterou plati:

je-li A borelovska, relativné kompaktni mnozina, potom v(A) = *y(zf).

Necht ddle «v. oznacuje vnitrni a-kapacitu odvozenou od kapacity v. Predpoklddej-
me, Ze mnozina {z} je tenkd v bodé z a Ze plati podminka (P) z predchdzejici véty.
Potom B je semipolirni v bodé z prave tehdy, je-li tfada

Y ex(z, A)au(B N Bi(z,A))
k=1
konvergentni.

V piipadé tepelné teorie potencialu a teorie potencialu pro tepelny operator fadu
a jsou dale v [9] a [15] mimo jiné odvozeny nékteré nutné podminky geometrického
charakteru pro to, aby bod patfil do baze ¢i podstatné baze mnoziny. Tyto vysledky
zobecnuji tzv. "tusk-condition” z [26] a [33].
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INTRODUCTION

Several decades ago it was recognized that methods of classical potential theory
can be applied to investigation of the heat equation. In particular it is possible to
define the PWB-solution of the Dirichlet problem and the notion of the regular
point, see [10], [2].

While the necessary and sufficient condition of the regularity of a boundary point
in the form of the so called series of Wiener’s type has been known in the classical
case since 1924, see [29], the way to the analogous criterion in the heat case, in spite
of considerable similarity with the classical case, took more than 50 years.

First sufficient conditions of the regularity of a region with continuous or dif-
ferentiable boundary were proved in [23] and [21]. Necessary or sufficient conditions
of the regularity were shown in [22], [17]. In 1982, Evans and Gariepy proved the
heat analogue of the Wiener test, see [ 12]. Results from [12] generalized to parabolic
equations with variable coefficients can be found in [13]. Regularity of a boundary
point is very closely connected with the notion of thinness of a set at a given point,
see e.g. [10]. M. Brelot proved the Wiener test of thinness in the classical potential
theory in [6]. One of the main results of this paper is the test of Wiener’s type of
thinness in the heat potential theory, see Theorem 1.11. In our proof, results of [12]
are used in an essential way. The probabilistic approach to the criterion of thinness
for analytic sets is given in [25]. The paper [24] deals with a probabilistic inter-
pretation of thinness of a set.

In modern potential theory there is a possibility of formulating a number of
fundamental results in terms of the base and the essential base of a set (see Definitions
1.12 and 2.7 below). Theorem 1.13 gives necessary and sufficient conditions for
a point to belong to the base of a set.

In the second part, a continuous capacity is introduced using continuous potentials,
and its fundamental properties are established. Relations between capacity and con-
tinuous capacity are cleared up in Theorem 2.9 using results from [16]. Theorem 2.16
is the test of Wiener type for a point to belong to the essential base of a Borel set.

87
26



" Papers [14], [11], [18], [27] deal with the so called “‘tusk condition™ for regularity
of a boundary point. Corollary 2.21 and Corollary 3.5 are “‘tusk conditions” for
a Borel set to be semipolar at a point (see Definition 2.7) and for a point to belong
to the Choquet boundary.

The results of this paper were presented with more details in [8] and announced

in [9].
0. NOTATION

The set of all positive integers is denoted by N. For ne N, the symbol R"*! =
= R"x R' will stand for the (n + 1)-dimensional Euclidean space. We will often
write a typical point ze R"*! as z = (x, 1), xe R, 1€ R'. Let the Euclidean norm
be denoted by |!, the set difference by A\ B, and R"*!\ 4 by A°. For A c R**!,
A denotes the closure of A4 and d4 the boundary of 4. For z = (x,t)e R"™, let us
define

) = {g’frrr)h"” exp [—|x[*/4r] 1>0 |
t =0

this is the fundamental solution of the heat equation. Further, for z e R"*! and
¢ > 0 denote

B(z,c) = {weR"*!; F(z — w) = (4rc)™"?}} u {z},
the so called ““heat ball”, and for k e N put
Bile)="B(z,27%), Aiz) = cl(Bz} Br+i(2)) -

1. THERMAL CAPACITY, THINNESS AND BASE

For a set E < R"*!, let us denote by .#*(E) the collection of all nonnegative
Radon measures on R"** with compact support in E; the support is denoted by spt.
For pe #*(R"*") we set

P(z) = [gnss F(z — w)dp(w), zeR"*?;

P, is the heat potential of p. The heat potentials are lower semicontinuous but not
continuous in general. The coarsest topology making every heat potential continuous
is called the fine topology for the heat equation. Topological concepts related to the
fine topology will be used with the attribute fine.

L1. Definition. Let K = R"*! be a compact set. The capacity (in detail: the
thermal capacity) of K is defined as

1K) = sup {u(R"*"); pe.#*(K), P, £ 1 in R"*'};
ef, [17].
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Fundamental properties of the termal capacity are summarized in the following
lemma.

1.2. Lemma. Let K,K;, jeN, be compact subsets of R"*!. For s > 0 define
s @ K = {(sx, s’t); (x,t) e K}. Then
(1) 9(K) < e
(2) (K, v K,) £ 9(K,) + 9(K;) (subadditivity of y);
(3) K, = K, implies y(K,) £ y(K,) (monotonicity of y);
(4) y({z}) = 0 for all ze R**,;
(5) (s © K) = 5" 1(K); |
(6) !f{Kj}f’:l is a decreasing sequence of sets with the intersection K, i.e. K; \ K,
then '
lim y(K;) = (K).

jox

Proof. See [17], pp. 85, 89.

1.3. Definion. Let E = R"*! be an arbitrary set. Then
v+(E) = sup {y(K); K < E, K compact}
1s called the inner thermal capacity of E and
y*(E) = inf {y4(G); G > E, G open}
the outer thermal capacity of E.

1.4. Lemma. Let E, E;, j€ N, be arbitrary subsets of R"*'. Then
(1) 0 = y.(E) = y*(E);
(2) v*(Eq v Es) £ y5(Ey) + v*(Ea);
(3) Ey < E, implies y4(E;) £ v4(E2), ¥*(E;) = y*(E,);
(4) if s > 0, then y*(s © E) = s" y*(E);
(5) if {E;}7-, is an increasing sequence of sets with the union E, i.e. Ep' 2~ E,
then
lim y*(E;) = #*(E) .

f - -

Proof. See [26], p. 352.

L5. Lemma. Let t € R', let F be a Borel subset of R, K = {(x,f)e R""}; x e F},
and let 2, stand for the Lebesque measure in R". Then

WK) = ,(F).
Proof. See [26], p. 355.

1.6. Remark. It follows from the definition of the inner and outer capacities and
from Lemma 1.2(6) that y(K) = y,4(K) = y*(K) whenever K is a compact subset
of R"*1, A subset E of R"*! is said to be y-capacitable, if 7(E) = y*(E). It can
be shown, see [26], p. 352, that all Borel subsets of R"*! are y-capacitable.We can
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extend the set function y which is defined for compact sets only to y-capacitable sets
E < R"*! by defining y(E) = 74(E). In particular, we will write y(E) instead of y4(E)
and y*(E) whenever E < R""! js capacitable.

1.7. Definition. The balayage of the function identically equal to 1 on a subset E
of R"*! will be denoted by Rf. For z = (x,f)e R"** and r > 0, let

Clz,7) =Y 7)eR™; |x~=x| =1, ~r* 5=~ t =0}
We say that a set E is thinat a point z € R**! if there exists r > 0 such that
RioS=nizy =,

It can be shown, see [10], p. 158 and p. 141, that this notion of thinness coincides
with the notion usually adopted in potential theory (see e.g. [10], p. 149).

1.7. Remark. If E < R"*! is thin at a point ze R"*! and E’ < E, then E’ is also
thin at z. If the set E = R"**\{z} is thin at a point z, then there exists an open
set G = R"*! such that E = G and G is thin at z.

1.9. Lemma. Let K = R"*! be a compact set. Then

(1) RY = 1 on int K, the interior of K;

(2) there exists a unique Radon measure fie M *(K) such that

RY =P, vand @R ') = 3K)
(i is called the equilibrium measure for K);

(3) if @ is the equilibrium measure for K, then P, < P; for all pe #*(K) such

that P< 1in BT

Proof. See [17], pp. 86—88.

In [12], Evans and Gariepy proved the criterion of regulatity for the heat equation.
If we use the well known relation between regularity and thinness of a set at a given
point, see e.g. [17], p. 94, we obtain the following Theorem 1.10 a generalization of
which to arbitrary sets is contained in Theorem 1.11.

1.10. Theorem. Let F = R"*! be a closed set and z € R**'. Then F is thin at z
if and only if the series
22" y(F n 4 (2))
k=1

is convergent.
Proof. See [12], p. 295 and p. 298.

1.11, Theorem. Let E = R"*! be an arbitrary set and z € R**Y, Then E is thin
at z if and only if the series

oy

(1.1) Y, 282 y%(E ry A)[2))

k=1

is convergent.
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Proof. Assume that the series in (1.1) is convergent. Choose ¢ > 0, k € N, such
that the series

(12) Y, 22,
k=1

is convergent. Let G, = R"*!, ke N, be open sets such that En 4,(z) = G, and
Y(Gy) < ¥(E N Ay(2)) + & It follows from (1.1) and (1.2) that the series

(1.3) kizn**l %(G))

is convergent. Let G = (U1 (Gx N Ai(2))) n Bi(z). Clearly G is a Borel set and
E < G. We are going to show that the set G is thin at z, which in turn implies that E
is thin at z. To this end, we shall show that there exists r, > 0 such that

RGnCn(z) =1 :

here C, is used instead of C(z, r). Let us choose 0 < 7 < 1 and show that there
exists ro > 0 such that Rf"“*(z) < n whenever K is a compact subset of G. Then
R{"(z) < 1 according to [10], p. 132, because R’ = sup {R¥"“; K = G,K
compact}. So let 0 < 5 < 1, let K be an arbitrary compact subset of G and r > 0
arbitrary. Putting Dy(r) = A(z2) n KN C,, keN, D, = cl(Kn C,)\ Uiy Di(7)),
we get

(1.4) En'c. cUnF ol
k=0

Let pe #*(K n C,) be the equilibrium measure for K n C, (see Lemma 1.9 (2)),
Vi the restriction of the measure y to the set D,(r), k € N u {0}, and v; € .#(D,(r)) the
equilibrium measure for Dy(r), ke N U {0}. According to Lemma 1.9 (3), (2) P,, <
£ P,,, keNu{0}, and

ancr(“’) = Pa(W) - Ixncr F(W s t}) dﬁ(v) .
Now (1.4) yields

(19) RS S 3 fon Fv — )40 5 3 Pra(w).

Since D,(r) = A,(z) for k € N, we have

Feed)s (gf_ )n;z

2n

for ve Dy(r). The same inequality holds for k = 0 because Dy(r) < (int B,(2)).

Consequently
k

Poa) S @,)’ WD), keN {0},
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and we obtain from (1.5)
nf2 @
#ro) 5 (3 S e
2n) k=0
According to Lemma 1.9 (2) vi(Dy(r)) = ¥(Di(r)), and so

RES(2) < (;_n)"” ((C) + X247 {K 0 () n C,).

Since K = G and the inclusion
Gn Afz) € Giy v Gy Gyyy v {2}

holds for ke N (with G, = 0), it follows from monotonicity and subaditivity of y
that
WK n Az)n C,) £ ¥(Gi-y) + ¥(Gi) + 7(Gis1), keN.

Since y(C,) — 0 for r — 0% and the series (1.3) converges, we easily establish the
existence of ry > 0 such that

RE%z < n <'l

whenever K is a compact subset of G. The first part of the proof is complete.

Suppose now that the set E is thin at z. We can assume that z¢ E. Let G o E
be an open set thin at z. Let ¢ be strictly positive numbers satisfying (1.2). Since
G n Ay(z) is a K, — set there exist compact sets K, = G n A,(z) such that

(1.6) WG N A2)) = y(KW) + ¢, .

Obviously, the set K = U~ K, U {z} is compact and K = G u {z}. Consequently,
the set K is thin at z. According to Theorem 1.10, the series

(17) Y. 242K 0 A2))

=
is convergent. From E < G, from the inequality (1.6) and from the monotonicity
of y it follows that

YE N Af2)) S ¥(Ki) + & S V(K A4(2)) + &, keN.

The last inequality, the convergence of the series in (1.7) and (1.2) imply that the
series in (1.1) is convergent.

The proof of Theorem 1.10 is complete.

1.12. Definition. Let E be an arbitrary subset of R"*!. The set b(E) of all points
z € R"* ! such that E is not thin at z will be called the base of E.

1.13. Theorem. For an arbitrary set E = R**' the following conditions are
equivalent:

(1) z& b(E)

31




(2) s v*(E o Bz, c)){c"* "  de = o0 ;

O IZrEnBE) =
(4) 5 22 y¥(E A 4,(2)) = o0 .

k=1
Proof. (1) eq. (4). This follows from Theorem 1.11 and Definition 1.12.
(4) implies (3). Since E N 4,(z) = E 0 By(z), according to Lemma 1.4 (3) we have
v*(E n A(2)) £ v*(E 0 B,(2)); this implies (3).
(3) implies (4). Since By(z) = 4(z) U Byyy(2), according to Lemma 1.4 (2), (3)
we have :
v*(E 0 BYz)) £ y*(E 0 Az)) + v*(E 0 Bisy(2)) -

Multiplying this inequality by 2"/? and summing from k = 1 to M we easily obtain
M
(1 — 2772}y 2"M2 y¥(E ~ By(z)) + 22 y*(E n By(2)) =
k=2

M
< Y 22 48(F n 4,(z)) £ 2" 9HE O By i(2))0
k=1

Further, y*(E n B(z)) < . There is ¢ such that
2L By (Z) ='¢c.
This and the previous relations imply (4).
(4) eq. (2). For ke N u {0},
pELR] = N B B (2 S
< [hei™ y*(E v B(z, t~%") de < 2"¥3(272 — 1) y*(E 0 B,(z)) .
Summing from k = 1 to M we conclude that the series in (3) is divergent if and
only if
(1.8) [T En Ble,t 2"))dt = o0
The change of variables ¢ = ¢t~/ transforms the integral in (1.8) to the integral

in (2). Hence the theorem is proved.

1.14. Corollary. Let E = R"*! be an arbitrary set and ze R"*'. If E is thin
at z, then
* -
=0+ y*(B(z, I))
Proof. Since E is thin at z we obtain from the proof of Theorem 1.13 that the

integral
(T (EnBlz, 1 %")de

is convergent. Hence
lim ¢ay*(Eo Blz, 4)) =0,

=0+
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v*(E n B(z, o))
n/2

lim =0

c=0+ c

The assertion is then obtained by virtue of Lemma 1.4 (4) and from y(B(z, 1)) > 0.

1.15. Remark. The so called “tusk condition” from [{1], [14] and [18] can be
then deduced using Corollary 1.14.

2. CONTINUOUS THERMAL CAPACITY AND ESSENTIAL BASE

2.1. Definition. Let K be a compact set. The continuous capacity (in detail: the
continuous thermal capacity) of K is defined as

«(K) = sup {i(R"*'); pe.#*(K), P, =1 and continuous in R"*'} ;

cf. [1]. Obviously, «(K) < y(K) for every compact subset K of R***.

For an arbitrary subset E of R**! the inner continuous capacity «,(E) and the
outer continuous capacity «*(E), respectively, are defined in a similar way as y,(E)
and y*(E).

Let K = [0,1]" x {0} and K; = R"*!, j € N, be compact sets such that K;,, c
cintKj, jeN,and K = N\, K;. Then «(K) = 0 and «(K;) = 1; see Theorem 2.9.

Consequently, the continuous thermal capacity is not the Choquet capacity in the
sense of [7]. Further, a,(K) < «*(K) for K = [0, 1]" x {0}. (This follows imme-
diately from Definition 2.7 and Theorem 2.9.) Hence we do not define the a-capaci-
table sets. Of course, «,(K) = «(K) whenever K < R"*! is a compact set.

Proofs of the following lemmas are left to the reader.

2.2. Lemma. Let K, K,, K, be compact subsets of R"*'. Then
(1) «(K) < w;

(2) «(K, U K,) £ «(K,) + «(K,) (subadditivity of a);

(3) K, = K, implies o(K,) < «(K,) (monotonicity of ),

(4) «({z}) = O for all zeR"*;

(5) if s >0, then ofs © K) = s" «(K).

2.3. Lemma. Let E, E,, E, be arbitrary subsets of R"*'. Then

(1) 0 5 5.(E) < «*(E);

(2) e*(E, U E;) S a*(Ey) + a*(Ey);

(3) Ey © E; implies. ay(E1) S 2u(E3), *(E,) S o*(E,);

(4) if s> 0, then ay(s © E) = 5" ay(E), a*(s © E) = 5" a*(E).

2.4. Definition. A subset T'of R"*! is called totally thin if it is thin at every point
zeR"™! ie. if b(T) = 0. A subset S of R"*! is called semipolar if it is a countable
union of totally thin sets.
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Obviously, every subset of a semipolar set is semipolar and every countable
union of semipolar sets is semipolar.

2.5. Lemma. Let S be a Borel subset of R"*!. Then S is semipolar if and only
if o:,.(S) =01

Proof. Let S be a semipolar set and K = S an arbitrary compact set. According
to [19], p. 121, «(K) = 0, consequently u,(S) = 0. If S is not semipolar, then S
contains a nonsemipolar compact set K; see [16], p. 498. According to [19], p. 121,
«(K) > 0 and so «,(S) > 0.

2.6. Remark. It follows from Definition 2.1 and the proof of Lemma 2.5 that
a4(S) = 0 for every semipolar set. The converse implication is not true as shown by
the following example. We say that a subset A of R! is of Bernstein’s type if the inter-
section of both A and A with every closed uncountable set is nonempty. Let T be
a set of Bernstein's type (see [20] for the existence) and S; = R"x T, S, = R" x T".
Let K be an arbitrary compact subset of S,. Then K = R” x L for a suitable countable
set L = T. But the set R" x Lis semipolar and by Lemma 2.5 and the monotonicity
of « we have «(K) = 0. Consequently, a,(S,) = 0. In a similar way, a,(S,) = 0.
Since S, U S, = R"*!, at least one of the sets S;, i = 1, 2, is not semipolar. Con-
sequently, there exists a nonsemipolar subset A of R"*! such that a,(4) = 0. Ac-
cording to Lemma 2.5, A cannot be a Borel set.

2.7. Definition. Let E be an arbitrary subset of R"** and z e R**'. Then E is said
to be semipolar at z if there exists a fine neighborhood V of z such that the set En V'
is semipolar. Let f(E) be the set of all points z € R"*! such that E is not semipolar
at z. The set f(E) is called the essential base of E.

(In [16], the essential base is denoted by ¢ and called the quasibase. It can be

shown, see [3], p. 184, that B(E) is a G4-set.)
2.8. Theorem. Let B be a Borel subset of R"*'. Then
RAP) =ieup {P; e AH(R*), P, =1 and continuous in R"*!,
spt 4 © B} .
Proof. See [16], p- 502,
2.9. Theorem. Let B be a Borel subset of R"**. Then

ox(B) = y(B(B)) .

Proof. We will use the following notation. If E = R"*!, then *E = {(x, 1) e R"*!;
(x, —t)e E}. If E = R"*! is a Borel set and v € #*(R"**), then we define *v(E) =
= y(*E). Clearly, *(*v) = v, *ve #*(R""!) and
(2.1) rnes F(z = w) dv(w) = Jgass F(w — z) d(*v) (w) .

We first assume that B is a bounded Borel set. From [10], p. 133 and p. 127, and
from [28], p. 279 it follows that there exists u € . *(cl f(B)) such that R{® = p,.
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Let L < R"*! be a compact set such that
(2:2) cl B(B) < int L.

According to Lemma 1.9 (1), (2) there exists ve .#*(L) such that RY = P, and
P, =1 on int L. Consequently,

HR"Y) = [gasi([gass F(z — w) dw(w)) dp(z) .
Applying Fubini’s theorem and the relation (2.1) we obtain

(23) R = faneilfinrs Fv = 2) du(z)) d(*) ().

Since P, = R{® and {P,; u' e #*(R**!), P, <1 and continuous in R"*!,

spt i’ < B} is an upper directed family of continuous functions, see e.g. [10], p. 40,
then according to Deny-Cartan’s lemma, see e.g. [7], and to Theorem 2.8 we have

HR™Y) = sapd{ s Pt e AR, P, = 1
and continuous in R**!, spt i’ < B} .
This together with (2.1) and (2.2) and an application of Fubini’s theorem yields
(R Y= sup fp (RS ) pre MR, P st
and continuous in R"*!, spt u' = B} .
Consequently,
04 R = w(B).
According to [10], p. 132, R{® = sup {R{; K = B(B), K compact}. Using (2.3)
and R{® = P, we get
#(R** ') = [gas1sup {RY; K = B(B), K compact} d(*v).

Since {R}; K = f(B), K compact} is obviously an upper directed family of lower
semicontinuous functions we ave according to Deny-Cartan’s lemma, see [7],

u(R** 1) = sup {[g+s RY d(*v); K = B(B), K compact} .
Lemma 1.9 (2) implies the existence of a Radon measure pg € #*(K) such that
RT =P, and
@5) oK) = mR).
Fubini’s theorem and (2.1) give
(R"*!) = sup {[gas1 P, dpig; K = B(B), K compact} .
Hence using the inclusion (2.2), the equality P, = 1 on int L, the relation (2.5) and

the definition of y4, we obtain u(R"*') = y(B(B)). This together with (2.4) implies

the desired equality.
Now let B be an arbitrary Borel set. Let U, < R"*!, k € N, be bounded open sets

such that U, ~ R"*!. Since B(B)n U, = B(BNU,), keN, the above proved
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equality and the monotonicity of «, and y imply
«(B) 2 1(B(B) N V), keN.
Since f(B) n U, ~ B(B), Lemma 1.4 (5) yields
lim #(6(8) . U,) = 5(A(B).
and so
(2.6) a4(B) 2 y(B(B)) -
Let K = B be an arbitrary compact set. Since ay(K) = y(f(K)) and B(K) = B(B),
the monotonicity of y gives a(K) < y((B)). Consequently,
(2.7) o4(B) = y(B(B)) -
The inequalities (2.6) and (2.7) complete the proof.

2.10. Remark. Let S; and S, be as in Remark 2.6. Then a,(S,) = «,(S,) = 0 and
R 1 = B(R"*') = B(S,) U B(S,). Consequently,
@ = y(R"*') < y(B(S1)) + ¥(B(S2)) -

This implies that there exists a set B < R"** such that a,(B) = y((B)). Theorem 2.9

fails for arbitrary sets.

2.11. Lemma. Let B be a Borel subset of R"*'. Then there exists a Borel semi-
polar set S = B such that

ay(B) = y(B\S).

Proof. Obviously, S = B\ f(B) is a Borel semipolar set. Further, B\ S < (B).
From the monotonicity of y and from Theorem 2.9 we obtain y(B\ S) < «,(B).
According to 5], p. 296, B(B\S) = B(B). This, Theorem 2.9 and the relation
betweeen «, and 7, imply a(B) < y(B\S).

2.12. Remark. Given a compact set K = R"*!, let us denote «,(K) = y(B(K)) and
(2.8) ay(K) = inf {7,(K\S); S = R"*!, S semipolar} .

Then «,(K) = a,(K) = a(K) whenever K is a compact subset of R"*!, The equalities
can be easily deduced from Theorem 2.9, from Lemma 2.11 and from the fact that
every semipolar set is contained in a Borel semipolar set, see e.g. [5], p. 282. Lemma
2.11 says that the right hand side of (2.8) attains the minimum.

2.13. Lemma. Let U be an arbitrary subset of R"** and let z € R"*!, Then U is
a fine neighborhood of z if and only if z€ U and U° is thin at z.

Proof. See [10], p. 152.

2.14, Theorem. Let B be a Borel set and let z e R"**, The set B is semipolar at z
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if and only if the series

=41

(29) T2 aBnA()

k=1
is convergent. If B is an arbitrary set semipelar at z, then the series in (2.9) is
convergent.

Proof. Assume that B is a Borel set and the series in (2.9) is convergent. For
every k € N let S, be a Borel semipolar set such that S, = B n Ai(z) and

(2.10) (B A2))\S,) = a(B n Ai(2)) 5

see Lemma 2.11. Consequently, the set S = {z} U Ui S, is semipolar. For ke N
we have (B\S)n A,(z) = (Bn 4(z))\S;. Thus (2.10) and the monotonicity
of y yield

V(BN S) n 4,(z)) S au(B N Ay(z)) .

Since the series in (2.9) is convergent, we obtain from the above relation that the
series

T2 (BN 5) 0 42)

is convergent. According to Theorem 1.11, the set B\ S is thin at z, hence V =
= (B\S)° is a fine neighborhood of the point z (see Lemma 2.13). Since the set
V n B, being a subset of S, is semipolar, the set B is semipolar at z by Definition 2.7.

Let B be a Borel set semipolar at z. Then there exists a fine neighborhood V of the
point z such that the set ¥ n B is semipolar. Since z has a fundamental system of
fine neighborhoods which are compact in the Euclidean topology we can assume that
Vis compact. Since B n 4,(z) and (B\ V) n A,(z) differ for a semipolar set, according
to Theorem 2.9 we have

(2.11) ax(B N A(2)) = ax((BNV) 0 Ay(z)).

As Vis a fine neighborhood of the point z, the series
{2.17) Y 272 y(p° n A(2))
k=1

is convergent by Theorem 1.11 and Lemma 2.13. Using the equality (2.1 l), the relation
between a, and 7y, the inclusion (BN V) n 4,(z) © V° n A4,(z) and the monotonicity
of 7, we obtain

ay(B 0 Ay2)) £ y(V° n A2))

This and the convergence of the series in (2.12) imply that the series (2.9) is con-
vergent.

Now let B be an arbitrary set semipolar at z. From Definition 2.7 and from [5],
p. 285, it follows that there exists a Borel set B’ such that B = B" and B’ is semipolar
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at z. Applying the assertion proved above for the Borel set B’ and using the mono-
tonicity of a; we obtain the convergence of the series in (2.9).
The proof of Theorem 2.14 is complete.

2.15. Remark. Let A = R"*! be a nonsemipolar set such that «,(4) = 0, see
Remark 2.6. Since A is nonsemipolar, f(4) # § according to [5], p. 296. Con-
sequently, there exists a point z € R"*! such that A is not semipolar at the point z.
As a4(A4) = 0, the series in (2.9) (for 4 instead of B) is convergent. Consequently,
the assumption in Theorem 2.14 that B is a Borel set is essential.

2.16. Theorem. For an arbitrary Borel set B, the following conditions are equi-
valent:

(1) ze f(B);

) 8 ea(B Bz, ))fe’**1 de = oo;
(3) 2:12"""2 ty(B N By(z)) = o0 ;

(4) EFM e ML

Proof. The assertions are proved using Theorem 2.14 in an analogous way as in
the proof of Theorem 1.13.

2.17. Corollary. Let B = R"*! be a set and z e R"*!, If B is semipolar at z, then

gl dlegl)
=0+ a*(B(z, I)]

Proof. In a similar way as in the proof of Corollary 1.14 we obtain from Theorem
2.16 and from Theorem 2.14

lir y(B 0 Bz, 1) _ 0.
Im’l

0.

t—+0+

Since the set B(z, 1) is not semipolar, a,(B(z, 1)) > 0 according to Lemma 2.5.
The assertion follows from Lemma 2.3 (4).

2.18. Definition. Let E be an arbitrary subset of R"*'and let z = (x, ) e R"*!. We
say that E lies parabolically below z provided there is b > 0 such that

T—t< —b'z_xlz
for any (¢, 7)€ E. Forc > 0 and z = (x,t)e R"*! put
D(z,c) = {(Z’T)ER"H; t—c=<t= t} ?

2.19. Corollary. Let B be a subset of R"** and let z € R"*'_ If B lies parabolically
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below z and B is semipolar at z, then
lim ay(B N D(z, c)) S
c—0+ ol
Proof. Since B lies parabolically below z = (x, t), there exists b > 0 such that

(t — 1) < —blx — x|* for any (1, ©) € B. We put k = exp (1/nb). An easy calculation
shows that B D(z, c¢) = B B(z, k * ¢). This and Corollary 2.17 give the assertion.

2.20. Definition. Let T be a subset of R' and let t € R'. The point t is said to be

a condensation point of T if the set ]f —¢ t+ e[n T is uncountable whenever
£ =B

2.21. Corollary. Let B, be an arbitrary subset of R', T < ]0, o[, let 0 be a con-
densation point of T and
B = {(tx, —t*) e R"*'; xe By, teT}.
If B is semipolar at (0, 0), then ,(B,) = 0.
Proof. We first assume that By is a bounded set and B is semipolar at z = (0, 0).

Since 0 is a condensation point of T, there exists a decreasing sequence of positive
numbers {¢;} 7, such that

(2.14) lime; =0

Fiad-
and for every j e N the set Tn Jc;/2, ¢;[ is uncountable. It follows from Definition
2.7 and from [5], p. 285 that there exists a Borel set B such that B = B and B is
semipolar at z. Since B, is bounded, we can assume that B lies parabolically below z.
For every je N let S < R"*! be a semipolar Borel set such that

(2.15) a4(B N D(z, ¢})) = y(B n D(z, ;)\ &) ;
see Lemma 2.9, For M < R"*! and t € R we define
(M), = {(x, —t) e R"*}; (x, —1) e M} .

Putting S = U7, S/, we get a semipolar Borel set and S = U {(S),; re R'}.
According to [15] and Lemma 1.5, the set P = {p e R"; 2,((S),2) > 0} is countable.
We put T' = T\ P. For every j € N there exists d; € ]¢;/2, ¢;[ n T such that

(2.16) I((BNS)p) = 2((B)ar) -

The monotonicity of y, the relations (2.15) and (2.16) and Lemma 1.5 imply
wa(B 0 Dz ) 2 2(B)).

Denoting by 2¥ the outer Lebesgue measure, we have from the inclusions B = Bthat
2(B) = 280

Consequently, ay(B 0 D(z, d3)) Z dj A7(By). Since d; € ]c;/2, ¢;[, we obtain

ao(B0 D(zd})) 5 (LY ;xB,).
(2.17) d] o (2) :
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As the set B lies parabolically below z and is semipolar at z, Corollary 2.19 and the
relations (2.14) and (2.17) imply that A(B,) = 0 and hence 1,(B,) = O.

Now let By, be an arbitrary set. Then By = U, By, Where By, k € N, are bounded
seEs. Then by the first part of the proof 1,(B,,) = 0 for any k € N. Consequently,
LB =0,

2.22. Remark. Suppose that B, = R", T < |0, o[ and 0 is not a condensation point
of T, i.e. there exists ¢ > 0 such that T, = T'n ]0, ¢[ is at most countable. The set
B, = {(tx, =1*)e R"*'; xeB,, teT,} is semipolar. According to [5], p. 296,
B(B.) = 0. Consequently, B is semipolar at the point (0, 0), while 2,(B,) = . The
assumption that 0 is a condensation point of T cannot be omitted in Corollary 2.21.

3. THE CHOQUET BOUNDARY IN PARABOLIC POTENTIAL THEORY

3.1. Definition. Let X be a metrizable compact topological space and let ¢(X)
be the Banach space of continuous functions on X. Suppose that P is a closed linear
subspace of €(X) which separates points of X and contains the constant functions.
For every x € X the symbol .#, stands for the set of all positive Radon measures p
on X such that f(x) = yu(f) whenever f € P. Obviously, the Dirac measure &, con-
centrated at x belongs to ./#,. The set

ChpX = {xeX; M, ={e}}
is called the Choquet boundary of X (with respect to P).
3.2. Notation and Definition. Let U be a bounded open subset of R"*!. A function
u is said to be caloric on U, if u has continuous second partial derivatives on U and
du B &%
ek
at J 0

(x,t)=0 forall (x,f)eU.

2

xJ'
The set of all continuous functions on U whose restriction to U is caloric will be
denoted by K(U). We will apply Definition 3.1 to the following situation: X = U
and P = K(U).

3.3. Theorem. Let U be a bounded open subset of R"*'. Then
ChK(U}U = ﬁ(Uc) N U .
Proof. See [4], pp. 101, 103 and [16], p. 516.

3.4. Theorem. Let U be a bounded open subset of R"*'. Then the following
conditions are equivalent;

(1) zeChgyU s
(2) fa (U B(z, c))fc"? " de = 0 ;

101
40




(3)

2% o(U® A By(2)) = o ;

1

(4) Y. %2 o(U° ~ 4(2)) = <o .

k=1

k

8 np~18

Proof. The assertions follow from Theorems 3.3 and 2.16.

3.5. Corollary. Let U be a bounded open subset of R"*' and let z = (x, t) € dU.

Let B, be an arbitrary subset of R" and T a subset of 10, o such that 0 is a con-
densation point of T. If

{(x Ty — TZ)ER"“; % € By, -.-:eT} = (UE7
and /i (By) > 0, then z € Chy,U. g
Proof. We may assume that z = (0, 0). We shall prove that z € f(U°). Since

B = {(zx, 7?) e R***; 2B, teT} < U°

and 27(B,) > 0, the set B is not semipolar at z by Corollary 2.21, hence z e B(B).
Since B < U*, we have f(B) = B(U°) too. Consequently, z € B(U°).
The proof of Corollary 3.5 is complete.
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Wiener’s test of thinness in potential theory

MIROSLAV BRZEZINA

Abstract. Tt is proved that Wiener's test of regularity provides a test for thinness of arbi-
trary sets. The result which is obtained in the context of harmonic spaces can be applied
to a wide class of second order partial differential equations of elliptic or parabolic types.

Keywords: Wiener’s test, regularity, thinness, capacity
Classification: 31D05, 35J25, 35K 20

INTRODUCTION

Let (X,H) be a P-harmonic space with countable base such that points of X
are polar; for definitions, see e.g. [C—C],[Ba). Let RF stand for the balayage of a
hyperharmonic function © on X on a subset E of X. A subset E of X is said to be
thin at a point z € X if 8

RY(z) < p(2)
for some strict potential p on X.
In this note we present a Wiener type test of thinness, if a suitable Wiener test

for regularity is known.
We shall adopt notations of [B—H2)].

SEMICAPACITY AND THINNESS
Let us denote by P(X) the collection of all subsets of X.

Definition. A set function v : P(X) — [0, 00] 13 called semicapacity on X if the
following conditions hold:
(i) 7(A) < 4(B), whenever 4, B € P(X), A C B;
(ii) v(B) = sup{y(K); K C B, K compact}, whenever B is a Borel subset of X;
(iii) (M) = inf{7(U); M C U,U open}, whenever M is a subset of X.

Remark. If ¢ is a Choquet capacity on X, then the corresponding outer capacity
¢* is a semicapacity on X; for definitions, see e.g. [He], [Brl].

Lemma 1. Let E be a subset of X, let (An)5%, be a sequence of Borel subsets of'
X and let 4 be a semicapacity on X. Then there exists a Borel subset B of X such
that

HWENA) =~(BNA,)

for every n € N.

PROOF : Proof follows [Ha). For n,k € N let Un x C X be open sets such that
EN A, CUpy and
HEN An) = inf{2(Un )i k € N}.
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Let B, = ﬂ:‘;l Unx. Then B, is a Borel set, EN A, C B, and
(%) Y(EN An) = 7(B,).

Let B = 72,(BaU(X \ 4,)). Clearly, B is a Borel set and E C B. Consequently,
BN A, C B,. Further,

YENA,) <v(BNA,) <v(B,).

In view of (*), the assertion follows. L]

Lemma 2. Let A be a subset of X. Then there ezists a G5 set A’ D A such that

RA = RY

for every u € HL(X).
ProoF : See [B-H2], p.250. ]

Lemma 3. Let E be a subset of X, z € X and let E be thin at the point z. Then
there ezists a Borel subset B of X such that E C B and B is thin at z.

ProoF : By Lemma 2, there is a G5 set B D E such that
RE = R2

for all u € H}(X), thus also for potentials; now we can apply the assertion from
[C-C], p.150.
"

Lemma 4. For an arbitrary set E C X and z € X, the following conditions are
equivalent:
(i) A is thin at z;
(ii) A\ {z} is thin at 2;
(i) AU {z} is thin at 2.

PROOF : See [C-C], p.152. ™

Lemma 5. Let B be a Borel set which is not thin at a point z € B. Then there
ezists a compact subset K of B such that K is not thin at z.

PROOF : This is a special case of Lemma 5.1 from [B—-H1). For the convenience
of the reader, we present a direct proof. Let p be a strict potential and let (V,,)%2,
be a sequence of relatively compact open sets such that

Va1 CVa and () Va={z}.
n=1

Consider n € N. Then = W
p(z) = Ry (z) = R (z).
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By [B-H2], p.248, there exists a compact subset X, of BN V, such that
Rl (2) > plz) -
& n
Take K = |J;2, K. U {z}. Clearly K is a compact subset of B and

RS (z) = p(z),
i.e., K is not thin at the point z.
"
Notation. For z € X, r €]0,1], let A"(z) denote a compact set in X such that:
(i) A"(z2) C A°(z) forr < s;
(i) ﬂo<r51_ A'(z) = {z}.
For » = 27" write A, instead of A",

Theorem. Letz € X, let E be an urbitrary subset of X and let 4 be o semicapacity
on X. Suppose that the following condition holds.

There ezists a sequence of positive numbers (cx(z))52, such that
the following statements are equivalent, whenever F C X 13 com-

(P) pact:
(i) F is thin at z;
(1) Yoo er(2(F N Ag(2)) < oo.

Then E is thin at z, if and only if the series

> (21 (E N Ax(2))

k=1
13 convergent.

ProoF : Let E be not thin at z. By Lemma 4, we can assume that z € E.
According to Lemma 1, there exists a Borel set B D E such that

YE N An(z)) = 9B N An(2))

holds for every n € N. Clearly, B is not thin at z. By Lemma 5, there exists a
compact set K C B such that K is not thin at z, so according to the condition (P)

the series -

> ex(z)r(K N Ax(2))

k=1

is divergent. Since K N Ay(z) C BN Ax(z), we have

(K N Ax(2)) £ (BN Ak(2)) = 7(E N Ax(2)),
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hence b
> ck(2)7(E N Ax(2)) £ 3 er(2)v(E N Ax(2)).
k=1 k=1

Consequently, the series on the right hand side is also divergent.

Let now E be thin at z. According to Lemma 3, there exists a Borel set B D E
such that B is thin at z. Choose a sequence of strictly positive numbers (£4)52.,
such that 3°0° | cx(z)ex < ca. Since the set B N Ax(z) is a Borel set, there exists ,
for every k € N, a compact set Ky € BN A;(z) such that

(BN Ag(z)) < Y(Kk) + €x.

Clearly, the set K = | J;2, K U"{z} is comlﬁact and K C BU {z}, ie., the set K is
thin at z. By the condition (P), the series

> cx(2)1(K N Ax(2))

k=1

is convergent. Since E C B, it follows

Y(ENAk(2)) < 4(BNAg(2)) € v(Ki) + ex < (K N Ag(2)) + k-
Thus o i et
Y o cEN Aw(2)) € D cal(2)r(K 0 Ax(2)) + Y exl2)ex,
k=1 k=1

k=1
and the series on the left hand side is convergent because both series on the right
hand side are convergent. n

REMARKS

The Wiener test for regularity in classical potential theory (i.e. for Laplace ope-
rator), was proved in 1924 by N.Wiener, see [W]. In 1944, M.Brelot proved the
Wiener test of thinness in this case, see [Br2]. The way to an analogous criterion
in the heat case took more than 50 years. In 1982, a heat analogy of the Wiener
test for regularity was established in [E—G]. The Wiener test of thinness in the heat
case was proved in [Brz].

If we apply Theorem proved above we get directly the corresponding criterions of
thinness in the classical as well as in the heat case, because in these situations the
condition (P) is fulfilled (the condition (P) is, as a matter of fact, a reformulation of
the criterion of regularity). Thus immediately we get the corresponding assertions
from [Br2] and [Brz].

Theorem can also be applied to parabolic equations with variable coefficients
considered in [G-LJ.

In Rt} n > 1, we consider the second order operator

e du du
Lu= E 5;;(0.‘.;(3. f)*é;:) ~ %

i,i=1

46




Wiener's test of thinness in potential theory 231

where (aij(z,))i j=1,..n is real symmetric, matrix-valued function on R**! with
C® entries. We assume that there exists v €]0, 1) such that, for every £ € R" and
every (z,t) € R™t!,

Ve < Y aijlz t)éie; < v

ij=1

Let M be the sheaf of all continuously differentiable (twice with respect to
Zy,...,Zn and once with respect to t) solutions of the differential equation Lu = 0.
According to [Ba], p.61, (R"*!, HL) is a P-harmonic space. It is easy to see that
the points are polar. The capacity capy, is defined in a usual way, see e.g.[G-L),
cap;, denotes the outer capacity deduced from the capy,. Let I'(z,¢;y,s) denote the
fundamental solution of L. Let us denote (for a given z = (z,t) € R™, k € N, and
A €]0,1])

A(z,t; 2%) = {(y, 5) e R*H1; (4?r)\"‘)""{2 < I'{z,t;y,8)}u{(z, 1)}

The validity of the condition (P) with cx(z,t) = A~*™/2 X €]0,1[, is proved in
[G-L]. We have now:

Theorem. Let E be a subset of R**! et A €]0,1( and let z = (z,t) € R™'. Then
E is L-thin at z, if and only if the series

Z: AR /2 capl (E N A(z, t; M%)

k=1

is divergent.

Similarly, Theorem can be applied to a wide class of degenerate operators con-
sidered in [N=S].
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On a class of translation invariant balayage spaces

Miroslav Brzezina®

In [1] J. Bliedtner and W. Hansen have introduced the notion of a balayage space.
In this context it is possible to use methods well-known in classical potential theory
and in the theory of harmonic spaces to more general situations. A comprehensive
presentation of the theory of balayage spaces is given in the monograph [2].

In the paper [3] W. Hoh and N. Jacob have shown that certain pseudo differential
operators a(D) with constant coefficients also generate a balayage space. The purpose
of this note is to point out that the same holds true for the corresponding “heat

operator” f; — a(D). We refer to [2] and [3] for the notation we use.

Let a : R" — € be a negative definite function. Then 4 : R"! — C : (1) —
a(¢)+i-t is also a negative definite function. Let (Q,),.o and (P,),., be the convolution
semigroups corresponding to A and a, respectively. Further let T := (T,),., denote
the translation semigroup on RR.

We start with an easy observation. Since P,(£) = ¢ “© and T,(1) = e 7,1 > 0,
¢ € R", t € R, (here = denotes the Fourier-transform) we find by an obvious
calculation :

BRI, )i=P )T (0 =e B =0.( 7).

By the uniqueness of the Fourier-transform it follows

Proposition 1. For all t > 0 the equality Q, = P, ® T, holds.

The next result is due to J. Bliedtner and W. Hansen, see [2], p.211, and it plays a
key role in our construction.

Suppose that (X,Ep) is a balayage space. Then the following statements are equiva-
lent:

(i) (X xR, Epgy) is a balayage space;
(ii) TP is a strong Feller semigroup.

* Financial support by the Gottlieb Daimler- and Karl Benz-Stiftung is gratefully
acknowledged.
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In potential theory for the heat operator polar and semipolar sets do not coincide.

The similar result holds for the above mentioned balayage space. Namely the
following proposition holds:

Proposition 2. Let IP be a sub-Markovian semigroup on X. Suppose that (X x
R, Ep, 1) is a balayage space. Then the balayage space (X xR, Epgy) does not satisfy
the axiom of polarity, i.e. polar and semipolar sets do not coincide.

Proof. ~ We show first that for t € IR a set A = X x {t} is totally thin. Let (y,s)
be an arbitrary point of X x R. By [2], p.285, the set {t} is totally thin in the
balayage space (R, Ey), consequently, there exists a strict potential p € Eg such that

ﬁp{'}{s] < p(s)- Since 1 @ p € Ep ® Ey < Epgr,

R, (19) < 1@ RM)(v,5) < (1@ p)(y,5),

ie. the set A is thin at (y,s) and, consequently, A4 is totally thin. By definition, see [2],
p.285, the set S = X x @ is semipolar where @ denotes the set of rational numbers.

We show that S is not polar. Suppose that S is polar. By [2], p.282, there exists
u € Epgy such that {u <o} = X x R and u(x,s) = co for all x € X and s € Q.
Take r € R and x € X arbitrarily and ¢ € R such that r —t € Q and P,(x, X) > 0,
see [2], p.63. Then

(P, ® T)ulx,r) = ]u(y,r — )P, (x,dy) = .

X

From this it follows that u(x,r) = o0, since u € Epgy. Consequently, u = <o on X xR,
which is impossible. Accordingly, S is a nonpolar semipolar set, i.e. (X X R, Epgy)
does not satisfy the axiom of polarity.

Let a : R” — R denote a continuous negative definite function such that

a(0) >0 (1
and that for some 5 €]0, 2]

alt) 2 clely, sl =p (2)

holds with some p > 0 and ¢, > 0.

Let P = (P,),5o be the semigroup associated with a. By [3], Theorem 3.1, the
semigroup [P is a strong Feller semigroup and (R", Ep) is a balayage space. Hence,
Proposition 1, Proposition 2 and above mentioned result from [2] yield

Corollary 1.  Let a :R" — R be a continuous negative definite function satisfying
(1) and (2) and denote by Q = (Q,),¢ the convolution semigroup corresponding to
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A, 1) = a(l) +ir, ¢ € R, t € R. Then (]R""'I,EQ) is a balayage space for which
the axiom of polarity is not valid.

Remark 1. The convolution semigroup @) from above corresponds to the pseudo
ciitTercntial operators e% —a(D). In a similar way, for the convolution semigroup
@ which corresponds to the pseudo differential operator % + a(D) the assertion of
Corollary 1 holds.

Remark 2. Since a is a real nonnegative function, a satisfies the condition

[Fal < M(1+ Za) _
on X with some constant M > 0. According to [6], p.36, the balayage space (R", Ep)
satisfies the axiom of polarity.

Let IP = (P,),,o be the Brownian semigroup on R", n € N, and (4}),., be the
one-sided stable semigroup for some « €]0,2]. The symmetric stable semigroup
IP* = (P}),., of index « on IR" is defined by

BfSi= ]Psfr;f(ds), featMR".

By [2], p.176, the Brownian semigroup IP on IR" is a strong Feller semigroup,
hence by [2], p.186, IP* is a strong Feller semigroup on RR". Further, by [2], p.9,
lim,_,o P.f = f locally uniformly for every f € A (R"). Consequently lim,_, P*f = f
locally uniformly for every f € 4 (IR"). For every t > 0 we define the function g, on
IR" by

w8/ 1\ llx)i?
g/(x) = 5 Sp| === |

Let W®, pand w are defined for x e R" and t € R as

0, t<0
() =< %

W28 =19 [g.(In2ds), t>0,
0

v(x,t) ;=1 and w(x,6) =1t lg(0).

Then it is obvious that W®, v, w € Ep.gy. Further, uy = inf(W® w) €
Epigr N %(R"!) and u, > 0 on R"x]0,c0[. A straightforward calculation shows
that for the function

= 2]
u(x,t) == Z 2"‘1:0(,1:,: +k), xeR"teR,

k=0
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the following holds: u € Ep.gy N 4(R™!'), u > 0 on R"*! and 2 € %R™"). By
Proposition 5.6 from [2], p.210, the above remarks and Proposition 2 we have

Corollary 2. Let IP* be the symmetric stable semigroup of index o €]0,2] on R”",

n € N. Then (]R"H,Ep:m—) is a balayage space which does not satisfy the axiom of
polarity.

Remark 3. The semigroup IP* ® T is called the heat semigroup of index « on
R" x R. In the articles [4], [5] it is proved that the Poincaré condition for regular
points and the Wiener test remain valid in this case.
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Kernels and Choquet capacities

MIROSLAV BRZEZINA

Summary. M. Brelot showed that the capacity corresponding to a function-kernel is a Choquet capacity,
provided that the kernel satisfies the principle of equilibrium, the weak domination principle and the
adjoint kernel satisfies the weak principle of equilibrium. This result is not applicable for a series of
important kernels in potential theory (e.g. the [undamental solution of the heat equation, or the
Kolmogorov equation), since the above principles no longer hold in this situation. New principles for
function kernels guaranteeing that the capacity is a Choquet capacity are introduced and applied in the

framework of balayage spaces. In particular, polar and adjoint polar sets are shown to coincide in this
context.

In (2] M. Brelot proved that the K-capacity is a Choquet capacity (see the
definitions below), whenever the kernel K satisfies the principle of equilibrium, the
weak domination principle and the adjoint kernel K (see the definition below)
satisfies the weak principle of equilibrium, see [2], pp. 46—47, for definitions. But
many kernels in potential theory do not satisfy the above principles, for example
the heat kernel. In this note we introduce two new principles for kernels K and K
which guarantee that the K-capacity is a Choquet capacity. The heat, the Riesz,
the Kolmogorov and many other kernels in potential theory satisfy our new
principles.

In the second part of the paper we give some connections between polar sets
and sets of outer K-capacity zero in the context of balayage spaces.

In the following let X be a locally compact Hausdorff space with a countable
base and let .# * stand for the set of all nonnegative Radon measures on X. For a
set Ec X, let us denote by 4 *(E) the collection of all nonnegative Radon
measures on X with compact support in E. The support of a measure is denoted by
supp. A lower semicontinuous function K: X x X —[0, o] is called a kernel on X.
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The K-potential of a measure y e .#* is defined as
K, (x) ==J K(x, Yu(dy), xeX.
X

For a compact set L < X, the K-capacity (corresponding to the kernel K) is defined
by

K-cap(L) :=sup{u(X); pe M *(L), K, <1 on X};

ch [2], p. 43
Fundamental properties of the K-capacities are summarized in the following

LEMMA 1. Let ¢ be the K-capacity corresponding to a kernel K on X and let
L,L,, neN, be compact subsets of X. Then
(i) 0< (L) < o;
(it) L, = L, implies c¢(L,) < c(L,) (monotonicity of c);
(iif) e(Lyw Ly) <ce(L)) + e(L,) (subadditivity of c);
(iv) if (L,)F-, is a decreasing sequence of compact sets with the intersection L,
ie, L, | L, then

lim ¢(L,) = c(L)

n—s o

(right continuity of ¢ on compact sets);
(v) if e(L) < o0, there exists a measure p € M * (L) such that K, <1 on X and
(L) = pu(L).

Proof. Assertions (i) —(iii) follow easily from the definition, for (iv) and (v) see
e.g. [2], pp- 43-44.

A set function ¢ defined on the class of all compact subsets of X will be
called the Choquet capacity on X if it satisfies the conditions (i), (ii), (iv) of Lemma

I and

(iii") e(L, U L,) +c(L,nLy) < c(Ly) +c(L,) whenever L,, L, are compact sub-
sets of X (strong subbadditivity of c);

of. [2).
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As the following example shows, the K-capacity is in general not a Choquet
capacity.

EXAMPLE 1. Let X:={1, 2, 3} and let the kernel K: X x X — [0, o] be defined by
the matrix

Lt}

L) B

Dadland

Let y denote the corresponding K-capacity. An easy calculation shows

that y({&}) =0, »({1}) =v({2) =9({3D =+({1, 3D =9({2,3D =1, »({L,2}) =
y({1,2, 3}) = 2. Consequently,

v({1, 330 {2, 3D + ({1, 3} n {2, 3D > v({2, 3D + »({2,3}),
i.e., the K-capacity y is not a Choquet capacity on X.

In the following we will investigate when the K-capacity is a Choquet capacity
on X. Using the notions from [1], let us note the following

REMARK 1. Let (X, #7) be a balayage space and let 1 € #°. We show that for
any relatively compact open set G = X and for any compact set L < G there exists
a continuous potential p € 2 such that

p<1lonX p=1ina neighborhood of L and C(p) c G;

here C(p) denotes the carrier of p.

Choose auxiliary open sets U,, U, c X'suchthat L ¢ U, c U, c U, c U, = G. Let
fe€(X), flg,=1.f|cu, = 0and f(X) = [0, 1]. Let further g € 2 be a strict potential
on X and & >0 such that § - g =1 on U,. Then it is obvious that 0 <f<5 q.
According to [1], p. 100, R, € # *(Csupp(f)), and consequently C(R;) = U,<G.
Further by [1], p. 66, we have R, € 2. Since 1 € # we have R, <1 on X and Rf =1
on U, o L. Consequently R, is a potential with desired properties.

Let p, g € 2 be continuous potentials on X. If p < g on C(p), then p <q on X.
Indeed, let U:=CC(p), r'=q—p. Then r 20 on CU =C(p), r = —p on X and
r e *#(U), since g € ? and p € #(U). For z € 0U = C(p) it follows that

lim inf r(x) =¢(z) —p(z) =20

x—z,xelU

The desired inequality follows from the minimum principle, see [1], p. 116.
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DEFINITION. Let K be a kernel on X. We say that the kernel K satisfies the
conti.nuous domination principle (bricfly: CDP) if, for any two measures p and v on
X with continuous and bounded K-potentials, the condition K, <K, on suppv
implies K, <K, everywhere.

We say that the kernel K satisfies the continuous principle of equilibrium (briefly
CPE) if, for any relatively compact open set G = X and any compact set L < G,
there exists a measure u € .# *(G) such that K, <1, K, is continuous on X and
K, =1 on neighborhood of L.

The adjoint kernel K of a kernel K is defined by K(x, y) :=K(y, x), x, y € X.

H

Now we are able to formulate the main result.

THEOREM 1. Let K be a kernel on X. Let K and the adjoint kernel K satisfy the
continuous principle of equilibrium and further let K satisfy the continuous domination
principle. Then the K-capacity and the K-capacity are Choquet capacities on X.
Further, for any compact set L = X, we have

K-cap(L) = K-cap(L).

The proof of this theorem is based on the following lemma which is similar to a
theorem of F. Y. Maeda, see (8], p. 233.

LEMMA 2. Let K be a kernel on X. Let K and the adjoint kernel K satisfy the
continuous principle of equilibrium. If L is a compact subset of X, then

K-cap(L) = inf{u(X); pue M ™*, K, =1 in a neighborhood of L,
K, is a continuous K-potential on X};

f(-cap(L) =inf{u(X);peM™, ﬁﬁ =1 in a neighborhood of L,

K, is a continuous K-potential on X},

K-cap(L) = f(-cap(L).

Proof. Denote by d(L) and r-f(L) the number on the right hand side in the first
and the second equality, respectively. '

The inequality K-cap(L) < d(L) follows easily from Fubini’s theorem.

Now we show that d(L) <K-cap(L). We may assume that K-cap(L) < co.
From the right continuity of K-cap on compact sets it follows that there exists a
relatively compact open set G, X and a positive constant ¢ such that K-
cap(L’) < ¢ whenever L’ is a compact subset of G,. Further, we can find a
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sequence (G,),r. , of open subsets of G, such that G, | (e = L. According to

n=| n

the CPE there exists, for every n € N, a measure u, € . *(G,) such that

K, <1, K, is continuous on X and K, =1 in a neighborhood of L,

i.e., for all n e N the following holds:
d(L) < p,(X).

Since p, € M *(G,), K, <1 on X for all n €N, it follows that for every n € N the
inequality g,(X) < c holds. We can assume that the sequence (u,)Z., converges
vaguely to a measure p € .4/ *. From the lower semicontinuity of K it follows that
peM (L), K, <1 on X and lim,_ , u,(X) = u(X). Consequently, d(L) <
K-cap(L). -

From the equality K=K the inequality d(L) gf(-cap(L) <d(L) follows and
hence the assertion.

Proof of Theorem 1. By Lemma 1 and Lemma 2 it remains to verify that the
condition

. K-cap(L, U L,) + K-cap(L,n L,) < K-cap(L,) + K-cap(L,)

is satisfied whenever L, and L, are two compact subsets of X. We can assume that
K-cap(L,) < o and K-cap(L,) < co. Choose ¢ > 0. By Lemma 2 it follows that
there exist measures g, e M™*, i =1, 2, such that K, >1 in a relatively compact
open set U; o L;, K, is continuous on X and g, (X) <K-cap(L,) +¢,i=1, 2. Let v,
i =1,2, be measures on X, v, € X *(U,0U,), v,e M (U nU,)such that K, <1
and K, are continuous on X, i=1,2, and K, =1 in a neighborhood of L,u L,,
K,,=1in a neighborhood of L,nL,. (The existence of such measures v;, i =1, 2,
follows from the CEP for K.) Let G be a relatively compact open set such that
G o U,u U,. From the CEP for K it follows that there exists a measure k € ./ *(G)
such that

K, <1 on X and K, =1 in a neighborhood of U,u U,.

Since K,, <K,, on U; > supp v, it follows by the CDP that K,, <K, on X.
Further, K, <K, on Ui, hence
K“|+K'2£Kﬂi+KM: (l)

on U,. Similarly, K,, <K,, on U, 2supp v and by the CDPK, <K, on X.
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Further, K,, <K, on U, and consequently (1) holds also on U,. The inequality (1)
holds on U, U, > supp(v, + v,) and from the CDP the validity of the inequality

(1) on X follows. Now, using Fubini’s theorem, Lemma 2 and the inequality (1), we
obtain

5
K-cap(L, VU L,) + K-cap(L,nL,) < 1 dv, +J‘ 1 dv,
Uynt,

A

(K, + K, de <y (X) + pa(X)
X

< K-cap(L,) + K-cap(L,) + 2e.

Since this inequality is valid for any e >0, the strong subadditivity of K-cap
follows. =

In the second part of this note we will investigate some connections between
K-capacities and polar sets in the context of balayage spaces. For the definition of
the balayage space, some notions and notations we refer to the monograph of J.
Bliedtner and W. Hansen [l]. As a special case it is possible to consider a
Z-harmonic space with countable base, in the sense of C. Constantinescu and A.
Cornea, see [4]. We need the following

DEFINITION. Let (X, #7) be a balayage space and let K be a kernel on X. Then
(X, #7) is said to have the property A (with respect to K) if there exists a balayage
space (X, ¥) such that:
s leW n¥;
* for every p € 2(X) there exists exactly one measure u € 4 + such that K, =p
and supp u = C(p);

if e M* and {K, < 0} =X, then K, € 2(X); 3

« for every p € 2(X) there exists exactly one measure 4 € # * such that K, =p
and supp pu = C(p), (ﬁ is the adjoint kernel of the kernel K);

«if pe#* and (K, < o} =X, then K, € 2(X).

(Here and in the following 2(X) and 2(X) stand for the set of all potentials (with
respect to %~ and W, respectively) on X; C(u) and C(it) denote the carrier of u € %
and i € W, respectively.)

REMARK 2. Let (X, %)) be a Z-harmonic space, with a countable base, in the
sense of [4]. Assume that (X, %") admits a Green function K with the following
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properties:
*KiX x X-[0, 0] is Lse, and finite continuous on

X xX)\{(x,x)eX+X;xe b.¢/%

+ for every x € X the function K, is a potential on X and C(K, ) = {x}; here ¢,
denotes the Dirac measure concentrated in x: |

* for every p e 2(X) with compact C(p) there exists exactly one measure
pe .M such that p =K,

From the results by T. Ikegami, see [7], it follows that (X, %) has the property A
with respect to the kernel K.

EXAMPLE 2. (a) Riesz potentials. Let n € N. For « €]0,2], « <n, the Riesz
kernel (of order «) N, : R" x R"— [0, 0] is defined by

__Joo, 1 =iy,

S PR i
From [1], p. 198 and p. 200, it follows that the balayage space (R", E5.) has the
property A with respect to the kernel N,. (Here Ep. denotes the set of all excessive
functions with respect to the symmetric stable semigroup of index « on R"; see [1],
pp. 50, 191-207.)

(b) Potential theory of the heat operator. Let n € N. The heat (Weierstrass)
kernel W:R"*' x R"*' [0, 0] is defined by ((x, 7), (y,5) e R"* ")

W t- ) " 0‘ if l ‘-{. Sa
O 2 (ane — ) =2 exp(— | = y [P = 9D, i 155

By [9], pp. 273-280, it follows that the harmonic space corresponding to the heat
operator, i.e. /8t — ) 7., 8*/0x}, has the property A with respect to the kernel W.

(c) Potential theory of the Kolmogorov operator. For z = (x, y, 1) € R? we de-
note

0, i <0
B o 2 ; 2
E@)={./3 xp{_1+3.r(}jrrx)_3(ytr.x) } S
2mt- ! - 1

The Kolmogorov kernel E:R’x R*—[0,00] is defined by (z=(x, 1),
2o = (Xo, Yo, to) € R?)

E(z; 25) = E(x — Xo, ¥ — Yo+ Xo(t = lo), t — o).
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From [3], pp. 34-36, it follows that the harmonic space corresponding to the

Kolmogorov operator, i.e. 3%/dx? + x(3/dy) — d/0t, has the property A with respect
to the kernel E.

By Remark 1, it follows that the Riesz kernel of order «, the heat kernel, the
Kolmogorov kernel and the corresponding adjoint kernels satisfy the continuous
domination principle and the continuous principle of equilibrium.

COROLLARY. Let (X, %) be a balayage space with the property A with respect to
the kernel K. Then the K-capacity on X is a Choquet capacity on X.

Proof. By Remark 1, the kernels K and K satisfy the continuous domination
principle and the continuous principle of equilibrium. The assertion follows now
from Theorem 1.

LEMMA 3. Let (X, #") be a balayage space, | € % and let L be a compact subset
of X. If C(RF) c L, then

Ri=sup{pe?(X);p<1on X and C(p) < L}. (2)

Proof Denote by # the set on the right hand side in (2) Since L is compact,
L e 2(X). By assumption, C(R}) c L, consequently, Rrcorvie

Ri&sup #.

Let pe# and let ue#, u=1 on L. Put U:=CL. From the ls.c. of u on X it
follows that for z € U < L the inequality

lim inf u(x) =1

x—z,xelU

holds. Consequently,

lim inf (u(r) p(x)) =20

X=Z, xe U

Since u —p=0on CU, u—pis hyperharmonic on U and u —p = —p, it follows
from the minimum principle (see 1], p. 116) that u=>p on X. Consequently,
sup # < RE. But the sup & is Ls.c. on &, ie., sup F < RL.
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PROPOSITION. Let (X, #') be a balayage space with the property A with respect

to the kernel K and let L be a compact subset of X. If C(RE) c L, then there exists
exactly one measure p; € M *(L) such that
() RE=K,_ :

Heo

(if) K-cap(L) = p, (L);
(iii) if pe M* (L) and ifK,<1onX, then K, <K,

L

. Proof. Since (X, #°) has the property A with respect to the kernel K and since
R € 2(X), there exists exactly one measure pp € A *(L) such that K, = RE.
The property in (iii) follows from Lemma 3.
Since pu, e #*(L) and K, <1 on X, p, (L) <K-cap(L). Let pe . #*(L),
K, <1 on X. By (iii), K, <K, . Let U be a relatively compact open set, L < U.
From the CEP for K the existence of a measure v e M *(U), with K, =1 on a
neighborhood of L, follows. By Fubini’s theorem, we have

u(L) =J K, du =j K, dv gj K,, dv =J‘ K, du, = p, (L)
X X X X

Consequently, K-cap(L) < u,(L).

REMARK 3. The uniquely determined measure g, from the Proposition is called
the equilibrium measure of L and K, the equilibrium potential of L.

This Proposition gives some generalizations of results known from classical
potential theory, see e.g. [5], p. 138, and the potential theory for the heat operator,
see [6], p. 88.

Recall that a subset P of a balayage space (X, #7) is called polar (in detail,
¥ -polar) if there exists a function v € ¥~ such that v = 0 on P, but {v < 0} is
dense in X.

In the potential theory for the heat operator, the polar sets, the polar sets with
respect to the adjoint heat operator, the sets of outer thermal capacity zero and the
sets of outer adjoint thermal capacity zero do coincide, see [10], p. 353. The same
holds also in our situation, namely we have the following

THEOREM 2. Let (X, %) be a balayage space with the property A with respect to
the kernel K. Assume that the following condition holds:

if L < X is compact, then C(R{) = L and C(*R}) < L. (3)
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Let f""-"}_'e’ K-cap* and K-cap* stand for the usual outer K-capacity and the outer
K-capacity, respectively. If P < X, then the following conditions are equivalent:
(i) P is W -polar:
(11) K-cap*(P) =0;
(iir) {’ is “If'-poiar;
(iv) K-cap*(P) =0.

REMARK 4. In Theorem 2 ~ R’ stands for the balayage of 1 on L with respect
to (X, %),

If (X, #7) is a Z-harmonic space in the sense of (4], then the condition (3) is
always fulfilled, see e.g. [4], p. 127.

Proof of Theorem 2. Let P be % -polar. By [1], p. 250 and p. 282, there exists .
a W -polar G,-set P’ > P such that R¥ = 0. Let L = P’ be compact. Then RE=0
and by Proposition y, (L) = K-cap(L) = 0. Since the set P’ is capacitable (see e.g.
(1], pp. 27-31), K-cap*(P’) = 0. Consequently, K-cap*(P) = 0.

Let K-cap*(P) =0 and let G,, n € N, be an open set such that P < G, and
K-caps(G,) <1/n, neN. (K-cap, denote the usual inner K-capacity.) Put
P ==, Then P=F" and K-cap (P) =0 Let L =P be compact. Then
K-cap(L) = 0 and, by Proposition, RE = 0. According to [1], p. 282, L is ¥ -polar.
From [1], p. 284, it follows that P" is # -polar. Consequently, P is # -polar.

In view of the symmetry of assumptions it is possible to prove the equivalence
of (11) and (iv) in an analogical way.

The equivalence of (ii) and (iv) follows from Theorem 1.

REMARK 4. By Example 2, the assumptions of Theorem 2 are fulfilled specially
in the case of potential theory for the Kolmogorov operator. Consequently, we
obtain by Theorem 2 that the polar sets for the Kolmogorov operator, the polar
sets for the adjoint Kolmogorov operator, i.e. for the operator ¢*/dx* — x(¢/dy) +
¢/t , the sets of outer Kolmogorov capacity zero and the sets of outer adjoint
Kolmogorov capacity zero coincide.
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Mathematical Notes

Capacitary interpretation of the Fulks measure

Miroslav Brzezina®

Abslract._ In this note we show that, with respect to the adjoint heat equation, the Fulks
measure is the equilibrium measure for the heat ball.

Euclidean spheres in IRY and the surface measure play an important role in classical
potential theory. Namely, the following well known mean value property holds:

Let U =RY, d > 2, be an open set and u be a harmonic function on U, ie. u € €*(U)
and Au = Zle f—;—; =0 in U. Then for any Euclidean ball B,(x) with center x € R4

and radius r > 0 such that B,(x) = U

u(x) = / udo,, (1)
éBr(x)

holds, where ¢, denotes the normalized surface measure on ¢B (x).

Conversely, if a continuous function u : U — IR satisfies (1) for all B,(x) = U, then u
is harmonic in U.

Speaking in potential-theoretic terms, the normalized surface measure ¢, . on ¢B,(x)
is the balayage of the Dirac measure ¢, at the point x on the complement of B, (x),
ife

o, =B (2)

xX.r

for the notion of balayage of measures, see {4, pp. 138—-139] or {1, pp. 113-115].

For d > 3, let N : RY x RY — [0,c0] denote the Newtonian kernel, ie. the function
defined for x, y € R? by

[(d =20 " Ix=yI>?, x#v,

N(x,y) = { e

L ]

X=y;

* Financial support by the Gottlieb Daimler- and Karl Benz-Stiftung is gratefully
acknowledged.
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here L.U‘f denotes the surface measure of ¢B,(0) and || - || Euclidean norm in RY. For
a positive Radon measure u € IR, the Newtonian potential of u is defined by

N4(x) = ]N(x,y)p(dy), x e Re
Rn‘

It follows from [9, p. 138] that for every compact set K = R? there exists a uniquely
determined Radon measure p; such that

N = R

here ﬁ{‘ denotes the balayage of 1 on K (cf. [9, p. 135]). The measure yy is called
the equilibrium measure for K and the number yu; (K) the Newtonian capacity of K,
cf. [3, p. 205]. An easy calculation shows that for B := B,(x),

1z(B) = (d — 2w, r'

This leads to another characterization of the normalized surface measure:

Let x€ RY, d > 3, and r > 0. Denote B := B,(x). Then

r'_’ —d

% = 2w, 7

The proof of this assertion can be found e.g. in [3, p. 205].

In the case of potential theory for the heat operator H = = — Y4 & jn R4+,

0t =1 gvs
d > 1, analogous assertion can be obtained. The situation in this case is, however,
more complicated.

Denote by W the heat kernel in R?*!, ie. the function defined for (x, 1), (y,5) € R¢*!
by

(@n(t — 5) " exp{=lx—y|*/4Ct —9)}, t>s,
0 =S

Wi(x,t;y,s) = {
For z = (x,t) € R4*! and ¢ > 0 we denote by Q(z, ¢) the set of all points (y, s) € R*!
satisfying

W (x,t;y,5) > (4mc)™ /2.

The set Q(z,c) is called the heat ball of the center z and radius ¢ and
B(z,c) := 0Q(z,c) the heat sphere. We denote by ¢ := o the surface measure on
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B(z,¢) (ie. the d-dimensional Hausdorff measure). For z' = (¥,t') € R*!, define
0 : (R x]0,00[) U {0} — R by

O(x, 1) == { X2 (401202 + (12|12 — 240312, ¢ >0,
! il

Furthermore, for z = (x,1) define the function q.(z') := Q(z — Z), 2/ € R**!, on
(RY x 1=, t) U {z} and put Q. = q:’m__.“. The positive Radon measure

=
H{_‘,(') i [4?!(‘) EU'q:.c'GB{:.c')

on B(z,c) is called the Fulks measure for the heat ball Q(z,c¢); cf. [2, pp. 70-71].

The heat spheres and the Fulks measures play for the heat equation the same role
as the Euclidean spheres and normalized surface measures for the Laplace equation,
respectively. W. Fulks, see [8], proved that the following form of the mean value
property holds:

Let U c R d > 1, be an open set and u : U — R a caloric function on U, ie.

E_.tﬁ[ % e €U), i=1,...,d, and Hu = 0 in U. Then u satisfies in U the following

P v
X
i

mean value property:

h(z) = /h du., 3)

whenever z € U, ¢ > 0 and Q(z,c) < U.
Conversely, if a continuous function u : U — R satisfies (3) for all Q(z,c) = U, then
u is caloric on U.

In [2], H. Bauer proved the following theorem which in spirit corresponds to (2):

For all z € RY*! and ¢ > 0, the Fulks measure p. . is the balayage of the Dirac
measure ¢. on the complement of Q = Q(z,c), 1e.

fos e,

In the following, all notion concerning the adjoint heat potential theory, will be
denoted by °, e.g. “thin, “polar, *supercaloric, etc. The "heat potential (adjoint heat
potential) of a positive Radon measure is defined by (p € R

"WHp) = f Wi(g:p) uldq).

Rd+1
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From [12, p. 348] it follows that for every compact set K < R*! there exists a

uniquely determined Radon measure "1y (called the ‘equilibrium measure for K)
such that

tl,p}‘jlx = -RIK :

L]

here, of course, ‘ﬁf denotes the balayage of 1 on K with respect to the adjoint heat
equation. The number *p, (K) is called the *capacity of K.

Using the same reasoning as in [11, p. 51] and [5, p. 92], we get for Q := Q(z,¢)
',u(—}(ﬁ) = (4nc)?/2,
In what follows, fix z € R‘*! and ¢ > 0 and consider the function

w(p) = min{(4nc)™%, W(z;p)}, pe R

Proposition 1. Let z € R**! and ¢ > 0. Denote Q = Q(z,¢). Then
W = W.

Proof. Fix p € R¥+!. We have ‘W& (p) = Jras1 Wi(-; p)def Since W, () := W (-;p)

is supercaloric on IR‘*!, we get from [3, p. 250] 'W“E-n[p) - ﬁﬁ?p(z), Denote
‘W,(") := W(z;-). By [6, p. 342] we have

.Lﬂ -
"W (p) = "RE, (p). (4)
If [Q is not “thin at p, then
"R (p) = "W.(p). (5)

It follows from [7, p. 688] that (5) holds in particular at every p € [Q\ {z°}; here
for z = (x,1), z° = (x,t — ¢). Clearly, *W.(p) = (4nc)~/? for every p € 8Q\ {z}.
Recall that 'ﬁii’p‘ coincides on Q with the solution of the Dirichlet problem (with
respect to adjoint theory) for *W._|.,,. Since constant functions are “caloric and {z}

is "polar, "R, is equal to (4mc)=*/* on Q. We conclude that
‘B = min{(4nc)~"/%,"W,} (6)
on R4+ \ {z¢}. (Observe that *W,(z) = 0, so the equality (6) is obvious at z.) Since

{z¢} is “polar, and both functions appearing at (6) are “supercaloric, (6) holds at z¢
as well. Now, from (4) and (6) the assertion follows.
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Lemma. Let z € R+ and ¢ > 0. Denote Q = Q(z,¢). Then
"Wt = (dnc)!w.

P:%f)[f:} We know that "W 'a = '§1ﬁ- Since (4nc)?w = 1 on Q\ {z}, -ﬁ'lﬁ _
R < (dre)w on R**!. The set Q is not “thin at any p € éQ\ {z}, consequently,

liminf ("R%(q) — (4mc)2w(q)) = 0
g—p.q<lQ

for all p € Q. By minimum principle, see [3, p. 116], (4nc)?/2 < *R? on R4+

The following result has been obtained by N.A. Watson, [13, p. 249].
Proposition 2. Let z € R**! and ¢ > 0. Denote Q = Q(z,¢). Then

W = w,

Now, we are in position to prove our main result.

Theorem. Let z € R and ¢ > 0. Denote Q = Q(z,c). Then
M. = £ = (4nc)~/? Ui

Proof. By Proposition I, Proposition 2 and Lemma, we have
"Wite = W = (4re) 2w,

Now, from uniqueness of representation of “heat potentials, see [6, p. 305], the
desired equalities follow.

Remarks. The equality u, . = ¢ from Theorem was proved by H. Bauer in [2].
An alternative proof of this equality (based on a simpliciality argument) has been
given by I. Netuka in [10]. Our considerations provide a new proof of the above
using the result by N.A. Watson stated in Proposition 2. On the other hand, Bauer’s
results and our Proposition 1 combined give an alternative proof of Proposition 2.
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Tusk type conditions and thinness for the
parabolic operator of order «

-~

Miroslav Brzezina !

M.Nishio proved in [12] the Wiener criterion of the regularity for the parabolic
operator of order o €]0, 1{in Euclidean space R"*! n € IN, i.e. for the operator

L) = 9/t + (- A);

here A = 377, 3*/dx? is the Laplace operator and (—A) is the a-fractional
power of —A on IR". In this note, using methods from [3], the Wiener criterion
of thinness and a generalization of the Poincaré type condition of regularity
from [8] and [12] are given.

Let n € IN, a €]0,1[ and let P = (P;):;>0 be the Brownian semigroup on R",
1.e. P; is the kernel having the density

(4mt)="/% exp(—||z]|*/42)

with respect to the Lebesgue measure in IR" where z € IR", ¢ > 0 and || - ||
denotes the Euclidean norm in IR". Further, let (0§ )¢s0 be the one-sided stable
semigroup of order a on ]0,00[, i.e. a convolution semigroup on ]0, co[ which is
uniquely determined by the condition

Lo{(s) = exp(—ts”)

for every t, s > 0; here £ denotes the Laplace transform. The symmetric stable
semigroup P* = (P@)i>0 of index a on IR" is defined for every positive Borel-

measurable function f on IR" by
B f ::/ P fol(ds).
R

Denote the tensor-product of P* and the translation semigroup 7" on IR by
P @ T (the so called heat semigroup of order ) and the set of all excessive

! Financial support by the Gottlieb Daimler und Karl Benz- Stiftung is gratefully

acknowledged.
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functions with respect to the semigroup P* @ T by Epagr . For the notions
used above and for further notions and notations concerning balayage spaces we

refer to the monograph by J.Bliedtner and W .Hansen [1]. The following result
was proved in [5].

Propositiox?. Let o E]O, 1[. Then (IR™*!, Epagr) 1s a balayage space which
does n‘ot satisfy the aziom of polarity, i.c. the systems of polar and semipolar
sets with respect {o (IR““,EP.:@T) do not coincide.

Let W() be the fundamental solution of the operator L(%), i.e. for z € R",
telR

W)(z,t) := { .t /m: exp{—t||€||** + iz - £} d¢, t > 0,
0 e

where z - £ denotes the inner product on IR™.
The (a)-parabolic capacity of a compact set K C IR"*! is defined by

(eap(K) := sup{u(X); p € M¥(K), W) % <10n R"*};

here M*(K) denotes the set of all positive Radon measures on IR**! with
support in K and W(®) « i denotes the convolution of W(®) with p. Let E C
IR"*! be an arbitrary set. Then

(@)eap, (E) := sup{(®kap(K); K C E, K compact }
is called the inner (a)-parabolic capacity of E and
(@dap* := inf{(°kap,(G); G D E, G open }

the outer (a)-parabolic capacity of E.

Lemma 1. The (a)-parabolic capacity is a Choguet capacity on IR™*!, i.e. (@cap
is an increasing, sirongly subadditive and right conlinuous positive set function
defined on all compact subsels of R,

Proof. See [12], p.171. 5
For any A > 0, the (a)-parabolic dilation (@)7, is defined by

(@)gy : (z,1) = (Az,A%%t), z€R", teR.
Lemma 2. (i) Let K be a compact subset of R"*! and A > 0. Then
(@eap((ry(K)) = A" - (Deap(K).

(ii) Let L be a compact subset of IR", t € IR and let m, stand for the
n-dimensional Lebesque measure. Then

(@eap(L x {t}) = ma(L).
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Proof. See [12], p.172. L
For r €]0,1] and z = (z,t) € R"*! we set

B'(2) = {(v,9) e B We)(z - y,t = 5) > r-n/2a]),

the so called heat ball of order a. Especially, for A €]0,1[ and k € IN we write
Bk(z, ) instead of B“\k(z). Further, put Ag(z,A) := Bi(z,A)\Be+1(z, A).

We recall that a set £ C R™" is called (@)-thin af a point z € R"!, if
(@)eE, the balayage of Dirac measure €, on E (with respect to the balayage
space (R"!, Epagr))0 is different from ¢, .

Let U be an open subset of IR"*!. A boundary point z € 8U is called
(a)-regular, if (D€l = ¢,: here CU := ROENT,

Remark 1. In {12], another definition of (a)-regular points is used. It follows
from [12], p.167 and (1], p.348, that both definitions are actually equivalent.

As shown in (3] in the context of P-harmonic spaces, the Wiener test for
regularity provides a Wiener test for thinness. Using methods from [3] and
Nishio’s result from [12], p.178, we obtain in this situation the following result
(for details, see [4]).

Theorem. Let E be an arbitrary subset of R™*!, 2 € R**!, and o, A €)0,1[.
Then the following conditions are equivalent:

(1) E 1s (a)-thin al z;
) > ATkni2e (eap*(E 0 Bi(z, M) < o0
k=1
=]
(i) Y ATkni2e (@eapt (B N Ax(z,2)) < o0;
k=1
1
(iv) / (a)eap*(E N B'(z))/t"/ %+ dt < .
0

Corollary 1. Let E be an arbitrary subset of R"*!, 2 € R**! and o €)0,1[.
If E is («)-thin at the point z, then

lim, (@eap®(E N B(2))/t"/** = 0.
t—

Proof. By our Theorem, the integral in (iv) is convergent. Choose € > 0. Then
there exists to €]0, 1[ such that

t
f (@eap*(EN B'(z))/t"/? 1 dt < ¢,
t/2
whenever t €)0,to[. Consequently,

2
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“kap*(En B!(2)) /1712 < ¢
for all t €)0, o,

Forr>0and z = (=,t) € R"*! we set

D(z,r) := {(y,s) e R*; t —r < 5 < ).
Let £ be an arbitrary subset of R, z = (z,t) € R"*" and let a €]0, 1). The

iit t'E is said to lie (a)-parabolically below z provided there exists ¢ > 0 such
a

s —t < ~clly - z||**
for all (y,s) € E.

The following corollary is analogous to Corollary 1. Heat balls of order « a;-e
replaced by the strips D(z,r).

Corollary 2. Let z € R"**, « €]0,1[ and let E C R™! lie (a)-parabolically
below z. If E is (a)-thin at the point z, then

rl—i-l;Jﬂ+ (Deap*(E N D(z,1))/r™?* = 0.

Proof. 'We may assume that z = 0, i.e. there exists ¢ > 0 such that s < —c||y||**
for all (y,s) € E. If (y,5) € R"*!, y £ 0, s = —c|[y|[**, then

Wl =y, ~s) = /2% g7n/2e [y,
with ¢ = W(@)(—¢=1/2. ¢ 1); here e = (1,0, ...,0). Consequently,
EnD(0,r) C En B (0).

Now the assertion follows from Corollary 1. 0

Corollary 3. Let B be a subset of R", z = (z,t) € R"*}, a €]0,1 end
T )0, c0[. If infT =0 and the set

E:=(z,t)+ {7 (y—=z,-1)r €T, y € B}
is (@)-thin at the point z, then mn(B) =0.

Proof. We can assume that B is a bounded set, hence FE lies (a)-parabolically

below z.
Let inf T = 0. Then there exists a decreasing sequence (rj)j21 such that r; € T,

j €N, and limj o 75 = 0. Consequently,
(@r, (B x {-1}) € END(z,7{").
By Lemma 1 and Lemma 2(i), we get for all j € IN
rP - (@kap*(B x {-1}) = (“]cap;g“Jr,,(B x {~1})) € (kap*(E N D(z,7}%)).
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(S;r)lc;e :'_E,‘Blies (@)-parabolically  below z, we obtain from Corollary 2 that
p x4=1)1) ="0."Now, it follows Giom Lemma 2(ii) that m}(B) =

(ekap*
kap*(B x {-1}) = 0 (here m; denotes the outer n-dimensional Lebesgue
measure) and, consequently, m,(B) = 0. o

Remark 2. lj-‘rf:}m Corollary 3 we obtain easily the following generalization of
the tusk condition of regularity from [12]:

Let U be an open subset of IR™H! q €]0,1[ and let z = (z,t) € OU. Further,
let B be a subset of R™ and T CJ0,c0[. If infT =0, m3(B) > 0 and

(z,8) + {5 (y—z,=1); r € T, y € B} c R*"\U,
then z 1s an (a)-regular point of U.

Rema:icl 3 We recall that a set £ ¢ IR™*! is called (a)-semipolar at a point
z€e R if there exists an («)-semipolar set S (i.e. semipolar with respect to
the balayage space (R"*!, Epagr)) such that the set E\S is (ar)-thin at the
point z.

Now, we formulate a result analogous to Corollary 3 concerning sets
(a)-semipolar at a point.

Let B be a subset of IR", z = (z,t) € R™*!, a €]0, 1] and T CJ0, oo[. If]0, e[NT
1s uncountable for every € > 0 and the set

E :=(z,0) + {7 (y—2,-1);r €T, y € B}

is (a)-semipolar at the point z, then m,(B) = 0.
The proof of this assertion, a Wiener test for sets (a)-semipolar at a point and
a relation to the Choquet boundary, can be found in [4].

The above mentioned tusk conditions are valid also for potential theory of
the heat operator, i.e. in the limit case a = 1; see [2].

In this case, taking B a ball and T =]0,c0[ in the assertion of Remark 2,
we obtain the tusk condition from [6]. If the set T" in Corollary 2 is countable
and shrinkable to 0 (i.e. AT C T for arbitrarily small A > 0), then we get the
assertion from [7). Corollary 2 was proved in [11]. For another proof, see [2],
similar results can be found in [9], [10].

Consider again potential theory of the heat operator of order a. Choosing
B non-empty open and T =]0,p[, p > 0, in the assertion of Remark 2, we

obtain the Theorem from [8], p.18. Taking B a Borel set with positive Lebesgue

measure and T =]0,p[, p > 0, in the assertion of Remark 2, we get Corollary

4.4 from [12], p.178.
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On capacities related to the Riesz kernel

Miroslav Brzezina *

Abstract. Fora > 0, let K'® be the Riesz kerne

and TE*(t,8) =t K3 8). ¢ 5 ¢ R, Denote
from the kernels Ko, + Ko and - o

L of order a, ¥ K(t,5) := K(t,s)- Ljo, sof(t = 8)
by “cap, Gcap and %cap, the capacities deduced
, Tespectively.

F01: o e (1/2, l[_. i't is shown that the sets of zero capacity for “cap, cap and “cap are the same.
This give a positive answer to a question by R.Kaufman and J. M. Wu from 1982.

For a set £ C R", n € N, let us denote by M*(E) the collection of all nonnegative
Radon measures on R™ with support in E. The support of such a measure g is denoted
by supp p. A lower semicontinuous function K : R* x R* — [0,00] is called a kernel on
R™. The K-potential of a measure ;i € M*(R") is defined as

K.z = ‘[R“ K(z,y)p(dy), zeR"
For a compact set L C R", the K-capacity is defined by
K-cap(L) := sup{u(L); p € M*(L), K, <1 on R"}.

For a > 0, denote by
it —z[7%, iilss;

00, if t=s,

BBl {

the Riesz kernel of order a. Further define *K“(t,s) := KN°(t,s) - ljp((t — s) and
“K(t,s) := Y K°(s,t),t, s € R. Obviously, the functions K, * K'* and =K' are kernels
on R. The corresponding capacities will be denoted by “cap, Gcap and “cap. As usual we
call ®cap the Riesz capacity of order a.

In [6], pp.213-214, R.Kaufman and J.M.Wu asked whether sets of zero capacity with
respect to each of these three capacities under consideration do coincide. They proved
that this holds if @ = 1/2. Their proof depends very much on series of results of the
potential theory of the heat operator. Further, the authors remark: ” It seems interesting
to investigate their relationship in the case a # 1/2, when *K* and the fundamental
solution of the heat equation are unrelated. However the authors have no conjecture on

this point.”

* Financial support by the Gottlieb Daimler- und Karl Benz- Stiftung is gratefully acknowledged.
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For a € [1/2 i . ;
€ [1/2, 1], we show in this note that the answer to Kaufman's and Wu's question 1s

p?Slt}\’e. Our pl‘oc.»f 15 essentially based on the potential theory for the heat operator of
order v, v €]0, 1, i.e. for the operator

d
i be S
m(=a)

= n+l : : e ar . 3 ol
in R™, n € N; here A := 2, 527 s the Laplace operator in R" and (—A)” is the

~7-fractional power of —A on R".

Let WO be the fundamental kernel of the operator L), i.e. for 2, y € R*, t,s € R,

W (2, t;y,s ;:{ v s ift—s<0,
( ) (47) ™" fgn exp(=(t — $)|I€|I2" +i(z —y) - €)dE, ift—s >0,

where (z — y) - € denotes the inner product on R" and [ - ]| the Euclidean norm in
R". We see easily that the fundamental kernel *W®) of the adjoint operator L"), i.e.

L .= ——g; + (—A)7, is given by “WM(z, t;y,s) = WO(y,s;2,1), 2,y € R*, t,s € R.
Obviously, W) and WO are kernels on R*'. The corresponding W)-capacity and
*W-capacity will be denoted by “kap and *(cap and called the heat capacity of
order 7 and the adjoint heat capacity of order 7, respectively.

In a natural way, the operators L") and L) generate balayage spaces (R*!, W) and
(R =W)) | respectively; see e.g. [2], [4]. (For the definition of a balayage space, we
recommend the monograph by J. Bliedtner and W. Hansen (1].)

By M. Nishio, see [7], p.170, we have the following

Lemma 1. Letn € N and y €]0,1[. Further, let L be a compact set in R™*'. Then there
exists exactly one measure p, € M*(L) such that

MRL = Wy (L) = Deap(L).
Further,
pr(L) = Peap(L)  and Meap(L) = "Deap(L).
Here ) ﬁf‘ is the balayage of 1 on L with respect to (R, W),

We recall that a subset P of a balayage space (X, W) is called polar (more pfeciselyr
W-polar) if there exists a function v € W such that v = co on P but {v < oo} is dense

in X. Now, we can formulate the following

Proposition 1, Letn € N and vy €]0,1[. Let further Meap™ and *Meap™ stand for the
usual outer W) -capacity and the outer “WO-capacity, respectively. If P C R™*!, then

the following conditions are equivalent:
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(i) P is WO polar;
(ii) Meap™(P) = 0;
(iéi). P is sWiNnolu:
(iv) “eap™(P) = 0.

PROOF. (Cf. [3], Theorem 2.)

Let P be W("’j-[?olar. By (1], p.250 and p.282, there exists a W .polar Gs-set P/ O P
such that MR = 0. Let L c P be compact. Then (MRL = 0 and by Lemma 1
pr(L) = Meap(L) = 0. Since the set P’ is capacitable (see e.g. [1], pp.27-31) and Meap
is a Choquet capacity (see [7], p. 171), "kap*(P’)= 0. Consequently, “eap*(P) = 0.
Let Mcap*(P) = 0 and let Gy, k € N, be an open set such that P ¢ Gy and Okap_(Gy) <
© (here (kap. denote the usual inner W).capacity). Put P' = (32, Gix. Then P C P’
and (eap_(P') = 0. Let L C P’ be compact. Then (eap(L) = 0 and, by Lemma 1,
MRY = 0. According to [1], p.282, L is W™-polar. From [1], p.284, it follows that P’ is
W) polar. Consequently, P is W) -polar.

The equivalence of (iii) and (iv) can be proved in an analogous way using the adjoint
version of Lemma 1.

The equivalence of (ii) and (iv) follows from Lemma 1. O

Remark 1.  An alternative proof of Proposition 1 follows from [3], Theorem 2 and
results of Ikegami [4].

In what follows we assume that n = 1. For v €]0,1[, we denote
e(7) := -L] exp(—[n[*") dn.
" o 4r Jr

Lemma 2. Lel 5 €]1/2,1[ and L be a compact subset of R. Put a := 5+ Then

e(7) - Meap({0} x L) = Geap(L) = Zcap(L).

Proof. Fort,s € R, we have
W0(0,t;0,s) = c(y) - TK(t,5).

Put K := {0} x L. By Lemma I, there exists a measure ux € M*(K) such that
pr(K) = (Meap(K) and W‘E;',J < 1 on R x R. Since supp pux C {0} x L, we can assume

78



that px = 0 @ p for some p € T LY.
0.) Further,

(Here € denotes the Dirac measure at the point
e(v) - TR (t) = w(0,1) < 1

for all t € R. Consequently,
c(7) - Meap({0} x L) < cap(L).

Let g € M*(L) such that K < 1. If v = €y @® 1, then

J—wlﬂ(o t) sl SteR

oty g

Since W (2, 1) < W(0,t) for all z,t € R (this follows from [5], p.2), we have

v({0} x L)

) S Teep({0) x L).

Consequently, fcap(L) < ¢(y) - "eap({0} x L).
In an analogous way, we can prove the equality

c(y) - "Meap({0} x L) = cap(L).

From this and from Lemma 1 the rest of the assertion follows. O

For a €]0, 1], let (R, W*) denote the balayage space corresponding to the Riesz potentials
of order a, see e.g. [1], p.186. The W=-polar sets will be called a-polar.

Theorem. Let o € [1/2,1] and P C R. Then the following assertions are equivalent:
(i) P is a-polar;
(i1) “cap*(P) = 0;
(iii) Seap*(P) =0;
(iv) %cap*(P) = 0.
Here “cap”, Gcap™ and Zcap” denote the usual outer capacity deduced from “cap, Scap and
“cap, respectively.

PROOF. We can assume that a €]1/2,1[. (For a = 1/2, the assertion follows from [6],

p.214.)
The equivalence of (i) and (ii) follows from (1], p.291.
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Since K < Ko AL %
(i), +% < K%, we have %cap (P) < %cap™(P) and hence the implication from (iii) to

The equivalence of (iii) and (iv) follows from Lemma 2.

Lf?t cap™(F) = 0. wo and 282, there exists a measure ; € M*(R) such that

s — P and {Ke e
i:”holdcs)o on Fand {A} <co} =R. Put v := €0 @ p and 7 := ;-. Then for all z,t € R,

WM(z,t) < Ww0,t) = S < KoL),
W z,t) < "W 0,1) = TRR(t) < K1)

Put 7 = (W = oo}., “F = {*W = oo} and S := {(0,1); p({t}) > 0}. We observe
that S is countable, F is W™-polar and *F is *W-polar. Further

¥ x Pc EUTFLS,

By Proposition 1, @kap*({0} x P) = 0. Consequently, cap*(P) = 0. O
Remark 2. The case a €]0,1/2[ remains still open.
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Appell type transformation
for the Kolmogorov operator

Miroslav Brzezina *

Abstract. For the Kolmogoroy operator [, =

ds . :
; ! : P ezt :ca% - Ba': we describe all transformations
mapping solutions of the equation Lu = 0 jnto

solutions.

Keywords: potential theory, Kolmogorov equation, harmonic function

Mathematical subject classification: 31B35, 35H05, 35M99

0. Introduction.

The Laplace operator and the heat operator are well known examples for differentials op-
erator generating harmonic spaces in the sense of H.Bauer, see e.g. [2]. The Kolmogorov
operator generates also a harmonic space. In [3], [7] and [9], potential theory of the Kol-
mogorov operator was investigated. In particular a mean value theorem was proved and
its potential theoretical interpretation was discussed; furthermore a maximum principle
and the Wiener type test for regularity was established. Harnack inequality and a mean
value theorem are given in (3] for operators of Kolmogorov type.

In this note, we investigate L-harmonic morphism in the sense of the definition given
below.

It is well known that the Kelvin transformation for Laplace operator in R® (up to compo-
sitions with similarities) is the only one which maps the class of harmonic functions into
itself; see (6], cf. [4] for R™.

For the heat operator H = A — % in R**! the Appell transformation plays the same réle
as the Kelvin transformation for the Laplace operator, see e.g. [1], [3].

In [8], H. Leutwiler has shown that the Appell transformation is essentially the only
transformation mapping caloric functions (i.e. the solutions of the equation Hu = 0) into
another. A similar result holds also for the Kolmogorov operator as will be proved in this

note.
1. Appell type transformation.

We consider the Kolmogorov operator
g d. g

L=5a 7y " o

*Financial support by the Volkswagen Stiftung is gratefully acknowledged.
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. 3
in R Let U C R® be an open set and let C2 11 — SR By B e cU)}.

The function u € C*"(U) s said to be L harmomc on U, if Lu h’[} inj ,b? gl

For any (z,y,t) € R t # 0, let

: I T 2
El@p.t) = g exp (“T Sl 3%) :

An easy calculation shows that the function F is L-harmonic on the set R} := R3\

5,
{{z,9,) ER* =10}, Let & be'L harmonie on an open set /' C R®. Then, obv:ous!y, for
a, b,r € R r > 0, the function

(Su)(z,y,t) := u(rz + a,r°y — v2at,»’t + b), (1.1)

is also L-harmonic on the open set V := {(z,y, HERYz=12—a),y= 5y +at’' —
r 4 i
ab), t = (' =), (¢, ¥, ') € U}. Furthermore, we consider the transformation

s T R _
(Au)(;c,y,t).— E(1>yrf}u(?+3t—2st—3'—?) (12)
on R3. Put 2’ = £+ :I"-il, y' =%, t' = -1 A straightforward calculation shows that

L(Au)(z,y,t) = u(z',y', t')L(E)(z,y,t) + izt‘}’—)b(u (zl7.1)

on R3. Since the function E is L-harmonic on R}, we conclude that Au is L-harmonic on K3
provided that the function u is L-harmonic on this set. We remark that the transformation
in (1.2) plays the same role for the Kolmogorov operator as the Appell transformation for
the heat equation. It is clear that the composition of both transformations S and A is
a transformation which maps L-harmonic functions into L-harmonic functions. All these
transformations are of the form

(TH}(I,T rt) e ‘P(-’fsy»t)u(‘l'(z.y, t}); (13)

where W maps some open set U C R? bijectively onto some open set V' C R3 is a
strictly positive function on U, and u is a L-harmonic function on V.

It is a natural question whether all transformations of type (1.3) can be obtained as a
composition of transformations of type (1.1) and (1.2). The answer is given in the next

section.
2. The main result.
Following H.Leutwiler, cf. [8], p. 217, we give the following

2
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Definition. Let U, V ¢ R3 pe open sets, ¥ : [/ — V
let @ : U — R be a strictly positive function. The

said to be an L-harmonic morphism on U, provide
is L-harmonic on V.

a bijection from U onto V, and
transformation 7', defined by (1.3), is
d Twis L-harmonic on U whenever u

The transformations 4 and S and their composition are examples for L-harmonic mor-

phisms. As shown in the following theorem and its corollary, these describe the whole
group of L-harmonic morphisms on some open set,

Theorem. Let n,ﬁ,'y,ﬁj,é,x,v,w be real numbers, 6 — By =1, v > 0. Put T :=
48 — 46, Let

I of thp thwigh

X(z,y,t) = "S-I—gjig—gt—x, (2.1)
1 3 é ¢
Ey,t) = 33y+§5_5t3+5_5t2+5%‘+“' (2.2)
1 /1
T(t) = E(E”ﬁ)' (2.3)
b ) 3 32 56 , &2
e(z,y,t) = vexp (—§(ﬂ+ﬁ)x—%y+%i3+%—;t2+6—4t),
(2.4)
ifv=0, and
1 3y Loy 1 25 1 ’ -
; = E0¥d. 7] Whmde innppip, 2.5)
ANPUA = i i T e i (
1 I} e M y o1 Ko
T, ) el — + - + w, 2.6)
Wt = Crrapt taptirer TR T aias T
t ~
) = S5 (27)
. AL T L N B
. = et Mhl - - v,
?(z.9,1) = (THa)?e"p( (t+0) (402 (1+0)
3 Ly Byt )+
e+ 0 (7t +6)
Xl e Ahiian. | A ek ) (2.8)
3P (E+0P P (t+6)P rat+s
ify #0. T
e e (Tu)(z,y,t) := e(a,y, hu(x(z, ¥, 1), §(y, 1), 7()) (2.9)

3

83




deﬁl‘lﬁ.ﬁ an L"hﬂ? nlof”‘c mor h- ] —
,D 1sm on R — o 1 . ]
outsfﬂ'ﬁ th[-_ Plﬂﬂ.f ¢ | 5 : if ’ If I D, ﬂnd an L-hﬂ‘,f monte morphss.ln oI IR

Conversely,

let U Cc R3
o c be an open set and let M be an L-harmonic morphism on U.

is a transformation T' of form (2.9) such that M = T|y.

Rewrlti'ng, (2.9) we get that every transformation of form (2.9) can be obtained as a
composition of transformations of type (1.1) and (1.2)

Corollary. Every L-harmonic morphism T is a composition of morphisms of type A and

-
3. Proof of the theorem.

The proof of the first part of the theorem follows by a straightforward calculation. We
omit this.

The proof of the second part is based on the fact that the following polynomials are
L-harmonic on R*:

1, z, z° + 2t, 2° +6wt, 2* + 122°8 + 1282, (@1
y+ zt, 2y +1z® + 12, 3y + 6tzy + 3t%2? 4 265, (3.2)

Let u : V — R be an L-harmonic function on an open set V C R* and let ¥ : U — V
map the open set U C R3? bijectively onto V. Further, let

(Mu)(2,3,1) = (x5, Qu(¥(z,1,1)), (z,3.1) €U, (33)

be an L-harmonic morphism on U and let ¥ = (x,&,7) where the mappings x, §, 7 are
defined on U.
For arbitrary functions u, v € C*"'(U) we have

L(uv) = uL(v) + vL(u) + 2uzvs. ' (3.4)

From (3.1) and (3.3) it follows that the functions @ and @x are L-harmonic on U. By
(3.4) we get that

@L(x) + 2Xzp= = 0. - (3.5)
We deduce from (3.1) and (3.3) that L(p(x* +27)) = 0. From (3.4) and (3.5) we have
o2+ L(7)) + 2p:7: = 0. (3.6)
By (3.1) and (3.3), L(¢(x* + 6x7)) =0. Using (3.4), (3.5) and (3.6) we obtain
@XzTz = 0. (3.7)
4
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Similarly, we deduce from (3.1) that @72 = 0. Since ¢ > 0, we arrive that

==0 and x4 L(r)=0. (3.8)
By (3.2) and (3.3), L(¢(é + x7)) = 0. It follows from (3.4), (3.5) and (3.8) that
BLIE) =0+ 20 =0, (3.9)
Since the polynomial zy + t2? + 12 is L-harmonic, we have by (3.4)
PLIXE) + 9LOXT) + 9 L(7?) + 202 (X6): + 20.(x*r)e + 20,(7%), = .
Using again (3.4), (3.5), (3.8) and (3.9), we conclude that

~

lPXz{: =0. (310)
From (3.2) and (3.4) it follows that
3pL(E®) + 6 L(NET) + BpL(x*7%) + 20 L(r°) + 660 (€2): + 120 (x£7)z +
S’r(XzTE): a 489:(73)1: = 0.
Further, by (3.4), (3.5) and (3.8) - (3.10), we have ¢¢% = 0. Consequently,
Ei= 00 andWEE) =l =0 (3.11)

According to (3.8) 7 = 7(y,t) and further

Xz(z,0:0) + ary(p:t) = nly,t),  (z,3,t) € U. (3.12)

We claim that ,(y,t) = 0 for every (z,y,t) € U. Fix (z,y,t) € U. If xz(z,1 ,t) = 0 then
differentiating in (3.12) with respect to z, we get 7,(y,t) = 0. If Xz(z,y,1) # 0 then there
exists ¢ > 0 such that [ := {(z + s,y,t) € R% s €] —¢,¢[} C U and Xi(+,y,t) >0on [
Consequently, on / we have L(7) # 0. From (3.8) and (3.11) it follows that

3 S zé,(y,t) — &(y,1)
X(Z,y,t) = T, t) -y t)

(&,9,t) 1.

Differentiating this equality with respect to z, we obtain

Y, L)Ty ,t =Tt vt)gy |t) =
XI(E'y’ ) - E (y :;.'Ty[(i;t)) g Tt((s;vt))Z(y y (I,y‘t) E [

Using (3.8) we derive that

— (@7, (y,t) — Ty, 1) = (G )y, t) = n &)’ (Fy el (3.13)

5
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Since the left handside in

2, it follows that 7,(y,2) (3.13) depends on 7 but the right handside is independent of

=0, 1e; = =7(1) Now, by (3.12), we have
A=t (314)

where the dot denotes the derivative with respect to ¢. From (3.14) it follows that y,
does not depended on z and y. We put I

ﬂ(t) = z\'-'-'("tsyst}a FETE = (315)

Inserting this in (3.11)

and differentiating with respect to z, we obtain £, = ¥°. Conse-
quently,

E(y,t) = y0*(t) + d(t) (3.16)

with some unknown function d = d(t). Inserting ¢ in (3.11), we get
P = (P°(1) )y — d(t) = x(z,v,0)9%(2). (3.17)
From (3.15) it follows that
X(z,y,1) = I(t)r + c(y,1)

with some other unknown function ¢ = ¢(y,t). Since ¥ = (x,&,7) maps U bijectively
onto V, we find that ¥ # 0 on U. Consequently, by (3.17), we have

; d(t )
x(z,y,t) =9(t)z — 3I(t)y — ﬂz([t))' (3.18)
Put ) .
1 39(t) J(t)
R SR = = ——ty — 22— Bt 3.19
Inserting (3. lb) in (3.5) we get
vr = —pA. (3.20)
Differentiating in (3.20) with respect to z, we obtain '
AR pey o '_"PrA —pA; = ‘P(Az - Az). {3-21}
From (3.20) it follows that (log ). = —A. Consequently,
30(t), 4 900 t 3.22
I()gtp(;r,y,t) — —-éﬂ—(al‘y o (t] - O(t)r + g(y, ) ( )
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with some unknow i = ;
nown function g = g(y, t). Differentiating in (3.22) with respect to y and

t, we get
eu(T,u,t) = o(z,y,t) (*%%%Hgy(y.t)). (3.23)
O —= T 'j(t) | 2 3 ﬂ . -
ey t) = o d;hﬂ((am)z “5(;%) xy-emwg:ty,t)). (3.20)

According to (3.1) and (3.3), L() = 0. Further, by (3.21), (3.23) and (3.24) we have

() 3G -3 G

+3@emy +0%(t) + 2;‘39 )

: V(1) (t)
3(I()) _d(t) It : )
+ ((5 (-Jm) - 65%5 : ”&) y+0(t) — 4»1-9%90) o gg(y,t)) =0 (3.25)

Differentiating twice in (3.25) with respect to z we get

J(t)\* 34 i)\ j j
4(5%) ‘5;5%_(%) =0, ie 2(9(t)%=9(t)0(2).

Integration of this equation yields
1

{OE

with some constants v, § € R, 4> + 8% > 0. In order to determine 7, we observe that on
account of (3.15) ¥? = 7, therefore

=

i+

2

- 3.26

=555 (3.26)

with arbitrary a, # € R satisfying the condition aé — By = 1. Inserting 7 in (3.25) we
obtain

4
2 5(1) + —1-0(t) + t)x+ il
(my+@(t)+7t+é (t) + g4(y, 1) (L + o)
672 2 2y - 9=
t)y + 0%(t) — — = — 9y, 1) = 0. (3.27)
R gy
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Differentiating in (3.27) with respect to z we have

A R i ) P il
(e +apY ~ O - 3500,

and consequently

oot = 2z
Yy t) = (‘yt+6)3y —(@()'Pm@( ))y”i'!}(t)

with some unknown function § = j(t). Inserting ¢ in (3.27), we obtain

v 4y S P .
(O{t) + (73 i 6®[t)) + me{t)) y + O%(t) — . 1 7 g(t) = 0. (3.28)

Differentiating in (3.28) with respect to y we get

(¢ +8)%0(t)) = 0.

Integration of this equation yields

Jt+6

0= vy

with a real number 4, 6 € R. Inserting this in (3.19) we get

9 'yt+5

(¢ + 6)%(t )) = 2o

Let us consider the two cases ¥ = 0 and v # 0 separately. If ¥ = 0, then § # 0 and

G el

dt)= 35+ 5+

with arbitrary constants &, w € R. Further, from (3.28) it follows that
: e i
g(t) = (vt + 8)".

Consequently, . 2
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with some constant 7 € R, [ Uy, fr : :
) i mally, from (3.16), (3.18), (3.22) and (3.26) we obtain {2.1)

We consider now the case 7 # 0. We get

37 (7t 4 8)3

with I' := 98 — 36 and some constants w, £ € R. Furthermore, it follows from (3.28) that

& = 2
g.(t):( ji+é ) %
(vt + §)2 i+ 8

Consequently,

(i):__l:i_L__iF I i Lo
IR+ P48 Pat+s By TV

with a constant # € R. Finally, from (3.16), (3.18), (3.22) and (3.26) we obtain (2.5) -
(2.8) with v := exp . This finishes the proof.
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Essential b.;:lse, Choquet’s boundary and
lener’s test in potential theory

Miroslav Brzezina

. [
Abstract. Wl.ener s ty.pe test for Choquet’s boundary and essential base is presented in the
case when a suitable Wiener’s test for regularity is known.

Keywords: Wiener’s test, essential base, Choquet’s boundary, capacity

Mathematical subject classification: 31D05, 35J25, 35K20

Introduction.

Let (X, W) be a balayage space (for definitions, see [1]). At investigating the boundary
behaviour of the Perron-Wiener-Brelot solution of the generalized Dirichlet problem,
the notion of regular and Choquet’s boundary points plays an important role. Every
Choquet’s point is regular, but the converse needn’t be true in general. As shown in (7],
these notions are different in the case of the harmonic space associated with the heat
equation.

In this note we present Wiener's type test for Choquet’s boundary and essential base, if a
suitable Wiener’s test for regularity is known. The main results are contained in Theorem
1.2 and in Theorem 2.2.

All our considerations will be done in a balayage space (X, W). We shall adopt notations
from [1].

1. Essential base.

Definition 1.1. Let X denote the set of all compact subsets of X. A set fun.ction
4 : K — [0,00]is said to be a Choquet capacity on X if it satisfies the following conditions:

(i) v(K) < 4(L), whenever K, L € Ko acc
(ii) y(KNL)++(KUL)< 1(K) + (L), whenever K, L € o

(iii) if (Kn)3Z, is a decreasing sequence of compact sets with the intersection K,
i.e. K, | K, then limp—x v(Kn) = ¥(K).
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For an arbitrary set £, we define the inner capacity ~
7.(E) sup{y(K); K C E, K compact},
7 (E) inf{~.(U); E C U, U open},

r.espectively. We say that £ C X is capacitable if 7-(E) = 4*(E). For details see e.g. [6],
(2], [1]. In what follows, v denotes a Choquet capacity.

and the outer capacity v* by

Lemma 1.1. Every Borel subset of X is capacitable.

PROOF. See (2], p. 72. O

Remark 1.1. It follows from Definition 1.1 that Y(K) = ~4.(K), whenever K is a compact
subset of X. We can extend the set function v which is defined for compact sets only
to the capacitable sets £ C X by defining 7(E) = 7.(E). In particular, we write v(E)
instead of 4.(£) and 47(E), whenever E is capacitable.

Definition 1.2. Let E be an arbitrary subset of X and z € X. Then E is said to
be semipolar at z if there exists a fine neighborhood V of z such that the set £NV is
semipolar. Let B(E) be the set of all points z € X such that E is not semipolar at z.
The set B(E) is called the essential base of E. For details and fundamental properties of
B(E) see e.g. [1]; we note only that B(E) is a Gs-set.

Definition 1.3. Let ' C X be a compact set. The a-capacity of I{ is defined as
oK) := 4(B(K)).
Let £ C X be an arbitrary set. Then
a.(E) = sup{a(K); K C E, K compact}

is called the inner a-capacity of E. (For more details see [5].)

Remark 1.2. It follows from Definition 1.3 that a.(K) = a(K), whenever K C X is a
compact set. Further, for an arbitrary subset A of X, the inequality a.(A) < ‘y.(A)‘holds.
(Indeed, if K C A is a compact set, then it follows from (3], p- 2, that B(K) C K. 'I.'he
rest follows easily from the definition of a. and a monotonicity of 7..) The set function

a. is clearly increasing.
From now, we assume that v is a Choquet capacity on X satisfying the following condition:

=
(R) if A is a relatively compact Borel subset of X then 7(A4) =~v(A").
Let B be a Borel subset of X and S C X be semipolar. Then
a.(B) = au(B\ ).

Proposition 1.1.

2
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PROOF. See [3], p. 5. "

Proposition 1.2. .
- suF;h thatn 2. Let B be a Borel subset of X. Then there exists a Borel semipolar set

Q.{B) = ']f(B \ S)

PROOF. See [5], p. 6.

Notation. For z € X, r €]0,1], let B"(z) denote a compact set in X such that:
(i) B"(z) C B*(z) forr <s;
(i) Nocrr BT(2) = {z).

For A €]0,1[ and k € N write By(z, A) instead of B“*(z).

Theorem 1.1. Let z € X, E be a subset of X and let 4 be a Choquet capacity on X.
Suppose that {z} is thin at z and that the following condition (P) holds:

There exists a sequence of positive numbers (ck(z))52, such that the following
statements are equivalent, whenever F C X is compact:

F is thin at z;
Yty ek(2)7(F O Bi(z,A)) < co.

Then E is thin at z if and only if the series

=]

> ck(2)7 (BN B(z, ) (1)

k=1
is convergent.
PROOF. We omit the proof of Theorem 1.1, since it differs from that of [4], p. 229, only
in minor details. a

Theorem 1.2. Let z € X, let B be a Borel subset of X and let 7 be a Choquet capacity
on X. Suppose that {z} is thin at z and that the condition (P) from Theorem 1.1 holds.

Then B is semipolar at z if and only if the series

3 aulz)a-(B N Bi(z,4) )

k=1

15 convergent.
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PROOF. Assume that the series in (

. 2) is convergent. A i e 9
exists, for every k € N, a Borel sem g ccording to Proposition 1.2, there

ipolar set Sy such that
V(BN Bi(2,A)) \ Sk) = a.(B N By(z, \)). (3)

Clearly, the set § = {2} U U2, Sk is semipol
= polar. For k € N we have (B \ S)N Bi(z,\) C
(BN Bi(z,A)) \ Sk. Thus (3) and the monotonicity of 4 yield B ik

V(B §) N Bi(z,1)) < a.(B N By(z,)).

Since the series in (2) is convergent we obtain that the series

kZ‘; c(2)7((B\ S) N Bi(z, 1))
is convergent. According to Theorem 1.1, the set B\ S is thin at z, hence V = ((B\ S)
is a fine neighborhood of the point z by (8], p. 335. The set V' N B, being a subset of S,
is semipolar. Consequently, B is semipolar at z by Definition 1.2.
Let B be a Borel set semipolar at z. Then there exists a fine neighborhood V of the
point z such that the set V' N B is semipolar. Since z has a fundamental system of fine
neighborhoods which are compact in the initial topology of X, see [1], p. 56, we can

assume that V' is compact. Since BN Bi(z,A) and (B\ V)N By(z, A) differ for a semipolar
set, we have by Proposition 1.1

au(BN Bi(,)) = a.((B\ V)1 Be(z, ))). (4)
As V' is a fine neighborhood of the point 2, the series
> ck(2)7(CV N Bz, 1)) (3)
=l

is convergent by Theorem 1.1 and by [8], p. 335. Using the equality (4), Remark 1.2, the
inclusion (B \ V)N Bi(z,A) C BV N Bi(z,)) and the monotonicity of 7, we obtain

a.(B N Bi(z, 1)) < 7(CV N Bi(z,1)).

Convergence of the series in (5) now implies that the series (2) is convergent. o

Remark 1.3. If the assumption (P) holds and if B is an arbitrary set semipolar at 2,
then the series in (2) is convergent. Indeed, from (1], p. 285, it follows that there exists

a Borel set B’ such that B C B’ and B’ is semipolar at z. Applying the assertion proved
above on the Borel set B’ and using the monotonicity of a. we obtain the convergence of

series in (2). e
Remark 1.4. An example from (3], p. 99, shows that Theorem 1.2 fails if B is not
supposed to be a Borel set.
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2. Choquet’s boundary.

Let C(X) denote the set of all continuous functions on X and let P denote the set of all
continuous potentials on X.

For an open set U C X, let S(U) denote the set of all superharmonic functions on U (for
the definition, see 1], p. 342) and let
Cp(U) == {f € C(X); there exists p € P with Ifl <p}.
Further, put
S(U) := Cp(U) N S(U).

Definition 2.1. Let U be an open subset of X. For z € X, let M, denote the set of
all positive Radon measures p on X such that —co < p(s) < s(z), whenever s € S(U).
(Obviously, the Dirac measure €, concentrated at z belongs to M..) The set

Chs(y}x = {Z EX; M, = {EZ}}

is called Choquet’s boundary of X (with respect to S(U)).
Proposition 2.1. Let U be an open subset of X. Then

PROOF. See [1], p. 364. O
Remark 2.1. From Proposition 2.1 and [5], p. 2, it follows that

(U c Chs(U]X c CU.

Also, only for points from AU it is not obviously determined whether it belongs to
ChsunX.

Theorem 2.2. Let the assumptions of Theorem 1.2 be satisfied. Further, let U be an
open subset of X and z € QU such that the set {z} is thin at z. Then z € Chs)X if
and only if the series

S cu(2)a(CU N Bi(z, M)

=1
is divergent.
PROOF. The assertion follows from Theorem 1.2 and Lemma 2.1.
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Introduction

The n_egligible .(01' small) sets play an important role in the potential theory. In this note, we will
investigate semipolar sets and some set functions describing them.

All our consideration will be done in a balayage space (X, W). (For its definition, basic properties and
notion used bellow we recommend the monograph by J. Bliedtner and W. Hansen’[tl].)

We introduce the notion of a-capacity and we study some its properties. Especially, we give the relation
to Borel semipolar sets (see Definition 2.1 and Corollary 2.3). In Theorem 2.1, we solve the problem
when an a-capacity is a capacity in Choquet’s sense.

In the last section, we deal with a continuous capacity introduced by G.Anger in [1]. We give this notion
to the connection to an a-capacity and we solve some open problems from the book by G. Anger [1].

1. Essential base

In this part we recall the notion of essential base and we give some basic properties needed in following.

Definition 1.1. Let £ ¢ X and z € X. Then E is said to be semipolar al z if there exists a fine
neighborhood V' of z such that the set E NV is semipolar. Let 3(£) denote the set of all points z € X
such that E is not semipolar at z. The set G(F) is called the essential base of E.

The following lemma is an easy consequence of Definition 1.1.
Lemma 1.1. Let A, BC X. Then
(1) if AC B then B(A) C B(B);
(ii) B(AU B) = B(A) UB(B);
(1) (AN B) C B(A)NB(B).
Remark 1.1. The notion of essential base was introduced into potential theory by J. Bliedtner and
W. Hansen in [3].

Proposition 1.1. Let £ C X. The essential base B(
E\ F is semipolar.

Proor. See [4], p. 296.
Lemma 1.2. Let [ be an arbitrary subset of X. Then

E) is the smallest finely closed set I C X such that

a
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(i) if E s fine closed then B(E) C E;
(it) if E is fine open then E C B(E);
(iii) if E is fine open and if A C X then P(A)NEC AN E).
In particular, for a compact set L ¢ X, in¢ [, CHIL)cL.
ProoF. Easy consequence of Proposition 1.1. =

Proposition 1.2. Let B be a Borel subset of X s
subsets of B such that f X Then there ezists a sequence (Kn)7%, of compact

==} =5 -f

AB) = B(| Kn) = | B(K,)
n=1 n=1

(Here, for a set E C X, the symbol j denotes the fine closure of E.)

ProofF. From [4], p. 301, it follows the existence of a sequence (K,)%,
that it

Al Kn) = B(B).
n=1

of compact subsets of B such

The second equality of the assertion follows from [4], p. 297. 0
Proposition 1.3. Let (X, W) be a balayage space, let 1 € W and B be a Borel subsel of X. Then
R{™ = sup{p € P; p< 1 on X and C(p) C B}, (1)

where set of functions on the right side 1s increasingly filtered. In particular,

) = ) and G(RAP) ¢ )

(Here, for u € W, the C(u) denotes the superharmonic carrier of u.)

Proor. The first part of the assertion follows from (8], p. 502. Since the function on the right side
of (1) is lower semicontinuous it follows that Rffﬁ) = Rf(a). By [4], p. 252, C(Rf(B)) C B(B), i.e.,
(&™) c B(B). 0

2. a-capacity

Definition 2.1. Let K denote the set of all compact subsets of X. A set function vy : K — [0, 00] is said
~ tobe a Choquet capacity on X if it satisfies the following conditions:

(i) ¥(K) < ¥(L), whenever K, L €K, K C L,
(monotonicity of 7);

(i) y(K N L)+ v(K U L) < 7(K) + 7(L), whenever K, LeK,
(strong subadditivity of 7);

(iii) if (K,)2, is decreasing sequence of compact sets with the intersection K,

ie. K, | K, then limp—o 7(Kn) = 7(K),
(right continuity of 7).
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For an arbitrary set E, we define the inper capacity v, and the oute il b
" r capacily v* by

1+(E) =sup{v(K);K C E, K compact}, 4*(E) = nf{y.(U); E C U,U open)

We say that E'C X is capacitable if y,(E) = +*(E !
B . Ghoyuet copacits. (E) =4 (E). For details see e.g. [10], (5], [4]. In what follows, v

Lemma 2.1. Every Borel subset of X is capacitable.
PRroOF. See [5], p. 72.

a
e 2.2 Let (Ma)oy be o increasing sequence of subsets of X with union M. Then
Jim " (M) = 4*(M).
PRrOOF. See [5], p. 70. :

Remark 2.1. It follows frorfl Deﬁniti.on ?.1 that 7(K) = v.(K), whenever K is a compact subset of X.
We can extend the set function ¥ which is defined for compact sets only to the capacitable sets £ C X

by defining Y(E) = 7.(F). In particular, we write 7(E) instead of v.(E) and 7*(E), whenever E is
capacitable. ’

Definition 2.2. _Let K C X be a compact set. The a-capacity of K is defined as a(K) = y(B(K)). Let
E C X be an arbitrary set. Then a.(E) = sup{a(K); K C E,K compact} is called the inner a—capacity
of E.

Remark 2.2. It follows from [4], pp. 272, 297, that the set B(K) is a Borel set. Consequently, the set
function a is well defined.

Remark 2.3. It follows from Definition 2.2 that a.(K) = a(K), whenever K C X is a compact set.
Further, for an arbitrary subset A of X, the inequality a.(A4) < 7,(A) holds. (Indeed, if K C A is a
compact set, then it follows from Lemma 1.2 that §(K) C K. The rest follows easily from the definition
of @, and monotonicity of v..) The set function a. is clearly increasing.

Lemma 2.3. Let K, Ky, K» be compact subsets of X. Then
(1) 0 < a(K) < v(K);
(1) if Ky C Ky then o(K,) < a(K>),

(monotonicily of a-capacity);

(ii1) a(K, U Ky)+ a(Ky N Ky) < a(Ky) + a(K»),
(strong subadditivity of a-capacily).

PROOF. The assertion (i) follows from Lemma 1.2 and from the monotonicityﬂof . 'I"h.e monotonicity
of the set operator # and the monotonicity of v gives (ii). From Lemma 1.2 (ii) and (iii) and from thg
strong subadditivity of 7 the assertion (iii) follows.

Remark 2.4. In Lemma 2.3, we did not prove the right continuity of a-capacity on compact sets. The

following example shows that this is not true in general. 7
Consider the potential theory for the heat operator in R x R. Let K =[0,1] x {0} and K; C R x R,

: L. ;00 pr h
J € N, be compact sets such that Kj41 C int Kj, j € N, and K = r_].f=1 Kj. hLEt Jil.lrtlleroa .ca.p
denote the a-capacity deduced from the heat capacity fcap. Then obviously a- cap(K) = 0, since

3
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the set K is semipolar. By Lemma 1.9 K @S TNt NG
- o J m K; C B(K;), j h
f‘Cap(ﬁU\J )) = 0"1 ':‘_*_P(ﬁ:)s J € N. But the heat capac":ty of 1(’{ fs)ej El N. Consequently, "cap(K) <
ie. "ap(K) = A(K) =1 (see e.g. [12]), and hence tk equa hto the Lebesgue measure of K,
compact sets. ' € the a-capacity a-"cap is not right continuous on

It is natural to ask when the a-capacity is a Cho
when the equation v = « holds. Theorem 2.1 giv

Theorem 2.1. Let (X, W)
following condition holds:

quet capacity and when both notions are identical, 1.e.,
e us the answer to this question.

be a balayage space and v be a Choquet capacity on X. Assume that the

(P) compact set K C X 1is polar if and only if Y(K) = 0.
Then the following conditions are equivalent:
(1) a is a Choquet capacity on X;
(i) a=";
(i11) the balayage space (X, W) satisfies the aziom of polarity, i.e. the semipolar sets in X are polar.

ProoF. Let the condition (ii1) be satisfied and let K be a compact subset of X. By Proposition 1.1, the
set K \ A(K) is semipolar. Using the condition (P) we obtain

oK) < v(K) < 9(K\ B(K)) +7(B(K)) = «(K),

ie. @ = 7. (From the validity of the condition (P) for compact sets the validity of (P) for Borel subsets
of X follows.)

The implication (i7) = (7) is obvious.

Assume that o is a Choquet capacity on X and that in (X, W) the axiom of polarity does not hold, i.e.
there exists nonpolar semipolar set S C X. According to [4], p. 285, there exists a Borel semipolar set
such that S” O S. By [4], p. 284 there exists a nonpolar compact set K C S’. Let (K,)%%, be a sequence
of compact sets in X such that

Kn41 Cint Kn, n€N, and (] Kn = K.

n=1

According to Lemma 1.2, K C int K, C B(Ky) for all n € N. Consequently, a(f’{n) > 7(1_{) >0,n€eN,
since the set K is nonpolar. From the assumption that a is a Choquet capacity on X it follows that
a(K) > 0. This is a contradiction since the set K is semipolar. a

Remark 2.5. Let (X, W) be a balayage space and y be a Choquet capacity on X satisfying the condition
(P) from Theorem 2.1. For a compact set K C X, let K\ B(K) be polar. Then the a-capacity a is right
continuous on K, i.e. limy_.oo a(Kn) = a(K) whenever (Kn)S%, is a sequence of compact subsets of X

such that K, | K. ,
(Indeed, from the assumption (P) of Theorem 2.1 it follows that y(K) = 7(8(K)). According to Lemma

1.2, B(K,) C K,, n € N. Consequently,
a(K) < a(Kn) = 7(B(Kn)) < 7(Kn), n€N.

Since v is a Choquet capacity, the following relations hold:

o(K) < lim a(Kn) € 7(K) = 7(B(K)) = a(K).)

4
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fior a nonpolar semipolar set KX, the a-capacity « is not right continu I
ous on K.
Theorem 2.2. Lety be a Choquet capacity on X salisfying the following conditi
ndawon:

(R) if A 1s a relatively compact Borel subset of X then 7(A) = 7(;4?!)
Aol = 7(B(B)).
ProoF. First let o, =0o0. Choose s € R, 5> () arbi

g : , arbitrary. Then there exist e
such that s < a(K). Consequently, s < 7(3(B)) and a(B) = y(3(B)) simee s ot st K © B
Let now 'cx.(B) < oo and af.?_be a relatively compact set, Further, let (K, > . K. cB n-E N, be as i
Proposition 1.2. By Definition 2.2, 'there exist compact sets L, C B Suchnt:}ll;t ; (B) < a(L ‘) il f;:
every n € N. It follows from Proposition 1.2 and from monotonicity of the Operatc:r B8 that '

Further, let B be a Borel subset of X. Then a.(B)

o0 f

(U BIauK,)) =p(B). (2)

n=1

We can assume that Kn C Kny1 and L, C L,y for every n € N. Further

" i
a.(B) < a(L,,UI&,,)-l—;, o(Ln U K,) < . (B).

This together with Definition 2.2 yields

0 (B) < 1(B(Kn ULn)) + - < a,(B) + -
n
for every n € N. By Lemma 2.2, by relation (2) and by the assumption (R), we obtain
= et |
a.(B) = v(| B(Kn U Ln)) = 7(|J B(Kn ULn) ) = 7(B(B)),

n=1 n=1

1.e. the desired equality.
Let a.(B) < oo and B be an arbitrary Borel set. Further, let (Un)sZ; be a sequence of open relatively
compact subsets of X such that U/, T X. As proved above,

¥(B(BNUn)) = as(BNUn) < au(B),

for all n € M. By monotonicity of 7 and by Lemma 1.2 (iii) it follows that y(8(B) N U,) < a.(B) for
all n € N. Since B(B) N U, 1 B(B), we get according to Lemma 2.2 7(B(B)) < a.(B). The converse
inequality follows easily from Definition 2.2. Q

Corollary 2.1. Let 4 be a Choquet capacity on X satisfying the condition (R) from Theorem 2.2.
Further, let B be a Borel subset of X and let S C X be semipolar. Then a.(B) = a.(B\ S).

PROOF. First let S be a Borel semipolar set. Obviously, B(B) = B(B\ S). Consequently
a.(B) = 7(B(B)) = 7(B(B\ 5)) = ax(B\ 5).

If S is an arbitrary semipolar subset of X then there exists a Borel semipolar set S’
see [4], p. 285. It follows from the monotonicity of a, that

a.(B\S') € au(B\S) < au(B). 3)

such that S C §';
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As proved above, a.(B) = a.(B\ §'). This together with

Corollary 2.2. Let vy be a Choquet capacity on X
B be a Borel subset of X. Then there erists a Borel

(3) yields the desired equality. o

a!is)."yi?;g the condition (R) from Theorem 2.2. Let
Semipolar set S such that a,(B) = +(B \ S).
ProOF. Let S = B\ B(B). It follows from [4] ol ol o 4

Further, B\ S C B(B). From the monotonicityI pp- 297, 272 and 271, that S is a Borel semipolar set.

of ;
According to Corollary 2.1 and Remark 2.3 a‘(B)'Y(ai?;r{ng)Theorem 2.2 we obtain v(B \ S) < a.(B).
28 3 ]

Corollary 2.3. Let y be a Choguet capacity on X salisfying the following condition:
if, for a compact set K C X, y(K) =0 then K is polar.

Further, let B be a Borel subset of X. Then B is semipolar if and only if o (B)=0

PROOF‘. Let B be a'Borel set and a.(B) = 0. For a compact set K C B, a.(K) = 1(8(K)) = 0. Since
B(K) is a Bm:el set, it follows from the assumption and from [4], p. 248 that the set B(K) is polar. But
K = (K\B(K))UB(K). According to Proposition 1.1 the set K\ B(K) is semipolar. Consequently, every

compact set K C B is semipolar‘. By [4], p. 301, it follows that B is semipolar. The rest of assertion is
an easy consequence of the definition of «, . O

Corollary 2.4. Lel ¥ be a Chagugz Cﬂpacity on X Srlffsf 7 s
ying the condition (R Th 2.9 Lel
B, and By be Borel subsets of X. Then n (R) from Theorem e

Ck‘..(B] 0] Bz) -+ cr,(Bl n BQ) S (I.(Bl) + ﬁ’*(Bl).

ProoF. The assertion follows from Lemma 2.3 and Theorem 2.2. O

Remark 2.6. As the following example shows, the assumption in Corollary 2.3 that B is a Borel set can
not be omitted.

Consider the potential theory for the heat operator in R x R. Let 7" be a set of Berstein’s type (see e.g.
[11] for the existence) and S; = R x T, S; = R x 7. Let K be an arbitrary compact subset of S;.
Then K C B x L for a suitable countable set L C 7. Consequently, R x L is semipolar. Let a-"cap,
denote the inner a-capacity deduced from the heat capacity "cap. (The condition from Corollary 2.3 is of
course fulfilled.) From the monotonicity and from the definition of a-cap, it follows that a-"cap(K) = 0.
Consequently, a-"cap,(S;) = 0. Similarly, a-"cap,(S2) = 0. Since S; US> = R x R, at least one of the
sets S;, i=1, 2, is not semipolar. Consequently, there exists a nonsemipolar set A C R x IR such that
a-"eap,(A) = 0. By Corollary 2.3, this set cannot be a Borel set.

The sets S; and S, are an example of sets which does not hold the assertion of Corollary 2.4.

Remark 2.7. Let v be a Choquet capacity on X satisfying the condition (R) of Theore.m 2.2. For a
compact set k' C X, put

&(K) = inf{7.(K \ S); S C X, S semipolar I

Then a(K) = a(K). (Indeed, since Sk = K \ A(K) is semipolar (see Proposition 1.1), we have a(K) <

2(K \ Sx) < 1(B(K)) = a(K). Let § C X be an arbitrary semipolar set. According to Corollary 2.1

BReark 2.3 o(K) = a.(K) = a. (K \S) < 7.(K \ S). Taking il}ﬁmum vffith reSPectl 1{0 S C:X:,
S semipolar, we get a(K) < a(K).) The proof above shows that the infimum in the definition of & is

actually attained.
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3. Continuous capacities

In [6], we have investigated the so called K-ca
In the following let X be a locally compact
for the set of all nonnegative Radon measur
collection of all nonnegative Radon measures
is denoted by supp. A lower semicontinuous function K : X x x
K-potential of a measure u € M4 is defined as :

Hpacity. We recall the basic definitions (cf. [6]).
aussdorff space with a countable base and let M* stand

— [0,00] is called a kernel on X. The

Ku(o) = [ Key)u(@), zex.
For a compact set L C X, the K-capacity (corresponding to the kernel K) is defined by

cap(L) := sup{u(X); p e MH(L), K, <1on X}.

The adjoint kernel K of a kernel K is defined by ﬁ(r,y) = K(y, z)

; SEaeE X (Bor di 1
B i by o ilde. VY responding notions
By an easy modification of this definition we obtain the notion of a continuous capacity.

Definition 3.1. Let K be a kernel on X. A set function o : K — [0, 0] defined by (L € K)

o(L) :=sup{u(X); p € M*(L), K, < 1 and continuous K-potential on X}

is called continuous K-capacity (corresponding to the kernel K) on X.
For E C X, we define inner continuous K-capacity by

0.(E) :=sup{o(K); K C E, K compact }.

Remark 3.1. The continuous capacity was first introduced into potential theory by G. Anger, see [1].
As we will see in Remark 3.3, the continuous capacity is not a Choquet capacity in general. The notation
'continuous capacity’ is deduced from the requirement of continuity of K-potentials in Definition 3.1.

The following Lemma is an easy consequence of Definition 3.1.
Lemma 3.1. Let ¢ and o denote the K-capacity and the continuous K-capacity on X, respectively. Let
K,Le K. Then
(i) 0< o(L) < o(L) < o0;
(1) if K C L then o(K) < o(L);
(iii)) o(K U L) < o(K) + o(L).

The question of the relation between a continuous K-capacity and an a-capacity deduced from a K
capacity is natural. Because a-capacity is defined by using a structure of a balayage space and a contin-

i i ' ith a balayage space.
uous capacity does not, the kernel K on X must be in a relation wi ’ : '
From now, we will consider the balayage space (X, W) and the kernel K on X having the following

property: e
there exists a balayage space (X, W) such that:
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. IEWHW;

o for every p € P(X) there exists exactly one measure M € M* such that K p and su C(p)
' n= PP p = C\(p);
o if g € M* and {K, < 00} = X, then K, € P(X);

o for every p € P(X) there exists exactly one measure neEMt

(ﬁ is the adjoint kernel of the kernel K) SOHHRE Ko P and supp 4= R

1

o if € M¥ and {K, < 00} = X, then K, ¢ P(X).

(Here and in the following P(X) and 5(){) stand for the set of all potentials (
respectively) on X; C(u) and C(1u) denote the carrier of u EWandie W

The following theorem deal with the question formulated above,

with respect to W and W,
respectively.)

Theorem 3.1. Let y be a K-capacity on X, o be a continuous K-capacily on X (both corresponding

- kf;’ld K) and let o denote the a-capacity deduced from the capacity y. Then, for every compact
el L C X, ,

o(L) = o(L).

PRrOOF. Let L € K. According to Proposition 1.3, Rf(f‘] = Rf“‘) and C(Rf(r’)) C B(L). By Lemma 1.2,
B(L) C L. Consequently, f(L) C L. From here and from Remark 2.2 it follows that S(L) is a relatively

compact Borel set. Let u € M*(3(L)) be a measure, which existence follows from (6], p. 97, with the
properties

RIM =K, and (B(L)) = u(X) = a(L).

Further, let U C X be an open, relatively compact set, L C U. The existence of a measure v € M+(U)
such that ¥
K, = 1 on the neighborhood of L (4)

follows from the [6], p. 91. Using the Fubini’s theorem, we get

a(L):[ I_(,d,u:/ Kpdu=/ R‘f(mdu.
X X X

By Proposition 1.3 and [5], p. 7, we obtain
a(l) = j sup{K,; p' € M*(L), K, <1 and continuous on X}dv
X
= sup{/ K, dv; p' € M*(L), Ky < 1 and continuous on X}
¥

Using the Fubini’s theorem and the equality (4), we get

a(L) = sup{p/(L); 4’ € M*(L), K <1 and continuous on X}

O
and hence a(L) = o(L), what we wanted to prove.

Remark 3.2. Let the assumption of Theorem 3.1 be
is satisfied. (Indeed, let B be a Borel relatively Cc}mpact subset of X then,
follows from this and [6], p. 97, that 7(B) = 7(B )-)

fulfilled. Then the condition (R) of Theore_rz} 2.2
by [4,p. 273, RE = RY . It

8
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Remark 3.3. From Theorem 3.1 and from Theorem 2

Choquet capacity if and only if the correspondin bal :
known that the balayage space generated by the hegat :ptyage Space satisfies the axiom of polarity. It is

the continuous heat capacity is not a Choquet capacity rator does not satisfy this axiom. Consequently,

Corollary 3.1. Let the assumptions of Theorem 9.1 be fulfilled. If K, L € K 1h
- ) en

o(KUL)+o(Kn L) < o(K) + o(L).

ProofF. The assertion of the corollary follows from Theorem 3.1 and from Lemma 2 3(iii) a

Corolldar]/% ?.t2.” i’:r a!iL e X, fft C(Rf)c 16 C(-R{‘) C L and for all z € X, let the set {z} be
W- an W-totally thin. ,Et o and G, respectively, denote the continuous K-capacity and the continuous
K-capacity on X, respectively. Then, for all L € K, the following equality holds

o(L) = &(L).

PROOF'_ Let P, P, S and S denote the system of all W-polar, W-polar, W-semipolar and W-semipolar
subsets in X, respectively. Further, denote ¢ and ¢ the K-capacity and the I-(-capacit,y on X, respectively.
By [6], p. 97, P = P. According to [9], p. 510, it follows that S = S. Now, by [6], p. 92, and by Remark
2.7 it follows that for L € K the following equalities hold

o(L) = inf{c.(L\ S); S€ S} and &(L) = inf{é.(L\ S); S € §}.

By [6], p- 92, ¢ = ¢. From this and above the desired equality follows. u]

Corollary 3.3. Let the assumption of Corollary 3.2 be fulfilled. Further let S be a Borel subset of X.
Then the following conditions are equivalent:

(i) S is W-semipolar; (iii) S is W-semipolar;

(1)) o.(S)=0; (W) 2.l5)=0.

ProOF. The equivalence (i)« (iv) follows from Corollary 3.2, the equivalence (i)« (iii) from [9], p. 510,
and the equivalence (1)« (i) from Corollary 2.3. 0

Remark 3.4. In this remark we will give the partial answer to some unsolved problems from the book
[1], pp. 94, 95. .
Let ¢ and o denote the K-capacity and the continuous K-capacity (corresponding the kernel K on X),

respectively, and let the assumption of Theorem 3.1 be fulfilled. :
Problem 19. Which kernels on X satisfy C-maximum principle? (The kernel K on X satisfies C-

mazimum principle, if the following holds:

if 4 € M*(X) and if K, is a continuous K-potential on X, K, < M on supp u (M € R)

then K, < M on X.)

aximum principle (see [4], p. 116).

In the considered situation all kernels satisfy C-m p. | ] ;
is right continuous on L

Problem 21. For which compact sets L C X the continuous K-capacity o
Let K; be a system of all compact subsets of X such that:

L ek, L, €k, neN,and Ly | L then o(Ln) — o(L) for n = co.
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From Remark 2.5 we get:

G e LSl ey bckic C{Lek; L nonpolar semipolar }
The inclusions given above solve partially oyr problem

problem 22. For which kernel K the continuous K_cx

Full answer to this question gives Theorem 21,
sponding balayage space satisfies the axiom of polarity
Problem 23. Does there exist a kernel K on R such t ;
The Riesz kernels No, « €]0, 1], on R have desired
Problem 29. Which relation between a continuoy
The answer to this problem gives Corollary 3.2.
Problem 30. Which sets B C X are o-capacitable? (The set B C X is o-capacitable if

hat the continuous K-capacity ¢ is right continuous?
property (by Theorem 2.1).

s K-capacity and a continuous f{~capacity holds?

0.(B) = inf{o.(U); U > B, U open } =: ¢*(B).)

If P C X is polar, then by [6], p. 97, ¢*(P) = 0. Furth < ; :
polar sets are o-capacitable. HIERE) = Tl = 2EP) (F) <0 Henico it

Let
L:={LUP;LeK,PCX,Pand L\B(L) polar }.

Let A€X, A=LUP,LeK, Pand L\B(L) be polar. Further,let L, e K,n €N, L, | L, L Cint L
n € N. Then: e ' "

o*(LUP) < 0*(L) + 0" (P) < 0u(int Lp) < 0u(Ln) = e(B(Ln)) < c(L).
Since ¢ is a Choquet capacity, 0*(L U P) < ¢(L). Further,
0.(LUP)<d*"(LUP)<c¢(L)=c¢(B(L)) =o(L) = g.(L) < o.(LU P).

The sets A € ¥ are hence o-capacitable. Further, nonpolar semipolar sets are not o-capacitable (see

Remark 2.5).
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