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Kapitola 1

Souhrn uverejnénych védeckych a
odbornych praci
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1.4 Publikace v ostatnich sbornicich
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Kapitola 2

Komentar k publikacim

2.1 Uvod

V prvni kapitole byl uveden souhrn vSech védeckych, odbornych a technickych praci, jejichz
je autor této habilita¢ni prace hlavnim autorem nebo spoluautorem. Celkem tento piehled
obsahuje:

e 6 publikaci v recenzovanych mezinarodnich ¢asopisech

e | publikaci v narodnim ¢asopise

6 publikaci v recenzovanych sbornicich

28 publikaci v ostatnich sbornicich (tuzemskych i zahrani¢nich)

2 technické zpravy
e | realizované technické dilo

Nékteré z uvedenych praci se tykaji spiSe teoretického popisu a zakladnich vlastnosti modelu
ametod, jiné aplikuji tyto poznatky na konkrétni problémy, zpravidla v oblasti textilntho ma-
teridlového vyzkumu. Z hlediska tematického zaméfeni 1ze price rozc¢lenit do néasledujicich
tematickych okruhu:

1. Teoretické priace v oblasti odhadu spolehlivosti v exponencidlnim rozdéleni a jejich
vlastnosti, stanoveni vlastnosti asymptotickych rozvoji bayesovského rizika téchto
odhadi, porovnani odhadi pomoci asymptotické deficience.

2. Metody Markov chain Monte Carlo a jejich efektivni vyuziti k modelovani slozi-
tych systémii, bayesovské analyze dat, statistické analyze nedplnych dat, simulovini a
analyze textur.

3. Modely zalozené na ¢itacich procesech, jejich pouZiti pro statistickou analyzu spolehli-

vosti systémil, specidlné systémi slozenych z identickych nebo neidentickych jednotek
vystavenych rostouci zatézi, modelovini pevnosti a taznosti lan a textilnich vldken.



4. Modelovani tvaru rovinnych objektii, hodnoceni variability tvaru v rdmci téchto mo-
delu, metody pro klasifikaci zaloZené na informaci o tvaru.

5. Metody pro analyzu textur a jejich klasifikaci, hodnoceni homogenity textilnich mate-
riala.

6. Metody pro rozpozndvini a identifikaci objekti v netiplnych datech napf. datech z
fyzikdlnich experimentu.

7. Price zabyvajici se kontrolou a fizenim kvality.

8. Prace tykajici se elektronickych publikacnich systémi a internetovych vyukovych
systému.

9. Jedna z publikaci se zabyva modelovanim ¢asovych fad.

Piilohy k prici obsahuji 7 vybranych recenzovanych publikaci uvefejnénych v ¢asopisech a
sbornicich a 1 publikaci v zahrani¢nim sborniku z konference. Uvedené prace se piimo tykaji
analyzy a hodnoceni textilnich struktur nebo metody v nich studované lze piimo ¢i po jisté
modifikaci v této oblasti aplikovat.

2.2 Metody Markov chain Monte Carlo

Velmi Casto stojime pied problémem ndhodného prohledéni ur¢itého prostoru, pficemz pra-
vidlo pro prohleddvani chceme volit tak, aby vysledkem byla posloupnost konvergujici k
pozadovanému rozdéleni. Tyto postupy nazyvime metodami Markov Chain Monte Carlo
(MCMC). V prici [10] (Priloha A), ale také v praci [14], 1ze nalézt prehled zakladnich
MCMC metod (Gibbsuv algoritmus, Metropolis-Hastingsuv algoritmus) a jejich modifikact.
Praktické aplikace MCMC metod muzeme v podstaté rozdélit do dvou skupin. Prvni sku-
pinu tvoii aplikace, kdy metodami MCMC chceme generovat posloupnost prvku tak, aby
konvergovala k prvku optimdlnimu, pfi¢emz optimalita je chdpéna ve smyslu maximalni
pravdépodobnosti. Za ur¢itych podminek spojeni MCMC metod se simulovanym Zihdnim
umoziuje tyto nejpravdépodobnéjsi konfigurace stavi systému nalézt, jako piiklad tohoto
postupu se v ¢lanku [10] uvadi modifikace simula¢ni Glohy feSené LukdSem (1997). Do
nadoby s kapalinou kolmo vnofime vldkna z ur¢itého materidlu a pomoci Isingova modelu
je modelovano vzlinani kapaliny po vlakenném materidlu. Situace se ustali ve stavu s mi-
nimalni potencidlni energii. Prakticky to znamenda generovat Markovovu posloupnost stavi
systému tak, abychom se blizili ke stavu, ktery odpovidajici rozdéleni pravdépodobnosti
maximalizuje. Toho Ize dosdhnout vhodnym spojenim MCMC se simulovanym Zihanim.

Druhou skupinou pouziti MCMC metod tvoii aplikace v bayesovké analyze dat. Zde se
zpravidla jedna o pouziti MCMC ke generovani aposteriorniho rozd€leni pfi uloze odhadu
parametrii slozitych systémi. Typické piiklady muzeme nalézt v prici (8] (PFiloha B), kde se
MCMC metody v bayesovském kontextu pouzivaji k modelovéni regresnich kiivek pomoci
polynomiélnich splini. Metody zde uvedené lze rovnéZ pouZzit 1 na analyzu netplnych dat,
napf. responsni funkce v Coxové regresnim modelu, jak je uvedeno v [S] (Priloha G),
kde se diskutuje pouziti Coxova modelu pro modelovéni systému slozeného z paralelnich
neidentickych jednotek.



2.3 Modely a metody pro hodnoceni homogenity textilii

Jednim z hlavnich kriterii pro hodnoceni kvality textilie je i sledovini rovnomémosti uspo-
fadani materialu. Pfipadnd nerovnomérnost se mize projevit kolisdnim hmotnosti, mecha-
nickych a fyzikdlnich vlastnosti, ¢i nestejnomérnou strukturou (prodysnosti, porositou). Pro
méfeni takoveto nestejnomérnosti existuje fada pristupii, od subjektivniho vizualniho hod-
noceni az k riznym sofistikovanym poéitatovym metodam analyzy obrazu, viz napf. Militky
et al. (1998), Cohen er al.(1991), Finsker et al.(1997).

2.3.1 Sledovani nestejnomérnosti netkanych textilii

ZvlasStnim piipadem sledovani rovnomérnosti uspofadani materidlu je sledovéni homogenity
netkané textilie. Textury netkanych textilii patii do skupiny ndhodnych textur, proto je jisté
zajimavé studovat, jak se chovaji nékteré metody texturni analyzy a klasifikace textur v ramci
této tiidy. Carstensen (1992) zkoumal na Brodatzové texturnim albu 112 zédkladnich textur
moznosti, které nabizi metoda klasifika¢niho stromu pro klasifikaci téchto textur. Klasifikaci
Brodatzovych textur provadél na zakladé zjiSténych texturnich charakteristik. V praci [11]
(Priloha C) byla metoda klasifika¢niho a regresniho stromu (CART) pouzita pro klasifikaci
textur netkanych textilii. Klasifikace probihd na zdkladé zjiSténych hodnot texturnich cha-
rakteristik vypoctenych zpravidla na zdkladé matice vzdjemného vyskytu trovni Sedi, jez
charakterizuje sdruzené rozdéleni trovni Sedi dvou pixla. Pfi pouziti metody CART muzeme
navic testovat informativnost jednotlivych texturnich charakteristik. V praci [11] byla pro-
vedena klasifikace pruhu netkané textilie na zikladé dvou pfistupti. Prvni pfistup lze oznacit
jako nefizenou klasifikaci. Ve druhém piipadé byly vzorky nejprve posouzeny nezdvislym
posuzovatelem a rozdéleny do 4 skupin. Toto rozdéleni potom bylo pouZito pro konstrukci
klasifikacniho stromu. V tomto piipadé se tedy jedna o klasifikaci vice ¢i méné fizenou. Pro
klasifikaci byla pouzita implementace CART algoritmu v programu SPlus2000.

Jinou alternativou je modelovéni textur pomoci ndhodnych poli a jejich nasledna kla-
sifikace na zdkladé odhadu parametri modelu ndhodného pole. Tento piistup byl intezivné
zkouman v poslednich letech (napf. Winkler (1998)), a to nejen v roviné teoretické, ale také
roviné aplika¢ni. Johansson (2000) uvadi fadu modelt pro sledovéini homogenity papiru, tj.
oblasti velice blizké k netkanym textiliim. Druha ¢ast prace [11] je vénovana modelovéni
bindrniho obrazu textury netkané textilie pomoci Isingova modelu. Tento model Markovova
nahodného pole byl zvolen pro svoji relativni jednoduchost a relativné snadné ziskani “ro-
zumnych” odhadi parametri tohoto modelu. Pro odhad parametri muzeme pouzit jak metody
MCMC z odstavce 2.2, tak l1ze za odhady vzit z vypocetniho hlediska mnohem jednodussi
maximalné pseudovérohodné odhady.

Na druhé strané uspoiadani vldken v netkanych textiliich neni uplné€ chaotické. V nékte-
rych situacich Ize netkanou textilit modelovat pomoci prostoroveho bodového procesu, teorii
prostorovych bodovych procesu se zabyvé napf. Stoyan et al.(1995). Mrakovitost netkané
textilie studuje Weickert (1998), ktery na zdkladé udaju z Laplaceovy pyramidy obrazu
netkané textile definuje index “mrakovitosti”. Uvedeny postup se vSak nehodi pro sledovini
pruhovitosti netkané textilie.
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2.3.2 Lokalizace a klasifikace defekt v plosnych textilii

Ukazuje se, ze nékteré postupy pouzité pro sledovini homogenity netkané textile muzeme
pouzit napiiklad pro sledovini defekti v plosnych tkanych textilifch. Velmi dobré vysledky
Ize zaznamenat u metody CART a klasifikace na zdkladé texturnich charakteristik 1. a 2. fadu
v piipadé detekce vad. Za ti¢elem detekce byl na zikladé texturnich charakteristik zjisténych
na mnoziné testovacich oken 50x50 pixli (viz obrazek 2.1 (a)) zkonstruovan klasifika¢ni
strom. Pro jednoduchost nebyl bran zietel na typ vady, tj. okno bud’ obsahuje vadu nebo
neobsahuje. Vysledek detekce oken obsahujicich vadu mezi viemi nepiekryvajicimi se okny
50x50 pixli v obraze je znazornén na obrizku 2.1 (b). Efektivnost nékterych jinych metod
a postupu pro detekci vad v textiliich, i s ohledem na rizné typy detekovanych vad, je
studovina v praci Bodnarova et al. (2000).

(a) (b)

Obrézek 2.1: (a) vzorek textilie s vyznacenim mnoziny testovacich oken, ¢ervené oznacena okna
vykazuji pfitomnost vady, bild okna neobsahuji vadu. (b) vzorek textilie s okny, v nichZ byla metodou
CART detekovana vada. Obrizky jsou soucdsti nepublikované vyzkumné zpravy autora.

2.4 Metody pro hodnoceni variability tvaru textilnich vla-
kennych utvaru

Informace o geometrickém popisu objektu muze byt rozdélena do dvou skupin. Do prvni
skupiny bychom mobhli zafadit informace o poloze, velikosti ¢i oto¢eni objektu, do druhé sku-
piny pak informace o tvaru objektu. Tvarem objektu budeme rozumét informaci invariantni
vzhledem k transformacim polohy, velikosti a oto¢eni objektu, tzn. tvar objektu se nezmént,
kdyZ objekt zméni polohu, je oto¢en nebo dojde ke zméné méfitka (velikosti objektu). Dva
objekty maji proto stejny tvar, jestlize jsou totozné vzhledem ke tiid¢ (grup€) invariantnich
transformaci. Je ziejmé, Ze informace o poloze, velikosti a otoceni objektu mé riznou miru
dilezitosti v zavislosti na feSené tloze. Jestlize se zajimame pouze o stiedni tvar nebo rozptyl
tvaru objektu v populaci (o odhady charakteristik tvaru ndhodné veli¢iny), potom informace
o poloze, velikosti nebo otoceni jsou nepodstatné a muzeme je ignorovat. Pokud oviem
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chceme lokalizovat a identifikovat objekt v obrazu, pak vy3e uvedené informace maji stejnou
dulezitost jako informace o tvaru.

2.4.1 Predzpracovani obrazu, lokalizace a identifikace objektu

Vlastni statistickd analyza méfeni geometrickych charakteristik objektii zpravidla nasleduje
az po nutném predzpracovani obrazu, lokalizaci a identifikaci analyzovanych objekti v
obrazu. Automatické méfeni geometrickych charakteristik objektii mize byt zpravidla pro-
vedeno piimo na bindrnich obrazech ziskanych automatickou segmentaci. Automatickou
segmentaci zde rozumime proceduru pro zpracovani zdrojovych digitalnich Sedoténovych
obrazii do vysledného binarniho obrazu, kde prvku v popiedi ndlezi ke studovanym objektim
(Serra (1982)). Pfesnost a platnost vysledku téchto méfeni zavisi na tom, jak piesné model

(c) (d)

- Obrézek 2.2: Piicné fezy hedvibim (obrizky (a) a (¢)). Vzorek (¢) vykazuje vyrazné vétsi nehomo-
: genity jak na pozadi obrazu tak objekti. Obrizky (b) a (d) jsou vysledkem automatického postupu
- zaloZeného na morfologickych operacich (viz Serra (1982)). Zpracovani obrazi bylo provedeno v
{ Matlabu 6 R13 s vyuzitim Image Processing Toolboxu.

popisuje studovany objekt. Pro kvalitni geometrickd méfeni je proto nutné zajistit vhodné

- prostorové rozlieni a vysokou kvalitu obrazu. Vysoky kontrast obrazu umoziuje segmentaci
- § vyuZzitim jednoduchych prahovacich metod. Nehomogenity v obraze zpusobené nestejno-

12



mérnym zbarvenim nebo heterogennimi podminkami (piiprava preparatu, snimaci zafizeni
atd.) vyzaduji pokro€ilejsi techniky zalozené na detekci hran a oblasti. Obraz zkresleny Su-
mem musi byt navic pfedzpracovan filtraci. Obrizek 2.2 dokumentuje, ze pokud vstupni
obraz vykazuje v€tSi nehomogenity (napf. proménné pozadi, nekontrastni a netiplné ¢asti ob-
jektu atd.) zpusobené napiiklad zménou podminek, za kterych byl vzorek nebo obraz pofizen,
tak automaticky postup nevede k tpIné segmentaci objektii. Obtiznost identifikovéni objekti
rovnéz ovliviluje stupei variability velikosti a tvaru objektii, pocet typi objekti, ale i to zda
jsou objekty ostie oddéleny nebo se piekryvaji, tj. mdme k dispozici nedplnou informaci o
objektech. Z tohoto vyctu je patrné, Ze je nutné hledat nové piistupy k tomuto problému. Jed-
nou z moznosti je vyuzit bayesovky piistup spolu s vyuzitim metod MCMC a poznatki teorie
deformovatelnych Sablon (Grenander 1993). V fadé pfipadi textilnich vldkennych struktur
maji 2D objekty (pficné fezy) ovilny nebo elipsovity tvar s nepatrnou lokalni variabilitou
tvaru, pficemz fada objektu, jak uz bylo vyse uvedeno, miize mit charakter netplnych dat.
V téchto pripadech lze pro lokalizaci a identifikaci objekti pouZit modifikaci nékterého z
postupt uvedenych v [9.4] (PFiloha D a Priloha E).

2.4.2 Regresni analyza obrysu

V fadé pripadu Ize obrys objektu popsat pomoci funkce popisujici vektor pruvodice. Uvnitf
objektu zvolime referenc¢ni bod (napf. tézisté objektu). Je nutné, aby vzhledem k tomuto bodu
byl objekt hvézdicovitého tvaru (’star-shaped’), tzn. kazda dsecka spojujici referen¢ni bod s
bodem na obrysu leZela celd uvnitf objektu (viz Stoyan er al.(1994)). V préci [13] (PFiloha F)
se pouziva tohoto popisu pro modelovéni tvaru pii¢nych fezi uhlikovych vlaken. Pfedmétem
analyzy bylo prokdzat tvarové diference mezi dvéma skupinama pfi¢nych fezti uhlikovych
vldken. Jednu ze skupin tvofily pfi¢né fezy uhlikovymi vldkny, kterd byla zihana. Pficné fezy
muzeme vizudlné porovnat na obrazcich 2.3(a) a 2.3(b). Poznamky k pouzitému postupu:

e Vybereme-li body na obrysu pfili§ husté, pak chyby =,; pro pevné j vykazuji zavislost,
specidlné i-ta chyba a nejblizsi sousedi jsou vzajemné zavislé ndhodné veli¢iny.

e Tato zavislost muze byt vesmés modelovana pomoci autoregrese 1. nebo 2. fadu, coz
1ze prokazat pomoci doprovodnych statistickych testu.

e Optimdlni stupen autoregrese stanovime pomoci Schwarzova informacniho kriteria.

e Rozumnou redukei dat 1ze potlacit vzdjemnou zéivislost chyb =, pro pevné ), aniz
bychom ztratili dileZitou informaci pro objektivni odhad parametri regresni funkce.

e Velmi dilezitym bodem postupu je optimalizace sloZitosti modelu, stanoveni optimalni
hodnoty A" Ke stanoveni optimalni hodnoty A" 1ze opét pouzit Schwarzovo informa¢ni
kriterium.

V prici Hobolth et al. (2000) byl pro normalizovanou funkci vektoru privodice R =
R(t),t € [0, 1] navrZzen spojity statisticky model, ktery obecn& nemusi byt gaussovsky. Toto
ndm dovoluje analyzovat detailné vzajemny vztah mezi modelem, ktery piedpoklidame pro



funkci vektoru pravodice, a ndhodnou geometrii objektu. Piistup zde prezentovany se opira
0 polarni tvar Fourierova rozvoje normalizované funkce vektoru priivodice

R(t) =1+2/ercos(2m(t —dy)) +2 D /C,cos(2n(t — D,)), te0,1]
=

Lze ukazat, ze prvni amplitudova faze ¢, a prvni fazovy tdhel d, hraji specidlni roli jako
parametry asymetrie. Zbyvajici ndhodné fazové amplitudy C'; a nidhodné fazové thly D,
ovliviiuji tvar ndhodnych objekti. Hobolth et al. (2000) navrhli model, ktery se nazyva
zobecnény model p-tého fadu. V tomto modelu stiedni fazova amplituda A\, = E C' spliiuje
regresni rovnici

/\S—l —a+ ﬂ(sifp e 2‘2;})’ s> 27

kdea > 0,6 >0ap > % Lze ukazat, ze parametr p ur¢uje hladkost hranice objektu,
kdeZto parametry a a [ urCuji 'globdlni’ a "lokdlni’ tvar. Piedpoklada se, ze fazové dhly
D, jsou rovnomérné rozdéleny. Nejsou tam vSak Ziddna omezeni na rozdéleni fazovych
amplitud ;. Exponencidlné rozdélené amplitudy odpovidaji gaussovskému rozdéleni funkce
normalizovaného rddius vektoru. Zobecnéné gama rozdéleni amplitud nabizi jednoduché
rozsifeni, které dovoluje pro obé veli¢iny tézsi i leh¢i chvosty nez exponencidlni rozdéleni.

2.4.3 Prokrustova analyza

Tvar lze také napriklad popsat tak, ze na kazdy objekt umistime kone¢ny pocet tzv. vyznac-
nych bodu ('landmarks’). Jednotlivé vyzna¢né body na objektu koresponduji s vyznacnymi
body na vSech ostatnich objektech, které se srovndvaji v ramci nebo mezi populacemi.
Zéakladni prace shriujici problematiku tykajici se statistické analyzy tvaru objektu, které
vykazuji tzv. vyzna¢né body pochizeji od Kendalla (1989), Booksteina (1991) a Mardii et al.
(1998). Tento popis tvaru neni nebo nemusi byt Gplné vhodny pro pouziti v technickych apli-
kacich. Zde jednotlivé objekty velmi ¢asto vykazuji ur¢itou symetrii ¢1 cyklickou symetrii,
napiiklad kruhovitost nebo ovélnost, takZe je velmi tézké specifikovat jednotlivé odpovidajici
si vyznacné body. Nicméné i v téchto piipadech Ize timto zptisobem ziskat informace o tvaru,
které 1ze statistickymi postupy analyzovat.

Konfigura¢ni matici X rozumime matici typu £ x 2 kartézskych soufadnic £ vyznac¢nych
bodii v roviné. V mnoha piipadech je lepsi interpretovat vyzna¢ny bod jako bod komplexni
roviny, coz vede k zjednoduseni metodologie pro hodnoceni tvaru rovinnych objektt. Ve
vétSiné situaci chceme odhadnout stiedni tvar. Zpravidla jsme v situaci, kdy mame k dispozici
nahodny vybér napiiklad komplexnich konfiguraci w,, w,, . . ., w,, z modelu

w; = 7, l.k- iR j: flrﬁ:(ﬂ’ +'Ei)-'i = ]‘ SERLE

kde v, € C reprezentuje posunuti, 3, € R" je parametr méfitka, 0 < #; < 27 je parametr
rotace, £, € C, jsou nezavislé komplexni chyby s nulovou stiedni hodnotou a u je stiedni
hodnota populace. Stfedni tvar (stiedni konfiguraci populace) 1ze odhadnout riznymi me-
todami. Predpokladejme, Ze konfigurace w,wy, . ... w,, byly centrovany, takze w} 1, = 0.
Potom Prokrustiv odhad stiedniho tvaru lze obdrzet minimalizaci (pfes w) souctu Ctverch
Prokrustovych vzdalenosti kazdé konfigurace w; od stiedni konfigurace jednotkové velikosti.
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Obrizek 2.3: PFicné fezy svazky uhlikovych vldken s vyznacnymi body na jednotlivych
objektech.

Lze ukdzat, Ze Prokrustiv odhad stfedniho tvaru je vlastni vektor, ktery odpovidé nejvétSimu
vlastnimu ¢islu matice

5= (ww))/(w] w,).
j=1

kde w; oznacuje transponovany vektor komplexné sdruzeny k w,. VSechna otoceni g jsou
také feSeni této ulohy, ale vSechny odpovidaji stejnému tvaru. Prokrustovy piedpovédi na
stiedni tvar dostaneme ze vztahu

wpw;
w/=—"— i=1--,n

Po ziskani stiedni konfigurace se obvykle zajimame o strukturu variability tvari ve vybéru.
Vhodnou metodou pro popis variability tvaru v populaci je jeji sledovani v linearizovaném
prostoru okolo stfedniho tvaru, v tzv. tangentovém prostoru (te¢né nadrovin€). Ozna¢me 7y
p6l na komplexni sféfe. Parcialni Prokrustovy tangentové soufadnice pro rovinné tvary jsou
dény vztahem _

v=e%l;_, — 1|2, veT(y).

Matice 7, | — vy" je projekéni matici do ortogondlniho prostoru. Velmi efektivni cestu
pro analyzovéni struktury variability tvaru poskytuje analyza hlavnich komponent vybérové
varian¢ni matice soufadnic v Prokrustové tangentovém prostoru. Ozna¢me v;, ) = 1, ..., n
pfislusné tangentové soufadnice, které odpovidaji konfiguracim w;,; = 1,.. ., n a déle
oznacme

T
i—

vybérovou varian¢ni matici pro tangentové soufadnice v,. Necht't; je j-ty ortonormalni
vlastni vektor matice S, odpovidajici vlastnimu &islu A, Ay = o > A; > o0 > A S ()
Vysvétluje-li prvnich p hlavnich komponent zna¢nou ¢st celkové variability proménnych,
Ize vypocitat jejich hodnoty pro jednotlivé prvky vybérového souboru a pouZzit je v dalSich
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analyzich misto puvodnich proménnych. Hodnoty hlavnich komponent, oznacované jako
komponentni skory, 1ze vyjadfit pro -ty prvek jako

Y =t =9), j=1,---,p;i=1,-+,n.
Pro standardizované skory plati

S
i N T N S )
VA

Obvykle vybereme p6l tak, Zze v = 0 nebo v ~ 0. Pro zjisténi efektu j-té hlavni komponenty
je uzite¢né zkoumat hodnoty

v(c, j) :'H+c/\%tj,j =

pies rozsah hodnot standardizovanych skoru ¢. Po zpétné transformaci 1ze nasledné ziskat
vhodné vzory v prostoru konfiguraci. Procentudlni podil variability vysvétleny j-tou hlavni
komponentou vypocteme ze vztahu

A
100 =% £ . domls: .
1 A

K testovani shody tvarti dvou populaci pouzijeme Hotellingiv dvouvybérovy T%-test. Pied-
pokladejme, zev,. - - ,v, aw,, - - - ,w, jsou vektorizované parcidlni Prokrustovy tangentové
soufadnice, které se v tangentovém prostoru fidi mnohorozmérnym normalnim modelem, tj.

vimN(£11$]1 w}”N(E],E), 2-':1!“'}nlaj:11"'1n2a

kde v, a w, jsou vesmés vzdjemné nezavislé se stejnou varian¢ni matici. Test je zalozen na
¢tverci Mahalanobisovy vzdalenosti mezi v a w. Ten je definovin vztahem

D* = (v — w)'S; (v — w),
kde S, = (1,Sy +19Sy)/(n; +ny—2) a S, jezobecnéna Moore-Penrosova pseudoinverse
Sy. Pro vlastni test pouzijeme statistiku

ning(ny +ng — M —1)

— e
(ny +ng)(my +ng —2)M

kterd ma za platnosti hypotézy o shodé tvaru rozdéleni Fi;,, 1n, a1 Predpoklad ekvi-
valentnich varian¢nich matic nebo mnohorozmérného rozdéleni by mohl byt v nékterych
aplikacich pfekazkou pro ziskani vérohodnych zavéri statistické analyzy. Alternativni moz-
nosti je provedeni permutacniho testu s hypotézou, Ze skupiny maji stejné stiedni tvary.
Jinou moZnosti je tzv. Monte Carlo test, kdy nejsou vypocteny hodnoty testové statistiky pro
viechny permutace, ale jen pro urcity pocet B nihodnych permutaci. Pofadi r pozorované
testové statistiky mezi 3 ndhodnymi permutacemi urcuje hladinu vyznamnosti testu

r—1
B+1

a=J]=—
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Pomoci Prokrustovy analyzy byla analyzovina data zminéna v predchozim odstavci. Uva-
zujme ponékud zjednoduSenou situaci, kdy chceme prokdzat, Ze u piic¢nych fezii Zthanych
vldken dochdzi k jistému zploténi priifezu. Protoze pfi¢né fezy nevykazuji anatomické vy-
znatné body, umistili jsme znacky 1 a 3 na obrys objektii tak, aby piimka spojujici znacky
1 a 3 prochdzela t€ziStém a zdroven vzdalenost znacek 1 a 3 byla maximalni. Znacky 2 a 4
byly pak umistény na kolmici, ktera opét prochazi po¢atkem (viz obrazek 2.3). Na kazdém z
objektu tedy mdme 4 znacky, tj. k = 4. V prvni skupiné je 14 objektii a ve druhé skupiné je
16 objektu, takze n, = 14, n, = 16. Obrédzek 2.4 ukazuje Prokrustovy predpovédi na stiedni
tvary v jednotlivych skupindch. Struktura variability tvar v obou skupinidch miizeme studo-
vat na obrazcich 2.5 a 2.6, které zachycuji posloupnosti tvarti vypoétenych podél prvnich tit
hlavnich komponent. Pozorovana hodnota testové statistiky pro Hotellingliv dvouvybérovy

06 1 06

04

o2f

-2

-0.6 -0.4 -0.2 o 0.2 0.4 0.6 -0.6 ~0.4 -0.2 0 0.2 0.4 0.6

(a) (b)

Obrazek 2.4: Stiedni tvar pfi¢ného fezu (tu¢né) a Prokrustovy piedpovédi jednotlivych fezu
(modfe) na Prokrustiiv stfedni tvar srovnané tak, aby spojnice 1. a 3. znacky byla rovnobézna
S OSu X.

T?-test byla 2.4761 s hladinou vyznamnosti P(Fy,; > 2.4761) = 0.701. Na hladiné 0.05
proto nezamitdme hypotézu o shodé stiednich tvarti. Tento test viak pfi nesplnéni piepo-
kladu o rovnosti varian¢nich matic ¢asto selhava, proto byl proveden Monte Carlo test. Pfi
tomto testu bylo generoviano B = 9999 niahodnych permutaci souboru konfiguract. Poradi
r pozorované testové statistiky bylo rovno 9362. Byla vypoctena hladina vyznamnosti testu
o = 0.0639, kterd opét vede k zavéru, Ze data nejsou v piikrém rozporu s tvrzenim hypotézy
o0 shodé stfednich tvaru.

2.4.4 Shrnuti

Vlastni analyzy ukazaly, Ze prokazani zmén tvaru 2D objekti v piipadé, Ze se jednd o objekty
bez zvldstnich znaki, je pomémé ndroéné a navic pokud se jednd o zmény nepatrné, jsou
tyto zmény velmi tézko prokazatelné. Nékteré z metod jsou rovnéz velmi citlivé na negativni
vlivy spojené s digitalizaci obrazu (viz Hobolth et al. (2000)), proto je nutné velice obezietng
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Obrazek 2.5: Tti fadky posloupnosti tvari vypoctenych podél prvnich tif hlavnich komponent
pro skupinu neZihanych vldken, i-ty fadek zobrazuje tvary pro ¢ € {—6, -4, —2,0,2,4,6}
smérodatné odchylky podél i-té hlavni komponenty.
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Obrizek 2.6: Tii fadky posloupnosti tvarii vypoctenych podél prvnich tif hlavnich komponent
pro skupinu zihanych vldken, i-ty fadek zobrazuje tvary pro ¢ € {~6, —4,-2,0,2. 4,6}
smérodatné odchylky podél -té hlavni komponenty.
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volit, jak "bohaty™ model pouzijeme pro vlastni statistickou analyzu. Zaroven musime v kon-
krétnich piipadech zvizit, zda pfipadnd casové velmi efektivni analyza vybranych tvarovych
charakteristik (indexti) ndm neposkytne srovnatelnou informaci. Na druhou stranu informace
0 tvaru obsazend v téchto &iselnych charakteristikdch se miize ukazat jako nepostacujici k
reSeni nekterych tloh, napiiklad dloh spojenych s klasifikaci tvari.

2.5 Systémy slozené z paralelnich komponent

Price [5] (Priloha G) a [6] se zabyvaji spolehlivosti systému sloZzeného z paralelnich kom-
ponent. Napfiklad miZzeme uvaZovat lano slozené z m pramenu. Spolehlivosti chapeme
odolnost systému proti zatézi zpusobujici poruchy komponent systému, v pifpadé lana poru-
chami komponent systému rozumime pietrhy prament lana.

Piedpoklidejme, Ze spolehlivost lana je testovana v experimentu, kdy je lano postupné
zat€zovano silou rostouci od 0 az do hodnoty, pfi které dojde k pretrhu lana (tj. pfetrhu
vSech pramenu) nebo do dané hodnoty S,,.., kdy je experiment ukoncen. Tento experiment
je relativné rychly, takZze doba zatéze (napinani) nehraje zadnou roli. Byl pouzit vice ¢i
méné standardni popis, ktery se pouziva v analyzy preziti, avSak misto doby preziti (doby
do poruchy) sledujeme pevnost v tahu pro jeden pramen. Pro modelovani experimentu
pouzivame tzv. Citaci procesy, jejichz vlastnosti a odpovidajici teoretické vysledky jsou
popsany v publikacich napf. Andersen ef al. (1993) nebo Fleming e al. (1991).

Uvazujeme nasledujici jednoduchy model prerozdéleni sily pusobici na lano mezi jed-
notlivé prameny, ktery navrhli Belyaev, Rydén (1997). V tomto modelu piedpokliadame, zZe
pevnosti jednotlivych prament jsou nezévislé stejné rozdélené nihodné veli¢iny a sila piso-
bici na lano je rovhomérné rozdélena mezi (nepietrzené) prameny (tzv. Danielsiv model, viz
Crowder et al. (1990)). Celkova sila natahujici lano je pozorovina, avSak pretrzeni pramenu
vede k okamzitému prerozdéleni sily pusobici na zbylé nepfetrzené prameny, takze dojde
k prudkému rustu sily pusobici na kazdy jednotlivy nepfetrzeny pramen. Nasledné dojde
k pretrzeni nékolika dalSich prament (ne nutné vSech, nebot jejich pevnosti v tahu jsou
nahodné veli¢iny). V tomto piipadé tudiz nezname pfesnou hodnotu sily, pfi které dojde k
pietrhu jednotlivych pramenu. Navic nejsme schopni registrovat pofadi, ve kterém se trhajf,
takZe v piipadé pietrhu vice prament “nardz” zndme pouze silu, kterd zptsobi pietrh prvniho
pramene a interval sily, ve kterém dojde k pietrhu ostatnich. Z téchto pfedpokladu je vidét,
Ze Cast dat ma pomérné komplikovanou strukturu intervalové cenzorovanych dat. Na druhou
stranu, jestlize pozorujeme dostate¢ny pocet pietrhu, tak dostaneme také dostatecné velkou
mnozinu dat necenzorovanych. Klicova idea spociva v pouziti jenom necenzorovanych dat a
vyjadieni cenzorovini pomoci vhodné definovaného indikatorového procesu v raimei modelu
&itactho procesu. Timto sice ztratime ¢dst informace, ale piinosem je, Ze odhad je mnohem
jednodussi. V prvni fazi modelujeme rozdéleni pevnosti v tahu pro jeden pramen, potom
popiseme Citaci proces registrujici pozorované pietrhy pfi postupném zatéZovani. PouZijeme
Nelson—Aalentv odhad kumulativni intenzity pfeziti jednoho pramenu. Asymptotické vlast-
nosti tohoto odhadu, jako konzistence a slabd konvergence rezidudlniho procesu k Wienerové
procesu, jsou ukdzany v pracich [6] a [42]. Tato globdlni asymptoticka vlastnost je pouZzita
pro konstrukci testu dobré shody, s cilem navrhnout metodu, kterd otestuje, Ze lana a jejich
prameny maji pfedepsanou pevnost (spolehlivost) v tahu. Kone¢né je také fesena tloha, jak
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stanovit rozdéleni pevnosti v tahu lana, jestlize rozdéleni pevnosti v tahu jeho pramend je
Zname.

2.5.1 Model citaciho procesu pretrhii prament

Uvazujme jeden pramen a necht’ nahodna veli¢ina U oznaCuje pevnost v tahu. Piedpokla-
dejme, Ze nahodna veli¢ina U/ mé spojité rozdéleni na intervalu [0, o) s distribu¢ni funkci
F(u), hustotou f(u) a intenzitou (rizikovou funkci, hazard rate) h(u) = : f E;'{]u) definovanou
na intervalu u € [0, S| takovém, 7e F\(S) < 1. Ozna¢me dile

H(t) = /ﬂt h(u) du

kumulativni intenzitu. Postupné pretrhy prament b&hem rostouciho tahového napéti u jsou
popsdny dvéma nahodnymi procesy, ¢itacim procesem N'(u) a indikdtorovym procesem
I'(u). I'(u) = 1, jestlize sila u pisobici na prameny je pozorovatelna, jinak I'(u) = 0.
Specidlné, /' (u) = 0, jestlize je pramen pietrZen, jestliZze pozorovini je ukonéeno, a také pro
hodnoty sily u béhem prudkého skokovitého ristu sily na jeden pramen pfi jejim prerozdélo-
vani. Pfedpoklidejme, Ze trajektorie ' (1) jsou zleva spojité. Pokud jde o N'(u), N*(0) =0
a N'(u) se zvétSuji o 1 pii hodnoté sily uy, kterd zplsobi pietrh pramenu a plati 7' (u;) = 1.
Trajektorie N'(u) jsou zprava spojité. Takto popsany model je standardnim modelem v ana-
lyze preziti, kde cas byl nahrazen silou (pevnosti v tahu). Rozdil spo¢iva v tom, Ze se uvazuji
i prudké skoky sily, v téchto intervalech sily dosadime ' (u) = 0.

2.5.2 Model pro jedno lano

Predpoklidejme, Ze lano je slozeno z m pramenu a Ze pieziti pramenu (pevnost v tahu pra-
ment) je popséina nezdvislymi stejné rozdélenymi ndhodnymi veli¢inami U, j = 1...., m,
s rozdélenim danym hustotou f(u), distribu¢ni funkei F'(u), rizikovou funkef /(u), kumu-
lativni intenzitou H (u). Nasledujici priklad ilustruje strukturu pozorovanych dat (pozorova-
nych pretrhii) z testu lana.

Piedstavme si, Ze pretrhy prament se objevuji pfi "globdlnich™ tahovych silach puasobicich
nalano, 0 < s; < 83 < *+- < Sk < Smax, a Ze pii sile s; se pfetrhne k; prament a plati
> k; = m. Tedy pied prvnim pozorovatelnym pretrhem sila natahujici kazdy pramen byla
rovna u; = s,/m, v momenté druhého pozorovatelné pietrhu byla rovna u; = s,/(m — k)
(pfirozené plisobici na zbylych m — k; nepietrzenych pramenu) a kone¢né v okamziku
posledniho pietrhu byla tato “individudlni™ tahova sila pusobici na poslednich £y prament
ug = si/(ky). Pokud jde o “pozorované” pietrhy (tj. pfetrhy zptisobené znimou silou),
tak jsme skute¢né pozorovali jenom K pretrhu, zpisobenych silami u;. Ostatni pietrhy,
pokud k, > 1, byly zpisobeny nezndmymi (nepozorovanymi) silami z interval (u,, @, =
81/(m—ky+1), (ug, Uy = so/(m—ky —ka+1)),...(uk, Ux = sk), pfi¢emz postupné se
jednd ok, — 1, ky — 1,... kg — 1 pramenu. Navic, jestlize k; > 1, nezname v jakém poradi
je téchto &, prament pietrzeno. Piedpoklidejme, Ze maximadlni sila Sy, je dostate¢né velka
(napf. S,,., > S - m), aby nedochizelo k pfedcasnému ukonceni experimentu. Bereme-li v
tivahu pfedpoklad, Ze rozdéleni pravdépodobnosti [/, jsou spojitd, pak (teoreticky) nemohou
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nastat dva pretrhy soucasné pfi stejné hodnoté tahové sily. Jinymi slovy, prameny se trhaji
jeden po druhém, ne soucasné (nicméné neznime vzdy jejich pofadi). Potom intervaly pro
sily pfi kterych dojde k pietrhu pramenii by mohly byt specifikovany presnéji nez (uy, i), jak
bylo vySe uvedeno. ProtoZe nemédme v timyslu pouzit informaci o intervalové cenzorovanych
datech, nebudeme se timto aspektem dile zabyvat.

2.5.3 Odhad kumulativni intenzity a jeji asymptotické vlastnosti

Nyni je nutné navrhnout odhad kumulativni intenzity poruch H (u) (rozdéleni pevnosti v tahu
pramene) a uvést jeho asymptotické vlastnosti. Statisticka analyza je zaloZena na dostatec-
ném mnozstvi pozorovanych dat. Uvazujme tedy, Ze je testovano n “identickych” nezavislych
lan. OznaC¢me U;; ndhodné veli¢iny (pfeZiti, tahové pevnosti), Nij(u), I;(u) ozna¢me od-
povidajici Citact a indikdtorové procesy pro j-ty pramen i-tého lana (j = 1,2,....m, i =
1,2,...,n). Dile oznaCme

T m

Ni(w) =Y Nyj(w), L(w) =Y Ej(u), N(u)= Z Ni(u), I(w)=Y" Iiu).
j=1 g=1 i=1 i=1

Nejprve pripomeneme znamé vysledky teorie martingalt tykajici se ¢itacich procest (napf.
Andersen et al. (1993)). Jednotlivé &itaci procesy N;;(u) jsou popsdny svymi intenzitami,
které v naSem piipadé jsou A;;(u) = h(u) - I;;(u). Kumulativni intenzity jsou definovany
vztahy L;;(u) = f0” Aij(v) dv, odpovidajici Citaci procesy mohou byt rozloZeny na kom-
penzator a martingal, V;;(u) = L,;(u) + M;;(u). M;;(u) jsou lokdlni martingaly integrova-
telné ve Ctverci, s nulovou stiedni hodnotou, vzdjemné ortogondlni, s varianénim procesem
(M;;)(u) = L;;(u), kde ( ) oznacuje podminény varianéni proces, podminény posloupnosti
o-algeber — filtraci — obsahujici minulé jevy procesu. Podrobnosti je mozné nalézt v Andersen
et al. (1993), Fleming a Harrington (1991). Co je dulezité, Ze tato maringal-kompenzétorova
dekompozice spolu se zakonem velkych ¢isel a centrédlni limitni vétou aplikovanou na mar-
tingaly jsou zdkladem k odvozeni asymptotickych vlastnosti odhadi. Tyto dlohy byly autorem
feSeny v ¢lianku [6]. Kromé odvozeni asymptotickych vlastnosti a testu byly predmétem i
intezivni simula¢ni studie, véetné porovnani s realnymi daty, viz [31] (P¥iloha H).

2.6 Zavér

Obsahem price jsou vesmés metody zalozené na pravdépodobnostnim modelovani a pristu-
pech matematické statistiky. Ziskané vysledky dokumentuji, Ze vétSinu uvedenych postupt
1ze piimo nebo po ur¢ité modifikaci pouZit pro hodnoceni textilnich struktur, at'uz z pohledu
jejich homogenity, detekce poSkozeni struktury nebo mechanickych ¢i jinych vlastnosti. Né-
které z postupii uvedenych v této préci 1ze modifikovat pro automatickou vizualni kontrolu
kvality textilii. Ze ziskanych vysledki lze u€init tyto zavéry:

I. Metody MCMC poskytuji velmi uzite¢ny ndstroj pfedevSim pro modelovani slozitych
systémii a analyzu netplnych dat. V piipadé MCMC metod nelze hovofit o jejich
plogném nasazeni, ikdyZ vysledky obdrZené témito metodami jsou srovnatelné s vy-
sledky obdrzenymi klasickymi metodami (napiiklad predikce regresnich funkei). Na
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druhou stranu pfi feSeni nékterych konkrétnich tiloh (simulace vzlinani kapaliny po
vldkennych ttvarech) maji téméf nezastupitelnou dlohu.

2. 'V aplikaci modelu ¢itacich procesi byl uvazovin systém sloZeny s kone¢ného poctu
nejprve identickych nezavislych jednotek a byla modelovana odolnost tohoto systému
proti rostouct zatézi. Jako konkrétni priklad zde bylo uvedeno lano slozené z m iden-
tickych prament. Pro odhad kumulativni intenzity byl pouzit Nelson—Aalentiv odhad.
Teoretické zdvéry byly testovany na rozsihlych simulovanych datach. Uvazovany mo-
del nepocitd s taznosti jednotlivych pramend, proto je velmi obtizné pro podobny model
ziskat redlna data.

3. Vlastni analyzy tvart prifezi vlakennych Gtvart ukdzaly, Ze prokdzéini zmén tvaru 2D
objektu v pripadé, Ze se jedna o objekty bez zvlaStnich znaki, je pomémné nirocné
a navic pokud se jednd o zmény nepatrné, jsou tyto zmény velmi tézko objektivné
prokazatelné. Nékteré z metod jsou rovnéz velmi citlivé na negativni vlivy spojené s
digitalizaci obrazu, proto je nutné velice obezietné volit, jak “"bohaty” model pouZzijeme
pro vlastni statistickou analyzu. Zaroven musime v konkrétnich pfipadech zvazit, zda
piipadna Casové efektivnéjsi analyza vybranych tvarovych charakteristik (indexti) ndm
neposkytne srovnatelnou informaci.

Na zdkladé ziskanych vysledku 1ze konstatovat, metody zaloZzené na pravdépodobnostnim
modelovini a piistupech matematické statistiky maji pfi hodnoceni textilnich struktur v
- mnoha piipadech nezastupitelné misto.

2.7 Podékovani

Rad bych na tomto misté podékoval v§em spoluautoriim praci, které jsem prezentoval jako
soucdst habilita¢ni prace. Cestné prohlaSuji, Ze ve viech piipadech byl muj podil na piipravé,
realizaci a interpretaci vysledku vétsi nebo stejny jako vSech ostatnich spoluautort.
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O PODSTATE A APLIKACICH MCMC METOD

Petr VOLF a Ales LINKA'
UTIA CAV a TU Liberec, KAP

Abstract. We give an overview of MCMC algorithms, namely of the Gibbs
sampler, Metropolis-Hastings algorithm and its variant using the simulated
annealing. The conditions for convergence of resulting chain to its invariant
distribution are presented. Then, the multivariate modifications of MH al-
gorithm are discussed. A problem of MCMC synthesis, i. e. the search of the
most probable state of a system is solved as an example.

Peaiome: B crarne nayuaoma MCMC meroant. [peanaraioms gocta-
TOMHBIC YCJIOBMA A CXONMMOCTH pacnpeieienus uend Mapkopa —
peayanTara aaroputma Merpononuca-AcTunrca — K MHBAPUAHTHOMY
pacnpeaenennio. OBcyxaeHnl HEKOTOPLIE MHOMOPA3MEPHLIC BAPUAHTE
aToro meroaa. B kauectne npumepa pemaerca sanaua cuuTesa — Cay-
 yaiubiil nouck naibonee BEPOATHOrO COCTOAHUA CUCTEMLI.

1. Uvobp

IC metody jsou postupy zalozené na intenzivnich simulacich. V pod-
3 provadéji nahodné prohledavani uréitého prostoru a pravidlo prohleda-
tj. pravidlo pro nahodné pfechody od stavu k stavu) je voleno tak,
- vysledkem MCMC procedury byla posloupnost prvki (stavii) s roz-
m pravdépodobnosti konvergujicim k rozdéleni nami pozadovanému.
také generujeme posloupnost prvku tak, aby konvergovala k prvku
nimu (kde optimalita je vyjadfena maximem pravdépodobnosti).
1 pfipad se casto pouziva k generovani aposteriorniho Bayesova roz-
pii odhadovani parametru slozitych modeli. Pfikladem je nastaveni
etrii v modelech — neuronovych sitich ¢i v jinych matematickych mode-
eré odhadujeme pomoci trénovacich dat [24], [16]. Druhy pfipad (tj.
ad spojeni MCMC metod se simulovanym zihénim) je uréen k hledani
dépodobnéjsich konfiguraci stavii systému, napriklad pfi rekonstrukci
¢ informace, [12], pfi feSeni tiloh rozpoznavéni a shlukové analyzy.
o priklad uvedeme model vzlinani tekutiny v textilnim materidlu, kdy je
nalézt nejstabilnéjsi (nejpravdépodobnéjsi) stav systému.
d v nasledujicim textu budeme mluvit o rozdélenich pravdépodob-
budeme si pro jednoduchost predstavovat (pokud to situace dovoli),
racujeme se spojitymi distribucemi, tedy reprezentovanymi hustotami
k Lebesgueové mire).

Mlato préce vznikla s podporou grantu GA CR 201/97/0354 a grantu MSMT VS/97084.
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2. PREHLED NEJZNAMEJSICH MCMC METOD

e vyvinuto nekolik skupin metod jak vygenerovat vybér z uréitého rozdéleni
vhnout se pritom vypoétu presného tvaru tohoto rozdéleni éi jak generovat
rkovovu posloupnost, jejiz rozdéleni se blizi k onomu cilovému. Do prvni
piny (vesmés jednodussich postupi) patii napf. zamitaci metoda, (1],
o metoda ,sampling —resampling® (vazeny bootstrap). MCMC procedury
skupinu druhou:

3

siv algoritmus. (viz [3],[8],[18]) je MCMC metoda, ktera je vhodna pro
d mnohorozmérné veliciny X € X C RP. Nechf je nasim cilem vy-
ovat vzorek s (aspori piiblizné) rozdélenim s hustotou p(x). Oznacéme
|&(~;) hustoty podminénych rozdéleni, kde B ) B e s BT s D gt
).

Algoritmus zacne z néjaké (zvolené) pocitecéni hodnoty z(©) a postupné
dém kroku inovuje jednu slozku x, a to tak, Ze ji generuje pravé z pod-

ného rozdéleni p;. Takze napriklad novou j-tou slozku v (m + 1). eyklu
(m+1)

neme tak, ze z; vygenerujeme pomoci hustoty
: +1) (m+1) _(m) -
(z,-|:c§"‘ ey jTI,H.,.LLm)).

né dostavame nahodnou posloupnost (™ m = 0,1,2,...., ktera je
wvova. Neni problém ukdzat, Ze hustota invariantniho rozdéleni takovéto
posloupnosti je pravé p(z), a Ze rozdéleni ™ pii m — oo
nuto invariantnimu rozdéleni konverguje. Podminky jsou formulovany
v [18], ale jak uvidime, lze Gibssiv algoritmus povazovat za ptipad
itmu Metropolise-Hastingse a zkontrolovat podminky pro konvergenci
i tohoto algoritmu.
ozfejmé, zdaleka ne vzdy zname tvar podminénych pravdépodobnosti
je mozné Gibbstuv algoritmus pri generovani kazdé nové slozky kombi-
se zamitaci metodou, anebo pouzit proceduru Metropolise-Hastingse.
ymus Metropolise-Hastingse. (viz [3],[18],[23]) také vytvaii Markovovu
dnou posloupnost, a to nasledujicim zpusobem. Necht x(™ je zatim po-
¢&len posloupnosti, nechf g(x|x(™) je néjaka (zatim zcela libovoln4)
; rozdéleni pravdépodobnosti (tj. muze byt podminéna hodnotou po-
iho ¢lenu posloupnosti, ale nemusi). Vygenerujme s jeji pomoci “kandi-
x* na dalsi élen posloupnosti. Polozme pak

p(*) - q(='™|z*)
p(x(m) - g(z*|x(™)’

w(z*, z™) =

,2(™)) = 1, pokud by jmenovatel byl nula), a pfijméme g(m+l) — g*
dépodobnosti min{1, m(z*,z™)}. Pokud x* nepfijmeme, pokladame
1) — 20m) Viimnéme si, Ze ve jmenovateli je pravdépodobnost, podle
6 jsme vybrali novy ¢len, v ¢itateli pak pravdépodobnost prechodu od
ho élenu ke starému.
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o tedy vznika Markovova posloupnost, jejiz vlastnosti do znaéné miry
na vlastnostech rozdéleni generujictho nové kandidaty, tj. rozdéleni
ezentované hustotou ¢. I tu mizeme chapat jako hustotu rozdéleni
dépodobnosti pfechodu pro néjakou (jinou) Markovovu posloupnost na
to samoziejme i v pripadé, kdy q(z'|z) = g(z’) - tj. ¢ by generovala
poeloupnost)
prijimaciho pravidla je vidét, Ze pfipadna neznalost normujici konstanty
¢) zde nevadi. V pripadé mnohorozmeérné nahodné veliciny X muzeme
algoritmus také pouzit (podobné jako Gibbsiiv) postupné pro inovaci
ivych slozek.
ento algoritmus ma mnoho variant, jedna z nich, algoritmus Metro-
v (napf. [3]) pouziva generujici rozdéleni reversibilni, tj. takové,
l¢) = g(xz|z'). Pak je pfijimaci pravidlo zalozeno jen na poméru
p(z*)/p(z'™). Vidime zde jasné, Ze tyto algoritmy podporuji pfijiméni
1 x, které maji velkon pravdépodobnost p(z). Pokud chceme ziskat je-
bod nejlépe reprezentujici rozdéleni p(a), muzeme vzit prumér z hodnot
pripadné po vynechéni pocatecni ¢dsti fetézce). Muzeme také pouzit
zvany simulované zihani, které vede k nalezeni prvku maximalizuji-
: ?ravdépodobnost (hustotu) p(zx).

mulované zihani (simulated annealing). Az dosud jsme popi-
situaci, kdy na zakladé nahodného generovani kandidatiu a prijima-
avidla generujeme (Markovovu) posloupnost postupnych reseni. Pred-
me si, Ze se chceme priblizit k feseni, které maximalizuje néjakou funkei
). Postupem popsanym dosud, s pfijimacim pravidlem zaloZenym na

_ exp(g(z®)) qg(z|z”)
exp(g(z)) g(z*|z)’

chom dostali fetézec z(*), s = 1,2,..., pficemz rozdéleni veliciny z(*) by
0 k C -exp(g(x)). Pokud bychom ale pouzili prijimaciho pravidla za-
na m(s) = (m)*/70) tak, ze T(s) > 0, T(s) — 0 pro s — oo (kde s
3 iterace), dostaneme (pfi vhodné volbé funkce T') piimo konvergenci

= argmaxg g(x). Vhodné volba je napfiklad T = K/log(1 + s)
gence T(s) — 0 by neméla byt prili§ rychld, pak by totiz bylo nebez-
ie pfijimaci pravidlo nas zavede do lokdlniho maxima a nedovoli nam
j jiz vyskocit). V jednoduchém pfipadé s rovnomérnymi ¢i reversibil-
 pravdépodobnostmi ¢ je tedy pfijimaci pravdépodobnost simulovaného

4 min {1, 7(s) = exp (iot@) - s 75)
g podrobnosti lze najit v éldnku [12] v Robustu’0.
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3. O KONVERGENCI MH ALGORITMU

asické teorii Markovovych fetézci, napf. [6], se pracuje vétsinou s konec-
i ¢i spocetnymi prostory stavii. S tim bychom ovsem napfiklad v piipadé
— parametru regresniho modelu nevystacili. Teorie tedy musi zahrno-
nespocetné stavove prostory. Na druhé strané, MCMC vétsinou generuje
e homogenni, ¢i nanejvys s pomalu se ménicimi pfechodovymi pravdé-
obnostmi (napfiklad pfi uziti simulovaného zihani), nebo se stiidanim
ka skupin prechodil (tzv. hybridni algoritmy). Podminky pro konver-
i Markovovych fetézei s nespocetné stavy jsou formulovany napf. v [18],
nky pro detailni rovnovahu jsou zkoumény také v [7] a [23].
vazujme tedy Markovovu posloupnost se stavy z nespocetné mnoziny
'R'. Necht X© XM X2 je nag Markoviv fetézec, K(z,y) oznac-
e jeho jadro prechodu popisujici pravdépodobnost prechodu z z do y. V pii-
8 MCMC je zpravidla substochastické, tj.

/K(z,y)dy_'(_l, R(ﬂ:)zl—/K(i,y)dyZO,
: E E
le R(z) je pravdépodobnost, zZe fetézec ziistane ve stavu x. Déle oznaéme

K®(z,y)

4 f KV (z,2) K(z,y)dz + K"V(z,) - R@y) + [R(2) " K(z,y)
E

popisujici prechody za t krokn (opét muze byt substochastické). Oznac-
té p(x) hustotu invariantni distribuce fetézce a predpokladejme, Ze
) > 0 na E. Tato hustota tedy spliiuje

Lp(z)dx = LP (x“} € AIX® = z) p(2)dz,

Sechny méritelné mnoziny A C E. Pritom je
P(XD € A =) :/ K(z.)dy + R(z) - 1]z € A).
A

K je ireducibilni, jestlize pro vechna z € E a pro vSechny méri-
ACEje P(X"eAX©® =z) > 0 pro néjaké t > 0. Dale, jédro
odické, kdyz pro zadné n > 2 neexistuje rozklad |J)_, B; = E ta-
#e fetézec pravidelné (periodicky) navitévuje mnoziny B;. Tyto definice
né ze standardni teorie Markovovych fetézct, a také zde jsou tyto
osti zakladem ke konvergenci rozdéleni fetézce k jeho invariantnimu
i, viz [18):

1. Nechf p je hustota invariantniho rozdéleni fetézce X (©), X (1),

. a prechodové jadro K je ireducibilni a aperiodické, pak pri t — oo,
¢z e E

i) Jg KO (z,y) - p(y)| dy — 0;
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i) pro redlnou a p-integrovatelnou funkei f,

1 L
12X = [ f@)pds as
| E

zeni 1) fika, Ze rozdéleni X (®) konverguje k invariantnimu, tvrzeni ii) -
nost - pak mimo jiné, ze primeér z élenti fetézce je rozumnym odhadem
tfedni hodnotu invariantniho rozdéleni (a ze to plati i pro transformaci

).

Podminky pro konvergenci. Nechf znovu ¢(y|z) je hustota prav-
dobnosti pro navrhovani novych prvki fetézce (na dosavadnim prvku
iset muze, ale nemusi) a nechf p(z) je hustota rozdéleni, ke kterému
dospét. Pak prechodové jadro pro fetézec generovany MH algorit-
m je K(z,y) = q(ylz) - a(z,y), kde

[ p(y) a(zly) ;
min {W, l} kdyz p(z) q(y|z) > 0

1 kdyz p(z) q(ylz) = 0.

i problém ukdzat, ze p(z) skutecné je hustota invariantniho rozdéleni.
p se ukaze, ze plati podminka detailni rovnovahy: p(z) K (z,y) =
K(y,z). Pak, pro kazdé A C E,

/ P (x(” € AIX° = z)p(z)dz g

E

/ {/ K(z,y)dy+R{z)1[zGA]}p(z)dz =

E A

// K(U:Z)P(y)dzd-y—f-/R(z)l[zEA]p(z)dz =
AJE E
[a-ruypay+ [ RE w8 = [ o) dy
A A A

e konvergenci a ergodicnosti fetézce generovaného algoritmem typu MH
méné nez podminka detailni rovnovahy, platnost této podminky je
dné prokazat a dava i ndvod, jak algoritmy konstruovat. Samotna
nce pak plyne z vlastnosti pravdépodobnosti (¢i jejich hustot) podle
navrhuji nové ¢leny fetézce, viz [18]:

a(:r,y] o

I\

I

i) Je-li ¢ aperiodicka (jako hustota pravdépodobnosti prechodu), pak
K je také aperiodické,

i) Je-li ¢ ireducibilni (na E), a q(y|z) = 0 pravé kdyz q(z|y) = 0, pak
K je ireducibilni.
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2. Modifikace mh algoritmu. Nejcastéjsi modifikace spocivé v tom, ze
ohybujeme ve vicerozmeérném prostoru a inovujeme pomoci MH algo-

ednu slozku vektoru @ za druhou. Slozky miZeme inovovat v ustale-
poradi nebo je vybirat nahodné. Kazdy diléi krok by mél spliovat pod-
cy kladené na MH algoritmus (tj. detailni rovnovahu) a stejné podminky
méla spliiovat i kombinace téchto krokii (dilezit4 je napiiklad podminka
ucibility fetézce navrhovanych stavii). Znamena to pro kazdou slozku j
“navrhovaci” pravdépodobnost g;(z}|z). Pro takovy krok inovujici j-tou
je pak prijimaci pravdépodobnost (tj. toho, zda o} vyméni dosavadni
;) min(1,7;), s
" _p@Y) g(xlz)

@ o@e)

= ($1,...,IJ_1,I;,IJ+1,...,Ip).
mnéme si jesté, co se stane, kdyz za navrhujici pravdépodobnosti vez-
pj(zj|T(—j)), tj. podminéné cilové pravdépodobnosti, tak jak je to
itmu Gibbse. Dostaneme pak 7; = 1, to znamen4, Ze vzdy novou
mponentu x’ prijmeme. Vidime, ze z tohoto hlediska je Gibbsiv algorit-

zvlastnim pripadem MH algoritmu.
néjsi situace lze popsat takto: méjme v kazdém kroku k dispozici né-
noznosti, jak provest prechod k novému stavu. Mezi témito moznostmi
me (at uz nahodné nebo nendhodné). Dokonce se miize stat, ze pre-
vedou do ruznych prostori. Napfiklad, v [24], kdyz se konstruovala
z polynomidlnich splini, tak hledanym parametrem byly uzly téchto
a hledal se i jejich optimalni poédet. TakZe nutné dochdzelo k pre-
m mezi prostory ruznych dimenzi. Pak je potfeba dat pozor na pomeér
|2)/g2(x2|71), kde napf. g, oznacuje pfechod z R? do R! a g, naopak.
se stat, ze zatimco g je hustota spojitého rozdéleni, je ¢, diskrétni
podobnost. Hloubéji se timto pripadem zabyvaji [7] i [23]. Podstatné
§ nez to, ze obé pravdépodobnosti jsou definovany na jinych prosto-
aby navrzené prechody mély vzdy definovéany i prechody opacné (rea-
elné s nenulovou pravdépodobnosti — ¢ hustotou pravdépodobnosti).
8 to jiz vyjadiuje druhé ¢éast predpokladu ii) Tvrzeni 2.

4. PRIKLAD — SIMULACE SMACEN{ VLAKNA KAPALINOU

me si jednoduchou situaci: V nadobé mame kapalinu a kolmo do ni
e vlakno z néjakého materialu. Dojde k interakci mezi vlaknem a kapa-
ktera je dana vzajemnou adhezi materidli. Situace se ustali ve stavu,
by mohl byt popsén jako stav s minimalni potencidlni energii. Pri-
| proti stoupani kapaliny po vldkné piisobi soudrznost kapaliny (koheze)
gravitace. Zkusme tuto situaci jednoduse simulovat. Pujde tedy o feseni
syntézy, tj. budeme generovat Markovovu posloupnost stavil systému
hom se blizili k staviim majicim uré¢ité rozdéleni pravdépodobnosti,
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adné k stavu toto rozdéleni maximalizujici. VyuZivime zde modelu uve-
ho v [15], program je vytvoren v MATLABu.

dstavme si krychlovou sif (z*y*z, x,y,2=1,2,... M, dohromady tedy
¥ bunék. Buiiky budeme oznacovat indexem i = 1,2, ..., N, budeme
i jejich z, y, z soufadnice x;, y;, z;. Zavedme veli¢iny

= 1, je-li v misté (i) kapalina,

= -1, neni-li tam,

= 1 Jje-li v onom misté vlakno (pak piislugné k; = -1),
0, pokud ne.

atku mame tedy fixovand s; a pocate¢ni hladinu kapaliny K, tj.
= 1 pro 2z <K, pokud s; =0,

ki = -1 pro z>K.

jme tfi koeficienty, a to gravitace, koheze, adheze, C,, Cy, C,. Déle
me vzajemné pusobeni, at uz kapaliny vzajemné, ¢i kapaliny s vlak-
en v sousednich k sobé priléhajicich burikdch nasi sité. Tedy kazda
ma 6 sousednich. Tyto okolni buriky k i-té oznac¢ime O;. Nasledujici
H je Hamiltonidn soustavy, ktery je zde imérny (potencialni) energii

| .

N N N
=) Cohizn-) ) Ckki-) 5 Coksy

i=1 i=1 jEO, i=1 jeO;

mého pohledu muzeme kazdému stavu, tj. konfiguraci k = {ki, ,i =
., N} prifadit pravdépodobnost

P(k) = C - exp(-H(k)),

'C je normalizacni konstanta. Tento typ modelu je Isingiiv model, viz
Je mozné odvodit i podminéné pravdépodobnosti svazujici rozdéleni
1 v dané buiice se stavy v buiikich sousednich.

akto mame tedy zadanu tlohu a) generovat konfigurace odpovidajici
ofi pfiblizné) rozdéleni pravdépodobnosti (3), b) najit konfiguraci k =
i = 1,..., N} maximalizujici (3). Pfitom, uvazujeme-li uzavienou né-
ju, ziistava 5 | k; konstantni. Tato iiloha je fesitelna metodami MCMC
ietodami podobnymi).

Fi generovini markovské posloupnosti konfiguraci, jejiz rozdéleni konver-
k (3), mizeme, jak jsme vidéli, postupovat zhruba dvéma zpusoby:
Gibbstv algoritmus — vyzadoval by z (3) odvodit pfislusna pod-
minéna rozdéleni P;(k;|k(-;)) a z nich pak generovat postupné a
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onan§ hod‘noty v jednotlivych burikich. Protoze jde o “nula-
: jednickove” veli¢iny, neni problém toto podminéné rozdéleni odvodit:
; 1
L Pi(k = 0| k(—i)) =
E 1 +exp(—Cy z; + C, > o, 85+ Ch Yoo k)

Pi(ki = 1| k(=) = 1 - Pi(k; = 0| k(_;).

Situace je zjednodusend tim, ze (alespon pfi norméalnich podminkach,
kdy C, i Ck > 0) v tivahu pfipada pouze zména na hladiné kapaliny.
Znamena to, Ze se v jednotlivych krocich budeme snazit v (nahodné)
vybraném bodé (z,y) zvednout ¢ snizit hladinu o 1 jednotku (tj.
o 1 butiku v nasi siti 2  y x z ve sméru 2). Problém ale je, jak pfi
generovani zachovat onu podminku (alesponi vzdy béhem nékolika
krokn), ze Zf‘;l k; = const. Z tohoto divodu je v tomto pripadé
Gibbsuv algoritmus nevhodny. Proto pouzijeme radéji
Algoritmus Metropolise-Hastingse — napf. nasledujici variantu:
Néhodné (a rovnomérné v siti x+y) zvolime 2 body (x1,y1), (z2,y2)l
a nahodné (opét rovnomérné) rozhodneme, ve kterém navrhneme
uvazovat hladinu zvySenou o 1, v druhém pak o 1 snizenou. Pak
spocteme prislusné nové H* = H(k") (kde v konfiguraci k* budou
proti dosavadni k zménény jen 2 hodnoty). Novou konfiguraci pfi-
jmeme s pravdépodobnosti

 Shgpl—H?)
= exp(—H)

protoze v MH algoritmu se vyskytujici pravdépodobnosti ¢(k'[k) jsou
zde reversibilni a vykrati se (jde tedy vlastné o variantu Metropolise).
Jsou samozfejmé mozné i jiné varianty postupu. Zajimaveé je sle-
dovat situaci s vice vlakny, porovnavat situace s vlakny ruzné vzda-
lenymi apod.
n vysledek takového algoritmu (s dvéma vlikny) zde uvedeme. Zvolili
g = 1, Cr = 4, C, = 3, pocatecni hladinu 15. Bylo provedeno 500
)’ iteraci (tj. M x M x 500 pokusu inovovat dvojici hodnot). V
fice jsme pak za feSeni vzali tu hodnotu (1 & —1), ktera se v buiice
ednich 200 iteracich vyskytla ¢astéji (tj. prvnich 300 iteraci nebylo

min(1,7), kde = exp(H — H"),

jsme i ilohu najit konfiguraci s maximélni pravdépodobnosti. K to-
difikujeme pfijimaci pravidlo, abychom dostali metodu simulovaného
Tedy

1
T =Tm =exp{(H "H.)' T_m}‘

&slo 'globalni’ iterace, Ty, = 2/ log(1 + m). Vysledek je na obr. 1.
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Obr.1. Simulace smaceni dvou blizkych vlaken

5. VYUZITI MCMC V BAYESOVSKE ANALYZE DAT

dstavme si, Zze data y, ktera méfime, jsou realizace nahodnych veli¢in
13-+, Yn, model “vzniku” dat necht je popsin pomoci pravdépodob-
(feknéme hustoty) f(y;@), kde @ € © C RP je neznamy parametr.
ost hodnoty @ se popisuje pomoci apriorniho rozdéleni — oznac¢me
hustotu) go(@). Bayesovo pravidlo pak udava aposteriorni rozdéleni
inéné rozdéleni hodnot parametru pfi napozorovanych datech, tj.

p(0ly) = C(y) - f(y;0) - 90(6).

C(y) je normujici clen, nezavisejici na 6. Jako bodovy odhad parametru
pjcastéji pouziva modus aposteriorniho rozdélent, @(‘y} = argmaxg
nebo é(y) = E(8|y), tj. stfedni hodnota z aposteriorniho rozdéleni.
lém samoziejmé byva s vipoctem élenu C(y), ten ale k zjisténi 6(y)
nepotiebujeme. JenZe ¢asto (v pfipadech mnohorozmérného 8) neni
ziskat ani maximum, ani dalsi charakteristiky aposteriorniho rozde-
ohly by nas zajimat pfedevsim rozptyl a kvantily, ke zjisténi “Sire”
niho rozdéleni a tim i spolehlivosti odhadu parametru). A tady
i metody, které jsou schopny aposteriorni rozdéleni nasimulovat.
m budeme s daty y zachazet jako s “konstantou” - tj. jsme v situaci,
jsou k dispozici a nasim cilem je odhadnuti aposteriorniho rozdéleni
tru. Jde tedy jen o modifikaci metod, které jsme popsali v ¢ésti 2.

pnerovani aposteriorniho rozdéleni. Cilova distribuce je nyni te-
na hustotou p(0|y), kde y jsou ‘pevné’ data. V Gibbsové algoritmu
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bujeme znat podminéné aposteriorni hustoty

Pi(0516(-5),y) = C(0(—;),u) - f(y;6) - 90;(6;10(—;)),
je hustota podminéné apriorni distribuce.
itmus Metropolise-Hastingse. ma nyni prijimaci pravidlo zalozené na

_pO7y) q(06",y)
p(0ly) q(6°(6,y)’

je posledni ¢len fetézce, 8” je kandidat navrzeny na novy élen,
g y) je hustota pravdépodobnosti (kter4, jak vidime, muze zaviset nejen
icim stavu fetézce @, ale i na datech y), ze které byl 8* navrzen.
néme si, jak se rozhodovaci pravidlo zjednodusi, kdyz budeme kan-
na nové cleny posloupnosti generovat piimo z apriorniho rozdéleni
. Dostaneme (po dosazeni za p(8|y) z Bayesova vzorce (5))

0°.6) = f(y:07) - 90(0") 90(0) _ f(y:07)
’ f(y:0) - 90(6) 9o(67)  f(y;0)’

i vérohodnostni pomer.
k jsme fekli, i v pripadé MH algoritmu muzeme postupovat po éastech,
e inovovat 8 po komponentach. To znamena v kazdém kroku vybrat j
1€ nebo i ve stalém poradi), navrhnout 0% znéjaké podminéné distri-

(6716, y), aprijmout 87 (nové 8° jepak (61, ,0;-1,0;,0,-1,...,0,))
vdépodobnosti min(1, 7), kdyz

= Pi(0518(-j), y)  4;(0510",y)

_ pi(0;10(—j),y) q;(0;16,y)

, navrhovaci distribuce nemusi zaviset na dosavadnim @ a datech y,

pouzit i podminéna apriorni rozdéleni.

e piiklady téchto feSeni byly jiz na konferencich ROBUST uva-

‘nebudeme je zde opakovat. Jen pfipomeneme, Ze jednim byl priklad

e znehodnocené obrazové informace modelované pomoci Isingova
v [12]. Aplikace MH algoritmu na optimalizaci vybéru polynomi-

splinii v tiloze neparametrické regrese byla uvedena v [24]. Bohatym

informace o vyuziti MCMC metod jsou také sborniky konference

'AT'96 (napf. [13], [14]) i sbornik COMPSTAT’98, ktery se pravé

je.
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Abstract. In a framework of likelihood regression model, the estimator of the
response function is constructed from a set of functional units. The parame-
ers defining these functional units are estimated with the help of Bayesian ap-
proach. The sample from the Bayes posterior distribution is obtained from the
MMICMC procedure based on combination of Gibbs and Metropolis—Hastings
gorithms. The method is described for the case of logistic regression model
and for histogram and radial basis function estimators of response function.

Keywords. Markov chain Monte Carlo, Gibbs sampler, Metropolis-Hastings
lgorithm, logistic model, generalized exponential family of models, nonpara-
metric Cox’s model.

Introduction

We consider a pair of random variables X (an input, predictor) and Y (out-
yut, response) in a regression problem. Likelihood-based regression model
neans that the dependence of Y on X can be expressed with help of a re-
ponse function r(z), which is a parameter of conditional likelihood of Y given
{ = z. Examples of this are the logistic model, the generalized exponential
amily of models, models for hazard rates in survival analysis (nonparametric
Jox’s model). And, naturally, the normal regression model (actually a mem-
er of exponential family), where r(z) = E(Y|X = z) and log of likelihood
inction is proportional to minus sum of squared residuals. The inference is
ased on the maximum likelihood principle. There are essentially (as in the
se of standard nonparametric regression) two ways to solution. The first
onsists in modification of kernel estimation, so called ’local scoring’ (Hastie
nd Tibshirani 1986, Volf 1993) maximizing the local likelihoods, in an it-
rative way. The second approach is based on approximation to r(z) by a
mbination of some functional basis. The representative of estimator then

r*(z) = o' B(z,8) = )  a;Bj(z,8), (1)
1=1

here «; are 'linear’ parameters, B; are functions from a chosen functional
asis. These functions are, as a rule, specified by a vector of parameters



B = (B1,-,Bm)" (e.g. B; are knots of histogram or of splines, centers of
radial functions etc.). Direct estimation of 3 is practically intractable, even
in a setting of the normal model. Different approaches to this problem are
ggested in several papers, e.g. in discussion to '"MARS’ of Friedman, 1991,
however, this task is not solved sufficiently.

- In the Bayesian framework, the parameter 8 = (a,3) is regarded as a
multi-dimensional random vector, with a prior distribution satisfying certain
constraints. The Markov chain Monte Carlo (MCMC) simulation procedure
ers the way how to obtain the sample from the Bayes posterior distribution
elfand and Smith, 1991) In the next sections we shall describe the idea and
he a.lgonthm of the MCMC solution. We shall have in mind the histogram,
: splines or the radial basis function (RBF) approximation to function r(z),

'_ onsidering first the fixed number (M) of units. Further, we shall suggest a
method changing the number of units. The increase of M will be controlled
ith the help of the penalty criterion of the Akaike’s IC type. We consider
also the case of multivariate input, however, we deal with the additive form
of dependence of Y on components of X.

Idea of Solution

1 the paper, we deal with the combination of Gibbs and Metropolis algo-
ithms. While the former solves the problem of sequential sampling of compo-
ents of a multidimensional parameter, the latter offers a rule how to accept or
ject a newly simulated ’candidate’. The result of such a sampling procedure
3 a path of Markov chain, a sequence of ’realizations’ 6,,,m = 1,2, ... . For
oth Gibbs and Metropolis—Hastings algorithm it is proved that the Bayes
sterior distribution of € is the invariant distribution of properly generated
farkov chain (cf. Bernardo and Smith, 1994, ch. 5.5.5.). It is not difficult
) check the same property for the procedure described in the next section.
om this property it follows that if we simulate a sufficiently long chain
id cut out its (sufficiently long) initial part, the rest of the chain may be
garded as a random sample generated approximately by desired posterior
tribution. The average of this sample can then serve as a 'point estimate’ of
rameter . From this we immediately obtain an estimate of function r(z),
‘the form (1). While the computation (requiring extensive simulation) may
Il be lengthy, the essence of the approach is clear and consistent.

- Description of Algorithm

' sider a univariate regression model, assume that the response function
the form (1). The model is then given by the conditional probability or by




jts density function (in the case of continuous distribution) f(y;a’B(z,3)).
Denote the data by y,xz = {y;,z;},i = 1,..., N. Realization of  can be
regarded as a given, fixed input, with values in a bounded interval [a, b],
say, whereas y is a sequence of realizations of mutually independent random
ariables Y; = Y'(z;). The (conditional) likelihood function of y for given x

is then P(y; 8,2) = [\, f(yi; &' B(z:, B)).

Assume that for given x,y, 3 the estimate of « is obtained directly from
the linear regression context, while the parameter 3 is the subject of the
Monte Carlo procedure. Denote by go(3) the density of the prior distribution
of 3. Let q?(ﬂj[ﬁ(_j)) be the densities of corresponding prior conditional
distributions. In accordance with the Gibbs procedure, we wish to sample
new components of 3 from 'posterior’ conditional densities p;(5;|y, z, B ,-)),
sequentially for j = 1,2,..., M (here B(-;) denotes the vector obtained from
B by omitting the j-th component). However, as a rule, these densities are
not known. In order to perform the sampling (of a new Bj, for given ’old’
B; and B _;y), we recommend to use the step of the Metropolis—-Hastings
algorithm:

Sample a new candidate (] from (an arbitrary) distribution with density
-(ﬁ|6(_j)) in (Bj-1,0j+1), where B0 = a,Bm+1 =0b. If ﬁ;‘ # (3;, then put

oz, W(ﬁj,ﬁ;) 33 pj(ﬁ;lyamaﬁ(—j))q_‘f(ﬁjlﬁ{—j))

= : 2
2:Bilt, % P ) ) @)

and accept 37 with probability min{1,r}. If we now take in (2) ¢; = q5, we
obtain the acceptance-rejection rule based on

ot P(y; B3, B, )
aba o e ()

The most simple variant employs qg-’(ﬁj 1B(—j) set tq a constant in (3;-1, Bj4+1).
Such a choice corresponds to uniform prior distribution of 8 on the area

a<ﬁ1 o <,@M<b}.

- If densities g; are not degenerate, it is clear that the Markov chain of
sequentially sampled 'candidates’ 3-s is irreducible and aperiodic. Then, the
requirements for convergence of our procedure to thesinvariant distribution
(i.e. to the posterior distribution of 3, given the data x,y) are fulfilled.

3.1 Innovation of Linear Parameters

Denote the logarithm of likelihood by £ = Z:il In f(yi; &' B(x;,3)). The
method of maximum likelihood estimation of a leads to a set of equations

D1, = 2L =0, &=  — "

(')‘rn_



In the case of histogram, functions B; are indicators of intervals I; =
[Bj-1,8;). From their mutual orthogonality, a set of equations is obtained:

b3 1[:::1-51,:]3'”(”";““) B T

: aak

It is seen that a new candidate value of 3 implies the innovation of ax and
@k+1, other a; remain unchanged.

The case of the RB functional basis (and of other nonorthogonal sets of
basal functions) leads to a more complicated scheme. Full maximum likeli-
‘hood estimation of a would be an iterative procedure. In order to reduce the
computations, we made an attempt to use, at each phase, one step of the
iteration only. Moreover, for new value of fx, we innovated only the value

of ax. Namely, new af is computed from one step of the Newton—Raphson
‘algorithm:

D1,
a; = — — 4
‘where the right side contains the new candidate 3} and ’old’ values of other
parameters, D2, = 0°L/8a;. We experimented with functions B; chosen

as the Gaussian density functions with locations (centers) 3; and with a fixed
scale parameter. A variant of the method adapted the scale parameter to the
actual distance between neighbouring centers. In spite of the fact that these

‘RB functions did not create an orthogonal basis, the results of the procedures
were encouraging.

4 Change of Number of Knots

There are several possibilities how to change the number of functional units
during the procedure of random sampling. We can consider M as an integer-
wvalued random variable and make it the part of Bayesian scheme. However,
the disadvantage of this approach is that the whole model has to be re-
estimated for each chosen M. '

Arjas and Gasbarra (1993) have suggested an approach which, at each
step, changed only a part of the model. We have experimented with a similar
Procedure. A new [ is sampled as before, however, if 37 < 3;, then B; is a
candidate for a new additional knot. In such a case, we examine whether the
addition of one knot (i.e. of one unit from corresponding functional basis)
improves the fit of the model sufficiently. In a non-Bayesian setting, this is
measured by a penalty criterion. For example, it is recommended (among
other criteria, e.g. AIC, GCV, see also Friedman, 1991) to use the criterion
'ﬁ'i,,e:cp(ﬁ”;), where ~ is a number from (0,0.5), 63, is the estimate of residual
~ variance. Quite similarly, we suggest the penalized likelihood. Denote by 3*



- the set of knots including the additional knot B;. The acceptance/rejection
- of a new knot is then based on penalized hke]lhood ratio

Ply: 3" n=) 1
P(y:B,2) P W)

If 3} is rejected as a candidate for the additional knot, then it passes through
ordinary decision procedure (3), i.e. it can still replace the old ;. The addi-
tion of new knots can be complementary controlled by a rule guaranteeing a
reasonable minimal distance between them (similarly as in Chen et al., 1991).

'5 Multidimensional Regression

- Assume that variable X is now a p—variate vector. Many authors, even in
the situation of normal regression model, consider the additive form of multi-
variate regression. The response function r(x) is then a sum of p component

functions, the algorithm of estimation innovates repeatedly one component
after another one.

The adaptive procedures of regression modelling (e.g. the MARS) deal also
‘with functions of interactions of several predictors. Histogram-like multi-
‘dimensional construction is considered already in procedure of Regression
‘Trees. The essential problem is how to reduce the space of possible candi-
‘dates for new partitions or new centers. The candidates are, as a rule, derived
from the design of data points x;. For instance, the candidates for new cen-
ters of (multidimensional) RB functions are chosen at realized data points,
on the contrary, a new partition line of a histogram should be drawn amidst
‘the data points. In such a way, the space of candidates (for sampling and
selection) can be reduced to a discrete set of values.

" In the following, let us assume that the response function is additive and
that each its component is modelled as a combination of a set of functional
units. For simplicity, let us consider the histogram approximations to these
component functions. We thus get a model with response function

r M,

T(:B ZZGJS js msa Za BS('IS'J )

g=1 5=1

where Bijs(zs,8,) = 1[zs€[Bj-1,s,Fjs)] are indicators of corresponding inter-
als in the domain of z,.

Let B3, be a newly generated candidate for the knot between £;_, ¢, B;41.¢.
Corresponding values of parameters ay,, for k = j,7 + 1, can be obtained
from the likelihood equations. We compute again their approximations with
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the help of one step of the Newton-Raphson algorithm (4), where now

'. Oln flyson + 3, ., o B.(z.4,8,)) oD1
Bl = E 1{z¢iel : i O i Wi = 2
) Lkt : [ t kt] 0 . 124 .
Properly adapted rule (3) then decides whether the new value of parameter

s accepted or rejected. The procedure then proceeds to next j, until j = My,
then to next ¢, etc.

Conclusion

lhe method has been checked with a set of both artificial and real exam-
les. We analyzed for instance the cases of nonparametric Cox’s model of
he hazard rate, the cases of logistic regression, and a number of standard
Jonparametric regression problems. We employed the histograms, the set of
functions, and also the basis of cubic B-splines. The comparison with the
on-Bayesian adaptive procedures showed the main advantages and draw-
acks of the method. The main difference consists in that the adaptive pro-
2dures can be controlled by an analyst at each step of iteration, meanwhile
ie MCMC method runs automatically, which can lead to a rather long com-
_'ta.tion. The advantage is the convergence to optimal solution, and also a
ood interpretation of results of Bayesian inference.
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STATISTICKE METODY PRO HODNOCENI HOMOGENITY
TEXTILNICH MATERIALU

ALES LINKA A PETR VOLF

ABSTRAKT. Clanek poskytuje prehled statistickych metod pro sledovani nestej-
nomernosti textilniho materialu na zakladé ziskané obrazové informace. Detail-
néji je zkoumano vyuziti nahodnych poli, specialné Isingova modelu, pro sledo-
vani nestejnomeérnosti netkané textilie.

Pesioma. B ctathe paccMoTpennl MOAETM M CTATUCTHUECKUE METOILI AHA-
au3a obpazos ¢ npuMeHeHueM K Kiaccupukalum U anaju3dy OoHOpoI-
HOCTH TEKCTUMIRHLIX MaTepuanon. Menonaorannn Mmonenu cnydainpix rmo-
aeit Mapkopa (nanpumep moznenu Mceunra) ¥ xapakTepuCTHKH paccripe-
JIe/ICHUI BEPOATHOCTH B 3TUX MOJAX.

ABSTRACT. The contribution presents a selection of methods for the analysis
of textures, with the application to the inspection of nonhomogeneity of textile
materials. A set of statistical characteristics of textures is reviewed and used for
the classification of real textile material images. Further, the models of Markov
random fields are recalled, their parameters are estimated and then utilized for
the characterization of a texture.

1. Uvobp

Jednim z kritérii hodnoceni kvality textilie je i sledovani rovnomérnosti uspora-
déni materialu. Pripadna nerovnomérnost se muze projevit kolisinim hmotnosti,
mechanickych a fyzikdlnich vlastnosti, ¢i nestejnomérnou strukturou (prodysnosti,
porositou). Pro méfeni takovéto nestejnomérnosti existuje fada pfistupt, od sub-
jektivniho vizualniho hodnoceni az k pocitacovym metodam analyzy obrazu, napr.
Militky (1998), Cohen (1991), Finsker (1997).

V préci popiseme nékteré z metod statistické analyzy nestejnomérnosti materi-
alu a zaroven se pokusime provést klasifikaci podle stupné nestejnomérnosti. Pritom
budeme predpoklidat, Ze analyzovana data byla ziskdna snimanim digitalnich ob-
razi textilie, a Ze zkoumany vzorek materialu je rozdélen do obdelnikové sité bunék
(pixli), pficemz kazd4 buiika vykazuje konstantni ,barvu® ({roven sedi). Skéla pro
ybarvu* zavisi na nasem vybéru, v nejjednodussim pripadé pracujeme s binarnim
obrazem, tj. s dvémi hodnotami 0 (bild) a 1 (¢erna).

Budeme se podrobnéji vénovat pouziti modelu Markovskych ndhodnych poli pro
sledovani nehomogenity netkané textilie. Modelovani textur pomoci nahodnych poli
a jejich klasifikace na zakladé odhadu parametrii modelu nahodného pole byla zkou-
ména v poslednim 20 letech napf. Cross (1983), Winkler (1998), Johansson (2000)
atd.. V fadé pfipadii byla rovnéz aplikovana na textilni struktury Cohen (1991),
Carstensen (1992), Finsker (1997). Pfedevsim nedostatecna rychlost a efektivnost

2000 Mathematics Subject Classification. Primary 68T10; Secondary 62P30.
Klicovd slova. Nestejnomérnost, fizeni kvality, Shewhartiiv diagram, nahodné pole, Isingitv mo-

del, textilni material.
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vypoctu odhadu parametru nahodného pole, zatim brani jejich rozsahlejsimu na-
sazeni pro ,on-line* sledovani textilii. Z tohoto divodu pracujeme s jednoduchym
Isingovym modelem pro binarni obraz textilie. Nutno oviem konstatovat, Ze i tento
zvoleny postup ma radu tuskali véetné predzpracovani snimaného obrazu.

Abychom mohli efektivné porovnat vysledky ziskané z Isingova modelu, byla nej-
prve provedena texturni analyza a na zakladé zjisténych texturnich charakteristik
byla provedena klasifikace nehomogenity rozlozeni materialu v netkané textili pomoci
klasifikacniho stromu. Tento pfistup, ktery obvykle vyuziva texturni charakteristiky
vypoctené na zakladé matice vzdjemného vyskytu trovni Sedi (,grey level cooccu-
rence matrix“), byl studovin v fadé praci, za véechny uvedme Weickert (1998) a
Bodnarova (2000), jez se pfimo vztahuji textilnim texturdm.

2. KLASIFIKACE S VYUZITI TEXTURNICH STATISTIK

Textura je dilezitou ¢asti interpretace obrazu. Jeden z pfistupii k texturni analyze
vyuziva Ciselné charakteristiky vypoétené z matice vzajemného vyskytu urovni sedi
pro charakterizaci pfislusné textury. Poprvé byly tyto éiselné charakteristiky pou-
zity pro analyzu textur v praci Harlick (1973). Zde rovnéz nalezneme prvni pokusy o
vyuziti téchto charakteristik ke klasifikaci, v tomto pfipadé mikrofotografii piskovce.
Problematikou klasifikace textur na zékladé zjisténych charakteristik se zabyvala
cela fada dalSich autort, za vSechny uvedme Wezska (1976), Conners (1980), de
Buf (1990) a Berry (1990). Carstensen (1992) testoval informativnost charakteristik
pomoci metody klasifika¢nich stromi na 15 vybranych Brodatzovych texturach, pri-
¢emz ve vybéru byly jak textury deterministické, tak stochastické, v obou pripadech
velmi podobné texturam textilnim. V praci Bodnarova (2000) jsou tyto texturni cha-
rakteristiky pouzity pro detekei kazii tkanych textilii, vysledky jsou pak porovnany
s vysledky ziskanymi na zakladé spektralni analyzy.

Texturni statistiky jsou velmi ¢asto klasifikovany do skupin - statistiky 1. radu,
statistiky 2. fadu a statistiky vyssich radu. Statistiky 1. fadu se vztahuji k margi-
nalnimu rozdéleni irovné Sedi. Statistiky 2. fadu charakterizuji sdruzené rozdéleni
tirovni Sedi dvou pixli, statistiky vyssich fadi se potom tykaji sdruzeného rozdéleni
trovni sedi tfi a vice pixli.

V dalsi éasti nejprve podame piehled texturnich statistik pouzivanych v analyze
textur. Déile se pokusime s pomoci texturnich statistik rozklasifikovat obraz netka-
ného materialil do pfiblizné homogennich skupin. K vlastni klasifikaci bude pouzita

OBRAZEK 1. Ukézka 7 pruhit netkané textilie, u kterych byla po-
suzovana homogenita rozlozeni materialu.
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metoda klasifika¢nich stromi, specialné vyuzijeme porceduru pro klasifika¢ni stromy
v programu Splus2000.

2.1. Texturni statistiky 1. fadu. Texturni statistiky 1.fadu mohou byt vypoé-
teny ze zjisténych cetnosti {n;}%' trovni sedi v obraze, N oznacuje celkovy pocet
pixlii v obraze. Oznacime-li G pocet trovni sedi, potom Z,G:Bl n; = N. Oznaéme
déle p; = % relativni ¢etnost Grovné Sedi i, potom {p;}7 "' je zaroveii odhadem
pravdépodobnostniho rozdéleni irovné Sedi. Pro odhady texturnich charakteristik
1. fadu plati:

Al. Odhad stredni trovné Sedi

Q
|

A2. Odhad rozptylu tirovné Sedi

A3. Odhad variacntho koeficientu

| @

A4, Vybérova Sikmost irovné Sedi
Gl

= (i — ) pi.

chl Nt
1l
o

A5. Vybérovd Spicatost trovné Sedi
1 61
A o aRdia
"/2—672(1—.”) pi—3

A6. Energie urovné Sedi

(3:}]
Il
- Q
Il |
= —
=
-Th

A7. Entropie urovné sedi

G-1
§=-— Z fjf logﬁl

=

Texturni statistiky 1. fadu velmi zdvisi na svételnych podminkach. Je béznou
praxi, ze se snazime tento vliv eliminovat. Obvykle to providime tak, Ze se urovné
gedi transformuji do nového obrazu. V novém obrazu jsou vétsinou jednotlivé jasové
{irovné zastoupeny rovnomérné, tomuto postupu fikame ekvalizace obrazu a vede na
zvyseni kontrastu obrazu,
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2.2. Texturni statistiky 2. fadu. Statistiky 2. fadu jsou obvykle zaloZeny na
matici vzajemného vyskytu trovni Sedi, ktera zhruba feceno popisuje prostorové
zévislosti mezi jednotlivymi irovnémi sedi. Matice vzajemného vyskytu trovni Sedi
{ciy(h),i=0,...,G-1,j=0,...,G~1} je definovana vzhledem k danému posunuti
h = (k,l) a prvku (i, j), pfi¢emz hodnota ¢;; oznacuje kolikrat se objevuje uroven
Sedi j v pozici h relativné k bodu, jez ma uroven Sedi 7. Oznacime-li ny celkovy
pocet dvojic s posunutim h, pak
Ciy(l) = 28
Tth

odhaduje sdruzené rozdéleni tirovni Sedi v zavislosti na daném posunuti h (dale Cij
bude oznacovat C;;(h)). V praxi se velmi ¢asto voli pro h hodnoty (0,1), (1,0),(1,1)
a (—1,1). Z matice vzajemného vyskytu tirovni §edi miizeme vypoéitat texturni cha-
rakteristiky sdruzeného rozdéleni arovni Sedi, které lze pouzit pro popis a klasifikaci
textur. Mezi texturni statistiky 2. fadu z matice vzajemného vyskytu trovni Sedi
zarazujeme nasledujici statistiky:

Bl. Energie (Druhyj angularni moment)

Gl

by

i=0 j7=0

B2. Entropie

ij-
i,
B4. Korelace (Autokorelace)
Fea L Gl e e
e (i = f12) (4 = y)Cis
= G0y
i=0 j=0

kde fir, i,,0,7, jsou odhady stfedni hodnoty a rozptylu zaloZenych na odhadech
marginélnich rozdélenich C7 a C7.

B5. Diagonalni moment
d=73_ Y li=il(i+3— fiz = i)Cij-

Z matice vzajemného vyskytu urovni sedi miuzeme obdrZet odhad rozdéleni ab-
solutnich hodnot rozdilii tirovni Sedi dvojic pixli
G-1G-1

D"‘::ZZCU‘ k:ﬂ,...,(?—l,

i=0 j=0
N, e’
li=jl=k
Na toto rozdéleni miizeme divat jako na odhad rozdéleni vzdalenosti od hlavni dia-
gonély v matici vzajemného vyskytu tirovni Sedi.
Texturni statistiky 2. fadu vypoctené z odhadu rozdéleni absolutnich rozdili

irovni Sedi dvojic pixli:
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B6. Energie rozdéleni absolutnich rozdilii drovni Sedi

k. G-1
ed= Y DL
k=0

B7. Entropie absolutnich rozdilii tirovni Sedi

” G-1
sd=— Dy, log Dy,
k=0
B8. Variogram (Inerce, Kontrast)
. G-1
vd =" k* Dy = 25(1 - p).
k=0

B9. Lokalni homogenita

g
A I
ld = E 3
2
e k
Z matice vzajemného vyskytu urovni Sedi miiZeme rovnéz obdrzet odhad rozdéleni

souctu hodnot trovni Sedi dvojic pixli
eolaal

S=30 3 Oy h=0,. .. 26 =2;

i=0 j=0
[ el
i+j=k
Pro vybérovy priumér tohoto rozdéleni plati

2G-2
sa= Y kSk={fiz+y
k=0

Texturni statistiky 2. fadu zalozené na rozdéleni souc¢tu urovni Sedi dvojic pixli:

B10. Energie rozdéleni souctu urovni Sedi
2G-2
S 2
€8 = E Sk
k=0

Bl1. Entropie rozdéleni souctu trovni Sedi

262
FE—— Z Sk log Sk.

k=0
B12. Odhad rozptylu rozdéleni souctu urovni sedi

2G-2
08 =Y (k—3a)’ Sk
k=0

B13. Odhad trettho momentu rozdéleni souctu tirovni Sedi (,,Cluster Shade“)

__ 26-2
(P — (k — 5a)® Sk
k=0
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Bl4. Odhad cturtého momentu rozdéleni souctu irovni Sedi (,Cluster Prominency*)

2G-2
ps= > (k- sa)* Sk
k=0

B2<8.65281 B7<3.74483

8.6528
B4<(.923 B7<8.824
B2<§.56516 B1<(.00019
G
4
A 1
(b)

(a)

OBRAZEK 2. Klasifika¢ni stromy pro klasifikaci homogenity rozlo-
zeni materialu v netkané textilii v pfipadech: (a) Prima nefizena
klasifikace kusu textilie A-G (viz obrazek 1) pomoci klasifika¢niho
stromu, (b) Nezavislym posuzovatelem byla provedeno rozdéleni
casti textilie do 4 skupin (viz obrazek 1) a nasledné byl pouzita
metoda klasifikacniho stromu.

r
| A c
0s34 a :B b
| G G F 1]
o E &
| ]
o F E = B
& B
2 = F
c E
08 ar p e
A
G
T - an .
8 a2 na aE [ an [ e ne ne
B2 B2
(al) (a2)

OBRAZEK 3. Graf rozdéleni hodnot statistiky B2 proti hodnotam
statistiky B4 (al), resp. hodnot statistiky B2 proti hodnotam sta-
tistiky B7 (a2) v pfipadé klasifikace (a).

2.3. Priklad. Obraz netkané textilie byl rozdélen do 7 pruhit velikosti 200100
pixlii (viz obrazek 1). Jednotlivé pruhy jsou oznaceny pismeny A-G. Kazdy z pruhii
byl rozdélen do dvou oken velikosti 100x100 pixli. Za predpokladu homogenity
kazdého z jednotlivého pruhfi mizeme kazdému ze dvou oken prifadit stejny faktor.
Pro kazdé okno byly vypoéteny ¢iselné charakteristiky B1 — B14 zaloZené na pfislusné
matici vzdjemného vyskytu trovni Sedi pro horizontalni posunuti h = (0, 1) v okné
(100100 pixli). Pomoci metody klasifika¢nich stromil byla na zakladé zjisténych
texturnich charakteristik B1 — B14 provedena nefizend klasifikace textur. Prislusny
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TABULKA 1. Pfifazeni jednotlivych oken (obrazek 1) k uzliim v
pripadé klasifika¢niho stromu (obrazek 2a).

klasifikacni strom je na obrazku 2a. Pro klasifikaéni strom 2a ma vypis s programu
Splus2000 nasledujici podobu:

Classification tree:

tree(formula=cvy20,na.action=na.exclude,mincut=2,minsize=5, mindev=0.001)
Variables actually used in tree construction: [l| "B2" "B4" “B7"

Number of terminal nodes: 4

Residual mean deviance: 1.664 = 16.64 / 10

Misclassification error rate: 0.4286 =6 / 14

Vidime, Ze jako typické tfidy byly vybrany A, C, E, G, ostatni 3 k nim byly pfira-
zeny. Pri blizsim prozkoumani koneénych uzli (viz tabulka 1) zjistime, Ze do stejnych
skupin byly priblizné zafazeny pruhy, které jsou stejné homogenni co do rozlozeni
materialu. Nejdulezitési charakteristikou pro klasifikaci byla B2 (entropie).
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.
3
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3 3 | 0007 1 4 g 2% 4 4 2
an
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OBRAZEK 4. Graf rozdéleni hodnot statistiky B7 proti hodnotiam
statistiky B2 (bl), resp. hodnot statistiky B7 proti hodnotam sta-
tistiky B1 (b2) v pripadé klasifikace (b).

Obrazek 3al ilustruje rozdéleni statistiky B2 proti B4 a obrazek 3a2 rozdéleni
statistiky B2 proti B7. V pfipadé klasifika¢niho stromu na obrazku 2b byly okna nej-
prve z pohledu homogenity rozloZzeni materidlu posouzeny nezavislym posuzovatelem
a rozdéleny do 4 skupin (viz obrazek 1). Toto rozdéleni bylo nasledné spolu s hod-
notami texturnich statistik Bl — B14 pouzito pro konstrukei klasifikaéniho stromu.
Pfislugny klasifikacni strom je na obrazku 2b a méa vypis s programu Splus2000 ma
nasledujici podobu:



Statistické metody pro hodnoceni homogenity textilnich struktur 171

Tiida 3: 10
ida 128 130114

3
iTeel m el ted o]0
~

1
(Frlda 2 38506
2
Trida 4:
Tida 4 derdismi S URIIL
2 4
TABULKA 2. Pfifazeni jednotlivych oken (obrazek 1) k uzlim v
pripadé klasifika¢niho stromu (obrazek 2b)

Classification tree:

snip.tree(tree=tr2,nodes=7)

Variables actually used in tree construction: [1] "B7" "B2" "Bi"
Number of terminal nodes: 4

Residual mean deviance: 0.5004 = 5.004 / 10

Misclassification error rate: 0.07143 = 1 / 14

Pouze jedno okno (7.143%) nebylo klasifikovano spravné (viz tabulka 2). Nejdiilezi-
tési charakteristikou pro klasifikaci byla B7 (entropie rozdéleni absolutnich rozdili).
Obrazek 4bl ilustruje rozdéleni statistiky B7 proti B2 a obrazek 4b2 rozdéleni sta-
tistiky B7 proti B1.

Zavérém tohoto odstavee poznamenejme, ze oba stromy klasifikuji podle statistik
B1,B2,B4 a B7, z pohledu nehomogenity rozloZzeni materialu dostdvime srovnatelné
vysledky.

3. VyvuZIiTi MODELU NAHODNEHO POLE

Tento pristup vyuziva toho, Ze je mozné popsat digitdlni obraz textilie (a speci-
alné textilie netkané) jako realizaci nahodného pole urcitého typu. Obraz je tvoren
konfiguraci stavii x = {x;, i € I} v dvourozmérné siti indext I = {1,2,..., N}, kde
index i € I oznacuje uréity element (pixel) obrézku. Zpravidla z; nabyvaji jen néko-
lika hodnot (odpovidaji napf. riznym barviam) a predpoklada se, ze jsou vzajemné
svazana, alespon s hodnotami v sousednich polich tak, Ze nahodné pole vykazuje
Markovskou vlastnost.

Predstavme si nejjednodussi pripad, kdy obrazek je bindrni, hodnoty x; jsou bud
0 ¢ 1. Formulujme rozdéleni pravdépodobnosti ndhodné velic¢iny x, Q(x), tj. pravde-
podobnost pro konfiguraci hodnot z; davajici vysledny obraz. Jednim z pouzivanych
modelt je Isingfiv model, Janzura (1990), Winkler (1995), Tjelmeland (1998):

ImQl )= C+OZS’.‘,- +,!3Z Z BT

i JEO;
kde C je nezndma normujici konstanta také zavisici na a, 5 a O; predstavuje okoli
bodu i. Druhy élen tedy vyjadiuje vzajemnou vazbu sousednich poli, napi. § > 0
znamena, ze spolu sousedi spige stejné barvy. Dale napi. a = 1129[ (3 znamena, ze
obé barvy jsou stejné pravdépodobné, kde |O| je pocet bodl v okoli. My budeme
pracovat s okolim slozenym ze vSech sousednich, tj. 8 bodii.

Snadno odvodime podminéna rozdéleni pro hodnotu v jednom bodé, pti danych
hodnotach v ostatnich bodech:
(1) In Qi(x; | X(-1)) = ax; + Bz; Z z; + Ci,

JEO:
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coz vede na pravdépodobnost (logisticky ¢i logitovy pravdépodobnostni model)

1
il = =
Qi(mi=0]x(—) o (a+,82@,.::{;)’
a pfirozené Qi(z; = 1|x(_y) =1 — Q;(x; =0|x(-4)

Je také pomérné snadné pro dany Isingiiv model vygenerovat jeho reprezentaci, tj.
charakteristickou konfiguraci, obraz, pomoci Gibbsova nebo Metropolis-Hastingsova
algoritmu, tzn. postupii znamych jako Markov chain Monte Carlo (generované Mar-
kovovy retézce, MCMC, Geman (1984) Bernardo (1994), Tjelmeland (1998)).

Na druhou stranu, neni zcela jednoduché pro dana data — konfiguraci nul a jedni-
¢ek — odhadnout parametry modelu (pfedevsim diky neznalosti normujici konstanty
C, ktera na parametrech zavisi a jejiz zjisténi komplikuje rozsahlost tilohy).

Ulohu maximélné vérohodného odhadu (MLE) je mozné fesit opét pomoci inten-
zivnich simulaci metodou MCMC. Je nutno vSak nejdfive obejit fakt, ze nezname
normujici konstantu. K jejimu alespon "relativnimu” odhadu se pouziva Gibbsfiv
algoritmus, Tjelmeland (1998b). Potom pomoci dalsi MCMC procedury, napf. al-
goritmu Metropolise-Hastingse, se generuje reprezentace aposteriorniho rozdéleni
neznamych parametrii v a 3, s vyuzitim naméfenych dat. Timto postupem zdroven
ziskame 1 empirické kvantily aposteriorniho rozdéleni, coz ndm opét umozni testo-
vat shodu dat s ocekavanym standardem (Isingovym modelem pro “idedlni” textilii)
a také odhalit zmény modelu — tj. zmény charakteru struktury materidlu. Tento
postup je vSak prilis vypocetné (tj. i asové) naroény pro operativni on-line analyzu.

Proto se pouzivaji metody zvané maximalné pseudo-vérohodny odhad, MPLE,
Besag (1986), Tjelmeland (1998b), které pracuji s aproximaci vérohodnostni funkce.
Nejjednodussim pfistupem v dané situaci je pouzit jako pseudovérohodnostni funkei
prosté sou¢in podminénych jednorozmérnych pravdépodobnosti (1):

Q" (x,0,8) = [[ Qi(zilx(~s), @, B).

el

Logaritmus této funkce se maximalizuje pfes e a 3. Dostavame:
NG — Z;{:‘-(u ) Z T;) — an(l + expla + 3 Z T
iel JE€EO: tel JEO;
Oznac¢me S1 =3, i, Ji =) .co, Ti, S11= Y ic1 TiJi. Potom
- r 3 P - J- i J
dln@Q _s1 _Z exp(a + B.J;) ‘ dln@ a%ae _Z ,ehcp.(a+,6 i) ‘
dax e exp(a + BJ;) as « 1's exp(a + 5J;)
K vyfeseni rovnic Q*/da = 0, 8Q*/0F = 0 mizZeme pouZit napf. algoritmu
Newtona-Raphsona, ktery iteruje posloupnost feseni nasledujicim zptisobem:
9““1 =¢'*) — p2-'D1,

kde pro nas je = (a, ), 0'*) je s-ta iterace feSeni, D1 = (9Q*/0«a,0Q" /0B)
vektor 1. derivaci In@* a D2 je matice 2. derivaci:

9 nQ* exp(a + 4J;)
D2, = a2 __Z(l-t—e:rp(ﬂ—f-ﬁ-)':.))z
?*nQ* Jiexp(a + B.J;)
D21, =D2;; = a8 G _Z (1+ exp(a + 8J;))?’
022?1(24 J"’r zp(a + 4J;)
D23, = “ 8% Z (1+ exp(a+ BJ;))*
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Lehce se ukaze, ze D2 je negativné definitni matice, ¢ili ze funkce [nQ* je konkévni.
Navic, protoze D1 protind zjevné bod (0,0), nutné jej protind v jediném bodé
(tj. odhad existuje s pravdépodobnosti 1), ke kterému tedy sméfuje nase reseni
maximalizace funkce InQ* (a to z jakéhokoli poéateéniho bodu 6(0),

Teorie MLE fika, Ze odhad metodou MLE je za urcitych podminek regularity
konzistentni a asymptoticky normalni. Tato limitni normalita se pak vyuZziva jako
aproximace pro praci s kone¢nymi soubory dat. O MPLE je dokézana jejich konzis-
tence, alespon pro takové pfipady, jaké uvazujeme zde, Tjelmeland (1998b). Mélo
je viak znamo o rychlosti konvergence. Jsou také znamy vysledky o asymptotické
normalité odhadii parametri metodou MPLE, Janzura (1992), Tjelmeland (1998b).
Presto je vhodné se o vhodnosti aproximace rozdéleni MPLE normélnim rozdélenim
presvédcit simulacnimi studiemi, zejména z proto, Ze praktické metody pouzivaji
vlastné nékolikerou aproximaci. Pfes tyto nejasnosti, metoda zde navrzena pro ex-
ploratorni analyzu nestejnomérnosti materialu predpokladu o pfiblizné normalnim
rozdéleni odhadii parametrt vyuziva. Metoda je pouzitelnd jak k testovdni homo-
genity, tj. stability parametr(i v riiznych éastech analyzovaného pole (tento postup
ukazeme v nasledujicim pfikladé), tak na testovani shody parametrii s oéekdvanym
standardem.

Pro pfipad poli s vice hodnotami ¢i s jinak pojatymi vazbami jednotlivych hodnot
jsou k dispozici dalsi typy modelii, od dvourozmérnych Poissonovskych procesii az
po tzv. Gibssovska ndhodna pole, Winkler (1995), Tjelmeland (1998).

50

100

150 -

200

OBRAZEK 5. Pruh netkané textilie v Sedé skale a prislusny seg-
mentovany binarni obraz vytvofeny pomoci funkce im2bw(I,0.6)
z matlabského packetu Image Processing Toolbox

3. Piiklad. Budeme analyzovat nestejnomérnost pruhu netkaného textilniho mate-
rialu, jehoz bindrni obraz je na obrazku 7. Budeme postupné hodnotit nepfekryvajici
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OBRAZEK 6. Pocty ¢ernych bodii a vazeb sousednich éernych bodi
v jednotlivych oknech
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OBRAZEK 7. MPL odhady parametrii Isingova modelu v jednotli-
vych oknech

se tiseky délky 50 (a celé 5ifky 200), tj. dostaneme postupné 14 poli. V kazdém vy-
hodnotime
(1) poéty S1 =3 =; a S11 =} J;, viz obrzek 8,
(2) MPLE odhady parametrii o, 3 Isingova modelu, viz obrazek 9. Navic v hor-
nim grafu jsou rovnéz carkované zobrazeny hodnoty —4 . Kladné hodnoty
& — 43 znamenaji, Ze hodnoty “1" jsou preferovény pred hodnotami “0”.
Kladné hodnoty 3 zpiisobuji, ze model podporuje shlukovani bunék stejné
hodnoty.
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Z takto ziskanych 14 hodnot kazdé veli¢iny jsme také spocetli priméry a smérodatné
odchylky. Do grafi jsme pak vynesli i tyto priméry a pasy kolem priiméri tvofené
2, resp. 3 - nasobky smérodatné odchylky.

Pro iteraci o, 3 stacilo vzdy jen nékolik (< 10) krok Newton-Raphsonova algo-
ritmu, zadinali jsme v a(®) = 0, 309 = 0. Porovnénim grafu odhadu a a 3 zjistime,
ze je stale a > —48, i v oknech, kde prevazuji bila mista. Zdivodnénim muze byt,
ze skutecna data neodpovidaji Isingovu modelu s jednoduchymi interakcemi.
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Abstract. The present contribution deals with a data analysis problem which
is of great importance for many experiments in high energy physics, namely
the problem of recognition of circles in observed noisy planar data. The situ-
ation is formulated in terms of the Bayesian estimation problem, the solution
1s based on the Metropolis—Hastings algorithm.

Keywords. Markov chain Monte Carlo (MCMC), Metropolis-Hastings algo-
rithm, Bayesian estimation, ring imaging Cherenkov (RICH) detector

1 Introduction

Markov chain Monte Carlo (MCMC) generates a Markov chain whose proba-
bility distribution converges to a given target one. When combined with sim-
ulated annealing, MCMC is used as a method of randomized optimization.
In the present contribution the MCMC approach is applied to a problem of
recognition of certain structures in planar data, namely the problem of fitting
circles to data obtained from Cherenkov photons detector. As the data are
contaminated with random noise, the problem is formulated as a problem of
statistical estimation of a multivariate parameter in the framework of a prob-
abilistic model of the physical phenomenon. The paper is organized as follows:
First, properties of Metropolis-Hastings MCMC algorithm are recalled. Then
the performance of Cherenkov photons detector RICH is described. Finally,
the method for off-line analysis of Cherenkov rings is presented.

—

2 On hybrid MH algorithm

The idea of Metropolis-Hastings algorithm is described elsewhere (e.g. in
Roberts & Smith, 1994). In the context of the Bayesian estimation problem,
the limit (target) distribution is the posterior distribution of model param-
eters given the data. In standard cases, this distribution is either a discrete
one or has a density w.r. to some fixed measure. Let g(6|x) be such a density,
0 the parameter of interest,  the data. The Metropolis-Hastings algorithm

generates the chain of values of parameters {9("‘), m=0,1,.. .} in the fol-
lowing way: In state 8, it first proposes a new value 8*, drawing it from a
conditional distribution P(d@"(ﬂ("‘)). Then, 8™ is set to 8* with proba-

bility
[, 9(0"|w) P(d0™]0°)
T 90|z Pderet™) |




otherwise '™+ = glm) 1f the proposals generate an irreducible and ape-
riodic sequence, the convergence of distribution of (™ to the distribution
given by g(0|x) is guaranteed. If we denote by p(x; 0) the probability density
f the data for a given parameter value 8 and by go(0) the density of the prior
distribution, then g(0|x) ~ p(x;0) - g5 (). In the special case, when the prior
distribution is used as a proposal distribution, the acceptance probability

" .0
educes to min I,Jﬁ—%—p = -1,
i { p(x;0 )}

In the case of a multidimensional parameter the standard version of the
method updates one component of 8 after another (visiting them either ran-
domly or systematically). However, in many cases of Bayesian parameter
estimation, the parameter dimension is not known. It is then necessary to
consider several different types of transitions, some of them changing the di-
mension of the parameter. Their combination then leads to what is called a
hybrid algorithm. The problem is that now the probabilities P(d@|6*) and
P(d@*|0) may be defined in different spaces. Such a situation is discussed
and cleared up for instance-in Green (1995), for further explanation see also
Tierney (1995). It is shown that two mutually reverse steps have to be defined
with respect to a symmetrical joint measure (which actually is a product of
peasures corresponding to individual steps) and restricted to subspaces of
tems which can be reached one from the other. These conditions are more

ecis;ely characterized by the “dimension matching” assumption of Green
1995).

Application — the RICH detector

'he Rich detector registers (in a finite two-dimensional grid) the incidences
hits) of Cherenkov photons emanated by particles passing through the de-
ector. The hit points create a number of rings, with different centres and
sadii. From the radius the type of the original particle is to be recognized.
dowever, the incidence points are not observed directly, the data consist of
néasurements of energy at cells of the grid of the detector. Typically, the
mergy released by a photon hit is not concentrated to one site but is fran—
omly) dissipated in several adjacent cells. Thus, we observe a number of
points (cells) with positive energy (amplitude). The objective is to recognize
he rings (and their number).

The method which is used up to now consists of two steps: in the first one
he centres of photon hits are estimated with the aid of a clustering pro-
edure, the second step fits rings to these centres (Agakichiev et al., 1996;.
3oth steps were combined to one robust procedure in Chernov et al. (1995
'he simplest (and not too reliable) method uses weighted averaging, with the
advantage that it can be employed also for on-line computations. As regards
n off-line analysis, a number of different techniques (including methods of
attern recognition) can be considered. We have explored an application of
he MCMC method, in the framework of Bayesian estimation of unknown
arameters. The distribution of observed data is rather complicated, for in-
tance it includes a distribution of points of hits and this distribution should
e integrated out. Moreover, the presence of frequent additional ‘noisy’ back-
round photons has to be taken into account. In a traditional approach the
pbust. technique was used (e.g. a part describing the contamination was
dded to Gaussian distribution of hit points). We avoid this by introducing
 Poisson model of occurrence of background photons.
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4 Probabilistic model of RICH

Let us first consider one ring created by photons emitted by one particle. At
least partial information about the particle trajectory is available, so that the
position of centre of phe ring is known to a certain extent. This information
can be used for a choice of prior distribution. As regards the radius, a simpli-
fied case deals with only a few different radii, so that the prior distribution
of the radius is selected either as a discrete one or as a mixture of normal
distributions, each concentrated around one of expected radii values.

4.1 Notation
N is a N x N grid of cells of the detector screen. Each cell s € N is given
by its coordinates s = (i, 7), 1, j € {1,...,N}.
¢ = (cz,¢y) € N is the position of the centre of a Cherenkov ring, R is the
radius of a ring.

K —random number of Cherenkov photons emitted by one particle collision,
A — the mean of K.

L — number of background photons, u their intensity (mean number). In a
more general case, p can also be an unknown parameter.

(z,v) ()E N is a point (cell) hit by a photon (either a Cherenkov or a noisy
one). .
Ay is the energy observed at cell (u,v) € N, so that A = {A,,} are the

data registered by the detector.
Ay is the energy expected at site (u,v). Naturally, it depends on the posi-
tion of ¢, on R, K, L, on locations of the hit points (z,y). :
The energy produced by one photon is random. It can be modelled with th
aid of the exponential distribution. In order to avoid analytical problems
caused by the local dependence of A,, we approximate the energy by its
expected value E which is supposed to be known.

4.2 Description of distributions entering the model
go(c) is the prior distribution of ¢ (actually a two-dimensional density dis-
cretized to NV). :
fo(R) — prior distribution of R (or its density).
P\(K), P,(L) — Poisson distributions of numbers of photons, with param-
eters \, p respectively. It is assumed that background photons are dis-
tributed uniformly in the area V.

As regards the hit points of Cherenkov photons, we assume that they are mu-
tually independent (given K, ¢, R), and that each is given (in radial coordi-
nates around centre ¢) by the angle ¢ and radius r. Angle ¢ is distributed uni-

formly in ((), 27r), T~ N(R,U?{) Then, for (lp,?‘) = {((,Ok,‘f‘k), k=1, ..,I{},

K

1 r — R)?
f((p’rlK’R) — H {fl(Tk[R) . 51;} g fl(TlR) = \/2_7;(”2-@;(13 («»—(2_0?2.)._.)
)
(1)

and corresponding (z,y) coordinates are

T = Cz + Tk COS Pk, Yk = Cy + Tk Sin Pg. (2)
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The expected contribution of a photon hitting the cell (z,y) to the energy
observed at cell (u,v) is given by E - pl(w,v), (z,y)], where

b b ] = 1 e (_(u—-:c)2 +(v—y)2) -

Therefore, the total expected energy at (u,v) is the sum of expected contri-
butions from Cherenkov photons and from background photons, namely

A =BA [ [ plwo), @l fieule, oty + 5 @)

where f" is derived from the distribution of r and ¢, i.e. from (1) and (2).

Finally, the distribution of the energy A, actually observed at cell (u,v) is
N (Auy,0?2). We assume that variables A, are mutually conditionally inde-

pendent, given t}_le values of A4,,. In other words, we model the dependence
of energies at neighbouring cells through the dependence of expected ener-

gies Ay, in (3). Thus, for each given ¢ and R we are able to compute the
probability p(A; ¢, R) of observed data A = {A,,, (u,v) € N'}. This proba-
ility distribution depends naturally on a set of parameters. We assume that
hese parameters, namely E, A\, u, or, 0,, 0, are known, from the physical
packground of the experiment. Parameters of priors gg, fo are selected by an
alyst, but they also may follow from the knowledge of the physical context.

Remark: All normal distributions should be (more realistically) taken as
rimmed normal, either symmetrically (e.g. two-dimensional density p) or
with a non-symmetrical threshold (e.g. energy A is observed only between
ome Ain > 0 and A,,,, given by the detector limitations).

The integral in expression (3) will be approximated in a Monte Carlo way:
for sufficiently large n, we sample independently ¢y, ..., ¢, from the uniform
distribution U (0, 27) and, for a given R, we sample independently ry,...,7,
rom f,(r|R). Then, for a given ¢, n pairs (z;,y;) are obtained from (2) and

he integral is approximated by + 5", p[(u,v), (z:,9:)]-

.3 MCMC algorithm

Che objective is to derive optimal (in the Bayesian sense) values of ¢ and R
rom observed data A. Once the likelihood function p(A;e, R) is available,
¥e can construct a Metropolis—Hastings algorithm for approximate sampling
rom the posterior distribution of ¢ and R. Details of practical implementation
f the algorithm can be modified, from the choice of initial values, up to the
nethod of updating. As the MCMC is a method of global random search,
tnowledge leading to a reduction of space of the search is very valuable. A
asic variant of the procedure consists of the following steps:

. Select initial ¢(™), R(™ (m = 0).
Propose new ¢*, R* from their priors.

_ _pACR) T
. Compute ™= I;(A;C("'}-R[m))'

4 Set, with probability min(1, ), clm+l) = ¢* R(MtD) = R*
otherwise ¢(m+1) — (:{m), R(m+l) — R(m)

-3
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Repe_at loop 2.-4. J-times. Choosg_Jl such that both J; and J — J; are
sufﬁaently large. Take averages ¢, R from the last J — J; iterations as final
estimates of ¢, R.

In a simulated annealing variant the acceptance probability defined at step

4 is min(1, 7*(™)), where the function s(m) is selected in such a way that
s(m) = 00 as m — oo (e.g. 5(m) ~ log(1 4+ m)).

4.4 Case of several rings

Let us now explore the case of the data created by M Cherenkov photon
rings toget}}er with a set of background photons. We assume that the rings
can have different centres and radii ¢, Ri, j = 1,...,M and, eventually,
Ej, and common remaining parameters A, 04, 04, op. Naturally, M is not
known to an analyst and is also the subject of estimation. We select a prior
distribution Go(M) on {0,1,2,...}. In Linka et al. (1996) it has been shown
that a decreasing prior (e.g. Go(M) ~ exp(—AM)) acts like a penalty and
reduces an uncontrolled growth of M.

The MCMC procedure now generates a sequence M (™), c™ R(™) and,
therefore, some of its transitions change the dimension of the state space. The
standard approach to such a situation updates one component of state after
another — here one ring after another — in the following way: Let M be the
current number of rings. At the next step, with probability %, a completely
new M + 1-st ring is proposed (M* = M +1). Otherwise (i.e. with probability
%) we select one (j-th) ring from the existing ones. Then, with equal (0.5)
probability it is proposed either to update its ¢; and R; (M* = M) or to
discard the j-th ring (M* = M — 1). Thus, the proposals of new M are symi-
metrical, Q(M*|M) = Q(M|M*). Further, we have to choose the conditional
priors of ring parameters, for given M, go(C, R|M) and probabilities gener-
ating new ring parameters, P(dC*,dR*|C, R, M, M*), where C*, R*, M*
denote the updated configuration of rings and C, R, M the old one. In such
a general setting, the acceptance probability is min(1, 7), with

_p(A;C",R",M*) go(C", R*|M*)Go(M"*) P(dC,dR|C", R", M, M*)
~ p(A;C,R,M) go(C,R|M)Go(M) P(dC*,dR*|C,R,M*, M)’

Naturally, it can be simplified by a convenient choice of the components of
functions go and P.

Ezample. We simulated a simple example of two ovquapping circles (with
additional noisy photons). ‘True’ parameters of the rings were Ry =Ry =
9.66,c,; = 15.9,¢c,1 = 14.84,cz2 = 25.3,¢y2 = 14.17. At each hit point, the
value of energy released by the photon was sampled | from an exponential dis-
tribution with the mean E. Parameters \, i1, 0 g, 04, E/ were known, parameter
o, was used, instead of annealing function 1/s(m), as a parameter control-
ling the acceptance probability. The MCMC procedure ran for about 2000
Berations and gave Ry = 9.59,8z1 = 15.59,é;; = 14.61,R; 5-9.92,8,3 =
lzt;lgi&l?::: :ml?i.!f-)};. Thel algorithm has been implemented in MATLAB.

We also tested the traditional method (and we optimized only the centres,
radii were fixed to 9.7). The method yielded ¢éz; = 16.17,¢y = 14.16,¢8z3 =

25.20,¢,5 = 15.00.
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Fig. 1. The data and estimated rings; the darkness of cells is scaled according to
observed amplitudes

Conclusion

The MCMC procedure has been proposed for the solution of an important
physical problem of identification of the RICH rings parameters. The method
processes the raw data directly, no preliminary clustering is necessary. An-
other advantage of the approach is its generality: unlike the conventional
methods, the MCMC procedure can be applied without knowledge of the
number and locations of the rings.
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The paper describes a couple of methods solving the Cherenkov rings detection and
fitting problem connected with the analysis of RICH detector data. First, a procedure of
the global search for the rings and of their fitting is presented. It is based on the statistical
methods and probabilistic models. Further, a more general problem of detection of point
objects in the plane is considered and the statistical moving window solution is proposed.
The paper also describes a procedure for the simulation of RICH detector data.

1 Introduction

The present paper deals with the problem of detection the rings of photon hit
points from the data generated by RICH detector. The main objective of the paper
is to propose a procedure of statistical data analysis applicable potentially in the
framework of the COMPASS experiment which is now in preparation at CERN.
Therefore, we describe a practically tractable method of the global search, which
is rather simple, fast, but, nevertheless, also sufficiently effective. The experience
with the results is briefly commented. In order to work with the data similar to
those generated by the simulation software at CERN, we have developed also a
procedure generating the artificial Cherenkov rings data.

We also consider a more general formulation of the problem of detection of planar
objects. It is assumed that the positions of objects are random and that their
pattern is contaminated by random influences and noise. We present a solution
based on the moving window approach and on statistical tests.

2 Simulation of data

Let us now describe the procedure simulating the data similar to these ob-
tained from the RICH detector: we consider a plane with coordinates given by
a 2-dimensional n x n grid of cells (,j),%,j = 1,2,....,n, and values y(z, j) = 0 at
the most of cells, y(i,j) = 1 at the photon hit points. The magnitude of energy
(amplitude) observed at hit points is not taken into account at the present stage.
The photons have two sources:

1. Background, noise photons. Their number is given by a Poisson random
variable with intensity Ay, they are distributed randomly uniformly (mutually in-

dependently) in the grid.
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2.. Cherenko'v photons. They are organized in rings. The number of rings is
given by a Poisson random variable with intensity ., the centres of rings c; are
distributed randomly uniformly (mutually independently) in the plane. The radii
ri are given by a normal distribution N(y,, o). ;

Further, the photon hit points create the clusters of one or more close points.
The number of clusters on one ring is given by a Poisson distribution with intensity
Ak The centres of clusters are located directly on the ring R(c,Tx), randomly
uniformly with respect to the angle w € (0,27). The number of photons in one
cluster is Poisson with intensity )., the shift of each point from the centre of
cluster is given (again mutually independently) by a 2-dimensional normal random
variable with zero means and variance o2-I.

3 Detection procedure

In the past, we experimented with several different approaches to the problem
of rings detection. They mostly used methods of local search (local optimization)
and, therefore, they needed at least a preliminary information on the locations of
rings. In the paper [4] we described a random search algorithm based on Markov
chain Monte Carlo methods. This algorithm was also able to distinguish several
overlapping rings, without any prior information about their number. However,
the disadvantage was a rather extensive (and therefore long) computation. A more
standard method, based on iterative weighted averaging, is described for instance
in [1]. In the present work, we decided to concentrate to rather simple procedures
of global search. After a set of experiments we may conclude that the procedure
described in the present report is sufficiently reliable and fast, simultaneously, so
that it is usable for the on-line detection. It can also be immediately generalized to
the case considering different levels of energy (amplitude) associated with each hit

point.

3.1 Description of the method

— The procedure scans the data and proposes a large number of "reasonable”
rings which are defined by different triplets of observed hit points. The triplets
of hit points are selected randomly. ”Reasonable” here means that we do not

consider too small or too large rings.

— Further, the detection procedure does not distinguish rings which are too
close one to the other, i.e. with the distance of their centres lower than a
certain selected threshold. On the other hand, above this threshold, mutually
intersecting rings are taking into account and they are, in most instances,

well detected.

— For each selected ring (given by one triplet of points) the number of points
located inside the band (of a selected width) along the ring perimeter is
summarized. This sum S; is a criterion for acceptance of the i-th ring.
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— All considered rings are sorted according to their sums of points S;. Each point

is ass;)ciated with only one ring (with that having higher S; from competing
rings).

— Finally, the optimal number of best rings is selected. This optimality is given
by values of S; and a penalty, which is defined in a similar way like the penalty
derived from the Akaike’s Information Criterion and other information crite-
ria. Remaining rings are rejected.

— The penalty is derived from the experience gathered during our experiments.
It actually compares the number of proposed rings with the number of points
associated with these rings. If we denote by Cj = Z;;l S; the sum of points
associated with best k rings, we define the criterion

pencrit(k) = In(Cy) — c- k/Ck,

where ¢ is a conveniently chosen constant. The optimal number of rings is
given by k maximizing the pencrit.

Naturally, the procedure has several ”"degrees of freedom”, i.e. the parameters
which should be tuned (actually after each large change of configuration of input
parameters of the generator). In particular, we have to decide how closely overlap-
ping rings we wish to distinguish, and we have to tune the parameter c of penalty
criterion.

3.2 Results of experiments

Let us now describe several typical results of experiments. In one of them we
selected the grid 300 x 300 cells and the following values of parameters:

X =50,X=5,=10,4,=20,0, =3, A =05, 0, = 1.

In such a case we obtained patterns containing in average 5 rings, each ring
composed in average from up to 10 clusters, each having 1 - 3 points (Cherenkov
photon hits), while there were in average 50 noise points distributed uniformly in
the plane. The procedure worked without any prior information on location and
number of rings. About 1000 patterns of rings were generated, with together 5003
rings. From them, 4487 were found (89,7%). Sometimes the procedure proposed
the "rings” which were not present in simulated pattern (579 such cases). It was
probably caused by the fact that the average number of points at one ring was rather
low, compared to the intensity of background noise points. In the experiments with
larger )\ the frequency of such an error is much lower - see the next example.

One of typical patterns is displayed in Figure 1. By + the centre of simulated
ring is denoted, the rings proposed (accepted) by the detection .proc:fedure are dis-
played by their perimeters. As a rule, two too closely overlappnfg rings were not
distinguished. On the other hand, Figure 1 shows the case where intersecting rings
were not, so close one to the other, so that they were detected.
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Fig. 1. An example of detected rings

Another set of experiments dealt with a larger mean number of rings, so that
- there was a larger number of overlapping rings and the effectiveness of the procedure
- was slightly worse. For instance, we considered the grid of 400 x 400 cells and the
following values of parameters:

A =70, Ar = 12, Ax = 15, p = 20, 0, = 3, Ao = 0.5, 0 = 1.

About 88.6% of rings were detected well, and only about 3.6% ’non-existing’
rings were miss-proposed. The procedure has been implemented in MATLAB, on

personal computer.

4 A more general approach to detection of planar objects

Let us now consider a more general situation. As in the preceding part, it is as-
sumed that in the plane there is an unknown number of point objects, e.g. the rings
again, or objects of another form (e.g. ellipses, or, in general, clusters of points).
The objective is again to detect (localize) the presence of these planar objects, in
the case that we do not know their exact geometrical form. Further, it is assumed
that the plane is covered by a background 2-dimensional stationary random process
(e.g. a Poisson one) and that the objects of the interest violate locally the station-
arity of this background field. Hence, the method is based on the statistical test
detecting the local departures from the stationarity (from the pure randomness,
in the simplest case). The localization of objects is performed .with 1_:he aid of a
moving window search. The window moves through the plane either randomly or
systematically, the test is evaluated for each window independently. In the example

368 Czech. J. Phys. 50/S1 (2000)
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Fig. 2. An example of detection of point objects in the plane

presented here, we work with the hypothesis that the background process is given by
a homogeneous 2-dimensional Poisson process. The test procedure then compares
the number of points observed in the window with the number expected under the
Poisson hypothesis. The corresponding hypothetical Poisson intensity is estimated
globally from all the points on the plane. Naturally, there is a dependence between
the content of tested window and estimated intensity. This dependence is either
neglected or a cross-validation is used. Critical value of the test follows directly
from Poisson distribution. As a variant, the normal approximation is often used,
so that the critical value then follows from the corresponding normal distribution.
However, such an approximation is based on the large-sample properties, it could
be a weak point of such an approach (cf. [2]).

4.1 Procedure of the moving window search

We developed a rather simple procedure possessing the following features:

— A random (rather than systematic) placement of squared windows of a given
size is used. A position of the window is defined by a randomly selected group

(e.g. a quadruple) of mutually close points.

— Intersection of windows is allowed, but too overlapping windows (over a cer-
tain threshold) are taken as one window.

— Windows are sorted according to a number of points they contain.
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- F(.)r the purpose of sorting the windows, the point lying in more than one
window is associated with the window having more points.

— Optimal selection of a set of 'significant’ windows is based on the statistical
test of departure (i.e. of too high number of points in a window) from the
Poisson distribution with hypothetical (globally estimated) intensity A. It
means that the window containing k points is significant (on the level of test
5%, say), if the Poisson probability Pr{X > k; A} < 0.05.

Naturally, the method has a number of variants. For instance, we can consider
another form of windows (hexagonal, round), or the windows changing their magni-
tude during the search procedure. Further, the test of significance can use different
modifications of estimate of global intensity (e.g. a cross-validated estimate).

Ezample: Figure 2 shows one result of the search for objects - clusters of points
(actually, we simulated the same rings as in previous examples). The effectiveness
(relative number of well found objects) was, in average, about 82%. The error of
the second kind (accepted empty window) was rather low, about 2%.

5 Conclusion

The procedure of the moving window search can be used with advantage as a
first step of a general method of objects identification. Then, in the second step,
the shape of one object after another can be estimated, by a convenient method
of local optimization, e.g. by a MCMC procedure reconstructing the pattern and
removing the noise (cf. [3],[4]). Such a combination of methods is the subject of our

present research.
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STATISTICAL REGRESSION METHOD OF SHAPE ANALYSIS,
WITH APPLICATION TO CLASSIFICATION OF
CROSS-SECTIONS OF CARBON FIBERS

ALES LINKA, PETR VOLF

ABSTRACT. The contours of textile fibers cross-sections have as a rule the shape
of deformed circle. Unfolded contours can then be described as a smooth pe-
riodical curve contaminated with local nonregularities, and can therefore be
analyzed with the aid of the statistical regression model. The present paper
applies such an approach to the comparison of shapes of cross-sections for se-
veral types of carbon fibers. The corresponding regression curve is constructed
as the combination of trigonometric functions, its complexity is optimized by
methods of mathematical statistics. It is also shown, by random sampling, that .
the parameters of the model correspond to different deformations of circular
contour. On this basis, the method is proposed for the discrimination between
the heat-treated and untreated fibers.

Pesioms. B crathe npeararaeTsl METON CTATHCTHYECKOrO ARATN3A (HOPMLI
2D o6vpakros. Merox noansyerst (hyHKUMOHANLHON MOZENLIO KOHTYPA
00L3KTA DOCLAE ero pazsepTku. JedopManna KORTYpa ONMCAHA TapaMe-
TpaMu Moaenu. B kavectse npumepa pemaersn 3azaua XapakTepu3anun
M KAACCH(MKAINM TEKCTHIIHLIX BOJOKOH HA OCHOBE KOHTYPOB UX cedyeHuil.

1. INTRODUCTION, MATHEMATICAL ANALYSIS OF SHAPES

The mathematical methods of analysis of shapes have, in recent decade, attracted
rather wide attention. The remarkable development has been achieved particularly in
the field of image processing, of stereology, and also in the area of stochastic models
and application of statistical data analysis. In the present paper we shall deal with
an application of statistical methods to the description and classification of shapes of
cross-sections of carbon fibers. The objective is to find the most informative features
of these shapes and to describe the differences between several types of fibers, namely
between the heat-treated and untreated ones.

The temperature exposition of fibers during technological processing of simple or
composite materials produces very often changes both in size and shape of their cross-
sections as a consequence of reorganization of their internal structure. Well known is
for instance the irreversible shrinkage of textile fibers by heating. This phenomenon
is observed also at high performance fibers used as composite reinforcement, for
example at carbon fibers, which are exposed to graphization temperature at about
2900 °C’. In the case of carbon fibers the identification of these small changes may be
very difficult and the mathematical methods are the useful tool of such an analysis.
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Naturally, one of the main characteristics is the size of the cross-section. It can
b.e measured by the area, minimal or maximal distance of object’s points, mean
diameter, etc. Another set of characteristics describes typical features of the shape.
One of the most popular approaches suitable for the problem solved here is based
on the'con(.:ept. of defOl".m‘dble template model (Grenander, 1993). It assumes that
the object is a result of a (stochastic) deformation of a template and the aim is to
describe the deformation mechanism.

In the present paper, we shall use the statistical model describing the unfolded
contour O{examined object (i.e. the cross-section of a fiber) via the regression model
r(u) = g(u) + £, where u is the angle (from 0 to 2m), r(u) is the length of radius
from an appropriately chosen point ¢ (a “center” of the object) to the edge, ¢ is
the random noise and g is the model function. Its form, resp. its parameters, are
expected to carry an important information on the shape of deformed object.

In the case considered here, such a 'regression-like’ description of the contours of
cross-sections is quite adequate because the shapes considered are actually flattened
circles (with additional more or less considerable nonregularities). That is why the
contours of fiber cross-sections can be unfolded to a curve — function. Such shapes
are sometimes called 'star-shaped’. It means that there exists at least one point ¢
inside the object such that the line segments connecting ¢ with each point on the
contour are inside the object (see, for instance, Hobolth et al, 2000). Moreover, it will
be assumed that the point ¢ can be chosen as the center of gravity of the considered
objects — cross-sections.

From what has been said it follows that we shall deal with planar objects, and
that the location or rotation of the object is not relevant to the purpose of our study,
at least in the present stage. For instance, when examining the fibers in a bundle,
one should consider the location, too, because the conditions in the center of the
bundle may differ significantly from the conditions at points close to its border.

In the follow-up, we shall first present the data, the cross-sections of carbon fibers
of two types, and we shall compare their magnitude. Then, the regression model of
unfolded contours of cross-sections will be formulated and analyzed. Finally, the
simulations will confirm the correspondence between the deformation of shapes and
the parameters of the model. We shall also mention the shape analysis method based
on the comparison of significant points selected on the object contour — so called
landmarks — by means of Procrust analysis.

2. THE DATA, COMPARISON OF THE MAGNITUDE OF CROSS-SECTIONS

Two samples of cross-sections of carbon fibers were analyzed. Their images are on
Figure 1, they were obtained with the aid of a confocal microscope and CCD camera.
The cross-sections of the first type (a) are from the annealed (heat-treated) fibers,
the second type (b) is not annealed. We analyzed N; = 16 items of the first type
and N, = 14 of the second.

It is seen that the shapes have an approximately elliptical form, so that there is no
problem to establish their centers of gravity. Further, it is then possible to measure
the lengths of radii and to compnte the average radius. For the purpose gf the analysis
the contour of each cross-section was stored as a set of values {(z,¥:), 1 =1,...,n;}
in a local coordinate system z, y, where j is the number of cross-section and n; ~
2:10? points. The units used for x;, y; were the numbers of p.ixels in Fhe image (one
unit = one pixel, in both z and y directions), while the magnitude (dlamc‘ter) of.t.hc
real cross-sections was about 10um. The gravity center c; = (Czjscyj) of j-th object
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o by cg i 2 i/ng, ¢y = 2_ ¥i/n, coordinates w.r. to this new center are
T = T1 = Cagy Y = Yi = Cyj, the length of the radius connecting the center (now
(0,0)) with the contour point (a7, y;) is r; = V& — y? and the corresponding angle
u; between the radius-vector and axis z covers the interval (0,27). More precisely,
u; = arctg(y;/x;), shifted by +r if z; < 0 and shifted by +27 ‘for z; >0,y<0. .

—,

o s

}% ® ®eQ
ey NWe' e

O %o 0 @

. h
* "o i!.. o
(a) (b)

Fig. 1 The data - cross-sections of heat-treated (a) and untreated (b) carbon fibers.

Further, denote R; = 3°", r,/n; the averaged radius of object j. In such a way
we obtained two sets of values RE”, =1 Vs and R{j?‘), j=1,...,N; from the
first and second set of contours, respectively. Averaged radii R;, taken as random
variables, are independent (they are computed at different objects). Moreover, in the
population of one type of objects, they are assumed to be identically distributed.
That is why the comparison of averaged radii of both types of cross-sections can be
accomplished with the aid of a simple two-sample statistical test.

2.1. The test for nonequal radii of shapes. The type of distribution of R; is
not known, though we could use a proper version of the central limit theorem and
assume approximate normality. We have to take into account also the fact that as
the points of contours were selected rather close one to each other, r; for neighboring
i-s (at the same contour) were mutually dependent, so that R; were averages from
mutually dependent variables. We shall return to that problem later, when dealing
with the regression model. At the present moment, this problem can be overcome by
the use of one from nonparametric two-sample tests, instead of the standard f-test.

Let us assume that the values 1’?[;“. k=1,2,7=1,..., N, represent two random
variables R, R resp., and let us consider the hypothesis Hq that R does not
differ systematically from R(?), against the one-sided alternative Ay : RY) < R,
For instance two-sample test of Wilcoxon based on the order statistics can be applied.
However, as all values Ii"f] are greater than all Rg” (it is also shown by the histogram

of values R'®) on Figure 2), the rejection of Hy in favour of H, is evident.
i .
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3. REGRESSION MODEL OF UNFOLDED CONTOURS

Let us first remove the influence of different len

ths of radii '
the transformation v; = r; /R, 5 ii, of each contour j, by

: — 1. Each contour is now represented by the data
{(u U‘)_‘ t=1.2,...,n;}, where u; are angles from 0 to 2 and v; are 'normalized’
radii. Figure 3 (upper subplot, the point-wise curve) shows the example of unfolded
contour of one cross-section. It is seen that the curve has a periodic character —
similar to an unfolded ellipse with additional nonregularities. Therefore it is expected
that the combination of trigonometric functions will provide a good functional model
in this case. In the framework of nonlinear regression model v; = g(u;) + €;, let us,

for each (j-th) unfolded contour, consider the following linear model (i.e. linear with
respect to parameters):

K
Vij = aoj + Z(akj sin(kwi;) + by; cos(ku;;)) + Eij- (1)

k=1
Such a model is quite frequently used in signal analysis, where the trigonometric
function is often combined with a trend function (linear or quadratic, for instance).
However, as it has already been noted, the points of contours were selected rather
close one to each other in original 'densely’ sampled data, so that e,; for neighbo-
ring i’s (and the same j) were mutually dependent. The additional statistical analysis
revealed that this dependence can be well modeled as a linear autoregression of order
1 or 2. Optimal order of AR model has been determined with the aid of Schwarz BIC
criterion, a standard criterion used in this field of statistical methodology. However,
when the data were reduced, namely when only each 5-th point (u;,v;) of original
contour data was taken, the mutual dependence of neighboring points disappeared
practically. Namely, the regression model (1) was applied to the reduced data (now
the sample size of data for one contour was between 40 and 50). Then the residuas
estimating the departures £,; were computed, and their mutual independence tested
by tests of randomness. More precisely, 'Tuns up and down’ and 'runs above and be-
low the median’ tests were used and the hypothesis of randomness was not rejected,

as a rule by any of tests.

Therefore, the regression model (1) has been fitted to reduced data. Then ¢;; were
already regarded as mutually independent, centered, symmetric random variables,
identically distributed at least for each j. The parameters of the model were estima-
ted in a standard way, by the least squares method, which was accompanied by the
estimate of residual variance (of variables-noises ;)

n;

62 = 3 (vij — G(uig))*/ (n; — 2K = 1).

i=1

We should discuss also a rather important problem of optimal model complexity
(i.e. of optimal selection of K). One way indicating the non-significance o‘f certain
parameters ay, by can be based on the standard f-tests testing the hypothesis ax = 0
(resp. by = 0) separately for each parameter. We actually use the normal approxi-
mation instead of the t-test, because, though we do not assume the normality of
noises =;, on the other side we deal with rather large sample si’zes.nj "s, so that tk‘xe
normal approximation is adequate. However, the Schwarz ‘BIC criterion was again
used as the main (though ad-hoc) criterion of optimal selection of K. Namely, we

e A 2
5 & - _ cd;° was the
selected such a model that Ind;* — 2K In n;/n; was minimal (where o

estimate of residual variance). In the most cases, the optimal model had K = 3. In
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several instances, moreover, the t-tests den.
so that the model could be further reduced.

Figure 3 shows one example of such a regression curve of order 3 (full line in
the upper plot) and also the sequence of residual values (lower plot). As the data
were shifted in such a way that the curve started from its maximum, e
using only the cosinus functions were quite good (

oted some coefficients as nonsignificant

ven the models
mostly with optimal order K = 5).

Type 1: Type 2:
Parameter Mean STD Median Mean STD Median
1 ap -0.0126 0.0097 -0.0098 -0.0078 0.0061 -0.0063
9 a 0.0002 0.0053 -0.0001 -0.0032 2.0119  =0.0027
3 by -0.0181 0.0221 -0.0131 -0.0115 0.0087 -0.0099
4 az -0.0034 0.0603 -0.0061 -0.0147 0.0540 =0.0102
5 by -0.1442 0.0550 -0.1385 -0. 0918 0.0558 -0.0855
6 a3 0.0010 0.0162 0.0034 0.0019 0.0170 0.0078
T by -0.0352 0.0308 -0.0330 -0.0253 0.0148 -0.0264
Tab. 1 Means, standard deviations and medians of parameters.
Boxplots of distribution of estimated parameters
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Fig. 4 Boplots of estimated parameters of model (1).

Thus, the results of the procedure described above were Ny sets of seven para-
meters (ag,ay, by, az, by, as,bs) obtained (estimated) from Fhe first sample of cross-
sections, and N, sets from the second sample. Table 1 displays t.he. mearn va.lue§,
standard deviations, and medians of these sets. Estimated characteristics of distri-

butions of parameters in both sets were compared. Graphical comparison is seen

from the boxplots of Figure 4. The numerical comparison was again performed with
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the aid of 2 sample t-tests. The tests lead to the conclusion that the only significant

dl{f-erel,wf Wd? the difference between parameters b, (the statistics T = —2.5860), the
mean value of by from the sample 1 was —0.1442 against —0.0918 from the Samp}le 9
Parﬂc:n‘}eger b2. corresponded tq the component cos(2u), which was the component
most influencing the deformation of the contour. Therefore we might conclude that

the heat-treated fibers had signific
gnificantly flattened cross-secti
sample of heat-untreated fibers. P e B

Deformation of contours

30
20
10+

-10

40

-40 -20 0 20 40

Fig. 5 Simulated shapes.

4. SIMULATION OF CONTOURS

The objective of the simulation was to support the conclusion of statistical analysis,
by random generation of contours using the model (1). One set of results is shown in
the Figure 5. We selected 100 equidistant points u; between 0 and 27 and generated
corresponding normalized radii v; in accordance with the model (1). Then, the ran-
dom noise was added; it was generated from the normal distribution with zero mean
and the variance corresponding to averaged residual variances obtained from our
data (~ 4 -10~1). Finally, the resulting function with random noise was added to a
regular circle with radius 1 and then multiplied by 35, so that the obtained contour
represented a 'noisy’ deformed circle with radius ~ 35. The first case displayed in
Figure 1 corresponds to the circular contour without deformation, i.e. the case when
all parameters of model (1) were set to zero, g(u;) = 0. The result is on subplot a).
Then, one of the parameters was changed, while the rest was still kept equal to zero.
Thus, subplot b) corresponds to the case with decreased by = —0.1 (the contour
is shifted). Subplot ¢) displays the result of decreased by = —0.1 - the contour is
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flattened, which corresponds to the situation detected in our real case data. Finall
subplot d) shows the result of decreased parameter by = —0.1. The chang;as of pg:
rameters a1, a2,a3, respectively, had the same consequences (only the direction of
deformation varied). Thus, the results of simulations supported the conclusion that
the changes of certain parameters are connected with certain types of deformation
On the other side, parameters b, of model (1) do not suffice to a direct classiﬁ:
cation of shapes. Figure 5 shows that there is not any distinct border between the
parameters of the first and the second group and that their distributions overlap.
An experiment with the classification tree construction showed that a combination

of at least three parameters is necessary for a good separation of both groups of
contours.

5. CONCLUDING REMARKS, PROCRUST ANALYSIS

From the point of view of mathematical shape analysis, the proposed model was
a rather simple one. Nevertheless, it quite sufficed for the conclusion that one type
of contours differs significantly from the other. We also demonstrated how such
a model was able to describe certain kinds of deformations of circular shapes.

We want to mention here also another approach to the shape analysis, namely
the Procrust analysis (e.g. Dryden and Mardia, 1998). The shape is represented by
a set of significant points (landmarks) placed on the contour. The relative positions
of these landmarks are then compared (either with landmarks on a standard object
or among different objects). The typical applications are the recognition of certain
objects from the images of earth surface or the analysis of CTM images in medical
studies. On the other hand, the method is not convenient for shapes without na-
tural significant points, or for the shapes too complicated, when a large number of
points is necessary for shape description. The case of circular shapes (i.e. the case
considered in our study) belongs to the first group. For such instances the method
can be enriched by the analysis of cyclic permutations of selected contour points.
However, neither such a modification was efficient enough to solve our problem, i.e.
to discriminate clearly between examined samples of fibers.
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A system composed of a set of independent parallel components is considered and its
resistance to an increasing load is modeled. The load is divided equally among all
components (the load-sharing scheme). Failures (breaks) of components are regarded
as the events of corresponding counting processes in statistical survival analysis. The
objective is to estimate the distribution of breaking strengths of components (i.e., the
load per component causing the breaks), to predict the breaking strength of the system,
and to compare such a prediction with observed data by statistical tests.

Keywords: Reliability; Mathematical Statistics; Parallel System; Breaking Strength;
Counting Process; Nonparametric Estimation.

1. Introduction

In the present paper we model the reliability of a system composed of a set of
parallel units. Reliability is construed as the resistance of the system to a load
applied to it. We assume that the reliability is tested by increasing the load from
0 up to the level causing the break of examined system (i.e., all its units) — or
up to a given maximal load Smax When the observation is terminated. Further, we
assume that the increase of the load is relatively fast, so that the duration of the
load exposure does not influence the survival. The situation is described with the
aid of the counting processes model; however, instead the time-to-failure, the load
causing the break of the unit, i.e., the breaking strength of the unit, is the variable
of interest. The models, methods and relevant theory used in the present paper,
namely the concept of counting processes, are described in a number of papers and
monographs, e.g., in Andersen et al., ! Fleming and Harrington.?

The reliability of a system composed of parallel units has already been stud-
ied by a number of authors; however, mostly the time-to-failure distribution has
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been analyzed. As regards the models describing the probability distributions of
critical loads, Daniels® studied a set of Gaussian processes and, on this basis, pro-
posed the model of breaking strengths and breaking extensions of a large bundle
of stretchable fibers. The starting point of our analysis is the model examined, for
instance, in Belyaev and Rydén,* namely the counting process model describing the
observed breaks of a system composed from units with identically and independently
distributed breaking strengths. The authors formulated there the Nelson-Aalen es-
timator of the cumulative hazard function (C.H.F.) of the breaking strength of one
component, and proved certain asymptotic properties of the estimator. Volf and
Linka® generalized these results and proved the weak convergence of residual process
to the Wiener process.

We shall review these results briefly. Then, the main body of the paper will deal
with the case when the system is composed of units with different reliability, i.e., a
simple model of proportional hazards is considered. We examine three problems in
such a case:

(i) The estimation of hazard functions of units;

(ii) The prediction of survival of a system;

(iii) The recognition that the system contains some “weaker” units, with the aid of
statistical tests.

The objective of the present paper is to propose solutions to the problems listed
e and illustrate them with simulated examples. There are two reasons why we
prefer the use of simulated data. First, the paper is expository and we feel that it is
convenient to accompany each procedure with a simple example. Second, sufficient
amount of real data of adequate quality was not available at the time of preparation
of the paper. Moreover, we are dealing with a nonspecific case of the load-sharing
scheme, the solutions to which, in some concrete instances, may not be valid. For
instance, in the case of a bundle of metal wires or textile fibers (considered as a
real example both in Belyaev and Rydén® and Daniels®) the joint distribution of
the breaking strength and the extension at break has to be analyzed.

In praxis, the distribution of breaking strength is mostly unimodal and can
be modeled for instance by the Weibull distribution (with the shape parameter
larger than one), or by the lognormal, Gumbel and even normal distributions. The
exponential distribution is, as a rule, too rough an approximation. Nevertheless, as
working with it is easy, we use it in simulated examples. On the other hand, the
methods proposed in the present paper are nonparametric and distribution-free,
which means that their performance does not depend on the type of distribution.

2. The Counting Process Model of Breaking Strengths

First, let us consider the observation of the breaking strength of one component. We
hall describe the “fate” of a component during the increase of the load affecting it,
U, by two random processes, i.e., by the counting process N'(u) and the indicator
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of observability I'(u). I'(u) = 1 if the load u affecting the component is observed,
otherwise I'(u) = 0. In particular, I'(u) = 0 if the component is already broken, if
‘the experiment is terminated, and also for values of u during an abrupt step-wise
increase of the load. We assume that the trajectories of I (u) are left-continuous.
As regards N'(u), N'(0) = 0 and N (u) jumps to 1 at the load level u, causing the
observed break of the component, provided I (up) = 1. Trajectories of N'(u) are
taken as right-continuous. The above description is actually the standard scheme
of survival analysis, where the increasing load per component takes the place of
time. We assume a continuous probability distribution of random variable U, the
breaking strength of a component. We also consider a continuous scale of u. The
difference in comparison with the standard survival analysis scheme consists in our
allowing abrupt jumps of the actual load for each component. As it has been said,
in these intervals of the load we also put I'(u) = 0.

2.1. The model of parallel system

Now, let us consider a system composed of m parallel independent units. Let us
assume that the breaking strengths of units are modelled by independent random
variables Uj, j = 1,...,m, with the distribution given by f;(u), F;(u), h;(u), H;(u)
denoting the density, distribution function, hazard function and cumulative hazard
function (C.H.F.), respectively. It is assumed that at each moment the load applied
to the system is divided equally among the (unbroken) components — the so-called
Daniel’s load sharing model (see Crowder et al.?). The “global” load affecting the
system is observed. However, the break of a component leads to an immediate redis-
tribution of the load to the remaining components (resulting is an abrupt increase
of the load per component). The consequence of this can be the break of several
of remaining components practically at the same moment, under the same load for
the system.

To be more concrete, let us imagine that the breaks of components are observed
for K “global” loads affecting the system, 0 < 57 < 82 < -+ < Sk < Smax, that on
levels s; the numbers k; of components broke, with Z;{:l k; = m. Therefore, just
before the first break, the load affecting each component is u; = s;/m, while just
after it it was s;/(m — ki) (naturally affecting only m — k; remaining components);
before the the second observed break it is ua = s2/(m—k;); and finally, immediately
before the moment of the last break the load per each of last kx components
is uxk = si/kk. Hence, observed breaking strengths were equal to loads-per-
component u;, while the other breaking strengths (if k; > 1) remained unobserved
and corresponded to some unknown loads-per-component from intervals (u;, %, =
s1/(m — ky + 1), (ug, iz = s2/(m — k1 — k2 +1)),..., (uk, Uk = sk), respectively
for ky — 1,kp — 1,...,kx — 1 components. Moreover, if k; > 1, we, as a rule, do
not observe the order in which these k; components broke. Thus, a part of data is
interval-censored. This censoring is described with the aid of random indicators of

observability of the jth component, Lj(u),j=1,2,...,m.
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Our first aim is to analyze the distribution of Uj on some interval [0, S] such
that Fj(S) < 1. We assume that the maximal global load S,

’ . ax is sufficiently large
in order not to terminate the experiments too early.

Example 2.1. For the better explanation of the structure of observed data, let
us describe here a simulation of breaks of a system composed of 10 components.
Distribution of the breaking strengths of five components follows the exponential
distribution with the mean one, the distribution of remaining five was exponential
with the mean two. Ten values (representing the breaking streng:’ ' are sampled
independently from corresponding distributions, and ordered, Uy . Ug < - <
Uno)- The first observed breaking strength is then uy = Upyy; the giobal load at
that moment is s; = 10 - uy. The second breaking strength is observed only if
Ug) > $1/9. In that case uz = Uj),s2 = 9 - uy, and Just after the second break
the load per component u = s,/8 is compared with Ua). Otherwise, the second
break is censored and the redistributed load per component = s; /8 is compared
with U(3), etc. In such a sequential way, in accordance with the scheme described
in preceding paragraphs, the rest of the data is obtained.

Figure 1 displays one result of such a simulation. We observe K = 6 successive
breaks. Figure 1(b) shows the indicator process I (u) = 2;1111_,», where I; is
the indicator of observability of the jth component, Fig. 1(a) displays the counting

10 o g
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Fig. 1. An example of counting and indicator process of breaks of 10 parallel uni
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process Ny (u) of observed breaks (full line),
of actual breaks of components (dashed
available.

and also the underlying counting process
line), which, in real data cases, is not

2.2. Nelson-Aalen estimator of C.H.F.

Let us consider n “identical” and independent systems. Denote by U;; the random
variables (breaking strengths) corresponding to N;j(u), Iij(u), which denote the
individual counting and indicator processes for the Jth component of the ith system
(j=1,2,...,m, i=1,2,...,n). Further, denote

Niw) =Y Ng(), KW =Y L), Nw=3Mw, @)=Y Lw.
j=1 i=1 i=1

=1

Individual counting processes N;;(u) are governed by their intensities, which, in our
case, are Aij(u) = hy;(u) - I;j(u). Cumulative intensities are L;;(u) = Is Aij(v) do
and the corresponding counting processes can be decomposed into the compensator
and martingale, N;;(u) = Li;(u) + M;;j(u). This decomposition is the basis for the
proof of large sample properties of estimates (see again Andersen et al.l).

The case of identical units: For the moment, let us return to the simplest case of
identical components, with hazard functions hy;(u) = h(u) and H(u) = [;" h(v)dv,
the C.H.F. of the breaking strength distribution for each component. The standard
estimator of the cumulative hazard function is the Nelson-Aalen estimator:

e [U § wwm, W

where we set 0/0 = 0. It is seen that the ability of the estimator to approximate
well the “true” H(u) depends on the indicator process I(v), i.e., on the observability
of the counting processes for all values of the load per component u in the interval
of interest [0, S].

When analyzing the asymptotic properties of the estimator, we assume that the
number of tested systems, n, tends to infinity. It is also desirable that at each point
u € [0, S the number of observed unbroken components is of order n. This property
is guaranteed by following Lemma 2.1, its statement is a direct consequence of the
assumptions on identical, independent and continuous distribution of U;; together
with the assumption that H(S) < 0o. Lemma 2.1 and the two following propositions

are proved in Volf and Linka.®

Lemma 2.1. There exists a continuous function r(u) onu € [0, S] such that m >
r(u) > e for some € > 0 and that limp 00 SUPLe(0,5] 13'-(“31 —r(u)] =0 a.s.
Proposition 2.1. H,(u) is an a.s.-consistent estimate of.H(u) on [0, S]_‘ More-
over, this consistency is uniform with respect to u € [0,5], i.e., supyeo,s)|Hn(u) —
H(u)| — 0 a.s.
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Proposition 2.2. Random process \/n(H,(u) — H (u)) converges weakly on [0, S]
to a Wiener process with zero mean and with variance function ’

_ [ dH(@)

w(u) = L

Proposition 2.1 is proved (in a slightly different way) in Belyaev and Rydén,?
Proposition 2.2 generalizes their result and yields immediately the possibility to
construct a statistical goodness-of-fit test. The proof is based on the central limit

theorem for martingales and on its consequence for the counting process models,
see for instance Andersen et al.!

3. A System with Nonidentical Units

We shall now deal with the case that the components have different probability
distributions of breaking strengths. In the simplest scenario, we consider only two
types of components and a simple case of the proportional hazard model.

3.1. Model of proportional hazards

We assume that the hazard functions are h(t) = ho(t) exp(bX), and X is a random
variable characterizing the type of component, with p= P(X =1),1-p=P(X =
0). Then the parameter of proportionality of hazards is ¢ = exp(b). If the configura-
tion of z's is known, i.e., we are able to match a certain value x with each observed
broken or censored component, the case can be regarded as a simple case of Cox
regression model (with only two levels of regressor). The objective of the statistical
data analysis is to estimate parameter b and the cumulative baseline hazard func-
tion Hy(t) = f; ho(s)ds on a given interval [0,S]. It is well known (cf. Andersen
and Gill”) that such an estimation problem is solvable consistently, with estimates
possessing the property of asymptotic normality.

Assumptions. We assume that Hy(S) < oo and that 1 > p > 0. These assumptions
actually suffice for the validity of conditions given in Andersen and Gill,” ensuring
the desirable large sample properties of estimates. Let

I'(u) = ZZI‘-j(u)l[X,-J- = 1], P(u) = szij(“)l[xij =0,
1 7 N J
and let N'(u) and N°(u) be defined in a similar way. Then a variant of Lemma 2.1
holds,
Lemma 2.2. There ezist, with probability one, uniform limits

1 . I(u)
ri(u) = lim : (u)‘ ro(u) znlitu;o T
n—+o00 T

which are positive, bounded and also bounded away from zero, on [0, 5)-
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The proof is identical to the proof of Lemma 2.1, and is based on the law of large

numbers and the fact that with positive probability there is no break in interval
[0, S] — which follows from the assumption Hy(S) < oc.

'Estimat_ion. In the framework of the proportional hazard model, the estimation
is made in two stages. First, the parameter b is estimated from relevant partial
likelihood (which can also be derived from the full likelihood, because it is a “profile”
likelihood of b).” Its logarithm, after some simplification, reads

S S
oty = [ bt - | 0w + o)1 @an (). ©)

Optimal b (the maximizer of (2)) is obtained from the solution of equation dIn L/
db = 0 via the Newton-Raphson algorithm (or via another iterative procedure).
In such a simple case considered here the solution is unique and, as the second
derivative of (2) is negative, the solution is reached practically from any arbitrary
starting value of the iterative procedure. In practical examples, in less than 10 steps
of the Newton-Raphson algorithm the precision ~10~° will be reached.

The next stage consists in the estimation of the cumulative baseline hazard
function by the Nelson-Aalen estimator:

= o [P 1I%(s) + I'(s) > 0]
Al = [ 19(s) + exp()1(s)

As we have already said, the large sample properties (consistency and asymptotic
normality) follow directly from the results derived for the more general case of Cox
model. These results include also the asymptotic confidence interval for b and the
confidence bands for Ho(u).

Example 3.1. We generate a sample of 200 systems, each composed of 10 units
with the survival given by exponential distributions: 5 standard components have
the mean 1; 5 stronger components have the mean 2. Then Ho(u) = u and the
proportionality parameter ¢ = exp(b) = 0.5. After a fast and short iteration we
obtain the estimate of b = —0.7072, i.e., ¢ = 0.4930, with approximate 95% confi-
dence interval, (0.4358, 0.5577) based on the asymptotic normality of estimate of b.
Estimated cumulative baseline hazard function in Fig. 2 shows a linear trend with
the slope close to one. Confidence bands for Hy(u), computed in accordance with
the results of Andersen and Gill,” are displayed by dotted lines; “true” Ho(s) = s

is displayed by the dashed line.

dN(s). (3)

3.2. Noncomplete information and MCMC method

Itiple breaks we sometimes do not observe the exact order of bro-
hich class some of broken components
in Volf and Linka® an iterative solu-
unknown information was proposed,

In the case of mu
ken components, and we may not know to w
belong. In order to overcome this obstacle,
tion based on the sequential randomization of
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Fig. 2. Estimate of cumulative baseline hazard function.

searching for an optimal configuration of components’ classes (with respect to the
maximum of likelihood). The procedure used the elements of the MCMC (Markov
chain Monte Carlo) approach, namely the Metropolis algorithm. However, in a quite
general case of non-parametrized distributions, the estimation is not consistent: the
method has the tendency to overestimate the difference of hazards when maximizing
the likelihood function. We shall recall and describe the method briefly.

Markov chain Monte Carlo (MCMC) procedures (similarly as other methods of
sequential random search) generate a Markov chain of items. MCMC algorithms
are constructed in such a way that the probability distribution of the chain con-
verges to a desired distribution. This is guaranteed by the choice of transition
probabilities, and by the theory of convergence of the Markov chain to its invariant
distribution. When the MCMC method is connected with the simulated anneal-
ing the resulting sequence (chain) converges to the state with maximal probability.
Thus, MCMC solves the problems of sampling from a target distribution (e.g., of
Bayes posterior one in a situation of statistical inference) as well as the problems
of the search for the configuration of parameters maximizing the Bayes posterior
or the likelihood. From a large number of relevant references, let us mention here
the paper of Roberts and Smith.? Linka et al.'® dealt with the MCMC estimation
of response function in a non-parametric version of Cox model. The response func-
tion was modelled with the aid of B-splines. The partial likelihood was used as a
criterion of acceptance in the Metropolis-Hastings algorithm. Here, in the present
semiparametric context, the partial likelihood (2) will be utilized in a similar way.
Let us assume that we know only a part of configuration X of types of components.
With the help of a simple Metropolis algorithm a large number of possible con-
figurations is randomly proposed and checked. Simultaneously, for each PTOPPSGd
X the maximal partial likelihood estimate b is computed. From their comparison,
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with the help of s}mulated annealing, we finally obtain the most probable values of
unknown X and b. After the termination of MCMC iterations, cumulative baseline
hazard function Hy(t) is estimated from (3).

3.2.1. Optimization under constraint

There exist a number of methods able to process noncomplete data, for instance, the
EM algorithm and its variants. An advantage of algorithms of Metropolis-Hastings
type is that they are also efficient in the case of constrained optimization. Let
us, for instance, assume that each systems is made from m;, weaker and m — m,
stronger components, and that we know m;, but are not able to recognize fully
the classes of components. We still search for an optimal configuration, now under
constraint that E;"d Xi; = my for each i = 1,2,...,n. In order to solve such a
case, it suffices to modify the rule proposing new configurations. At each step, we
select randomly one i, then two indices j,k (from those with unknown X) such
that z;; = 1 — 2. In the newly proposed configuration these two values are

interchanged.

Example 3.2. For the present example we generate a sample of 200 systems, each
system again with 5 and 5 components of two types. The breaking strength of the
first type has the Weibull distribution with the scale parameter 1 and the shape
2, which corresponded to ho(u) = 2u, Ho(u) = u?, while the second type has the
hazard function five-times smaller, i.e., ¢ = 0.2. The final estimate of c is 0.1838.
As has already been said, the method does not generally give consistent estimates
and prefers larger differences between distributions. We have performed a s?t of
experiments, with rather similar results. More details on the concrete algorithm

are given in Volf and Linka.?
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4. Prediction of Reliability of the System

Let us now assume that we know the characteristics of the breaking strength dis-
tribution of individual components and our aim is to predict the breaking strength
of the whole system. More precisely, the question is how to estimate or compute
the probability that the system will not survive the load s. Let R be the random
variable describing the breaking strength of the system. Let us denote its distribu-
tion function Fg(s) = P(R < s). It can be obtained from the joint distribution of
ordered individual breaking strengths Uny < +++ < Uy, (i-e., from distribution of
order statistics). From the model of shared load it follows that

m

FR(s)=P(R<s)=P{ﬂ [U(,,}< a—_%ﬁ]}

k=1

Though the distribution of order statistics is well known (e.g., Rao'!), the compu-
tation of joint distribution function Fpg(s) is not straightforward. In the simplest
case of identically distributed breaking strengths of components (with their common
distribution function denoted by F'(u)), sequential computation yields

Fr(s) =m! Ann(s),

where Ay(s) =1 and

A (s)—Xk:(‘l)j_lA (5)F (3 4
1(8) = 32— Ae-s(o) 2) (4)
(see also Suh et al.'®). Another method to evaluate the distribution of random
variable R, even in a general case, is the method of simulation.

Example 4.1. The dependence of the system breaking strength on a number
of weaker components has been studied, with the aid of simulate examples. For
instance, we simulate the breaks of systems composed of m = 10 components, which
have their breaking strengths given either by exp(1) or by exp(2) distributions, i.e.,
with hazard rates h; = 2hg, ho = 1. Figure 4 shows the comparison of distribution
functions Fir(s) (above) and cumulative hazard functions Hg(s) = —log(1 — Fg(s)
(below) estimated from the data representing two different systems, namely the
system composed only of “stronger” components (dashed lines), and the systems
composed of five components of each type (full lines). We simulate 100 systems of
each type, then we also test the difference of their breaking strengths. For instance,
regarding the case displayed in Fig. 4, the critical value for the maximal difference
of estimated distribution functions, of standard one-sided Kolmogorov-Smirnov test
(on 5% level of significance) is approximately 0.17306, while the observed maximum
is 0.2273. In other words, the hypothesis of equality of distributions of system-
breaking strengths is rejected.
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Fig. 4. Comparison of estimated distributions of breaking strengths for systems of two types.

5. Statistical Testing of the Strength of Components

The problem may also consist in the detecting that the system is not “homoge-
neous”, and that it contains some weaker units. If the distribution of strengths of
standard units is known, we are able to predict or simulate the breaking strength of
the whole system and, therefore, to know whether the actual resistance of the sys-
tem is weaker than the resistance expected. Example 4.1 shows the use of standard
two-sample test to compare the breaking strength of the system.

We can also formulate the test to compare expected and observed breaking
strengths of individual components. The test is based on the asymptotic normal-
ity derived in Proposition 2.2. Let the hypothetical distribution of the breaking
strength of each component be given by the cumulative hazard function H®(u). We
want to determine whether the data correspond to it. The data are represented by
the observed trajectories of Ni(u), Ii(u) i = 1,...,n. The test then compares the
Nelson-Aalen estimate H(u) computed from (1) with expected HO(u).

The test has also its graphical variant, which is not numerically precise but is
easy to use and easy to interpret. It uses the fact that the cumulative intensity L(u)
can be estimated and represents the transformation of actual process of observed
breaks to the standard Poisson process (i.e., to the process with intensity one).
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After such a transformation, we simply compare observed data with data expected
(simulated) from standard Poisson process. Let us order all observed breaking
strengths of the components to one nondecreasing sequence uy, k = L, 000 M. For
the graphical comparison, we plot the values

Lur) = [ 10)a8°0)

against NV (ux) = k on the abscissa. If the model holds, the residual process L(u) —
N(u) is a martingale. Then it is expected that the curve E(uk) will be close to the
line y(k) = k. A contrary case indicates that the model H°(u) does not correspond
to the data. Approximate critical bounds for such a comparison can be derived
again from the asymptotic normality of estimates.

Numerical goodness-of-fit test. From the result of Proposition 2.2 and from
the properties of a Wiener process, it follows that the process

Dy (u) = v/n(Ha(u) — H(u))/(1 + w(u))

is (if the model H? holds) asymptotically distributed as the Brownian bridge process
B(r(u)), where 7(u) = w(u)/(1 + w(u)),u € [0,S]. Hence, a test of Kolmogorov-
Smirnov type can be used. From the theory of Brownian bridge it follows, for

Estimated H(u)

- 1 . -

0 1 2 3 4 S )
u

Fig. 5. Estimated C.H.F. of breaking strenght of one component and its comparison with the
C.H.F. of exp(1) distribution.
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instance, that if d > 0,
P (méa.x Dn(u) > d) =P (m&an(u) < ~d) ~ exp(—2d?)

asymptotically (see also Rao'!). Hence, the value exp(—2d?), where d is the ob-
served max |Dn(uk)l, is the approximate p-value for the test of hypothesis of the
goodness-of-fit against a proper one-sided alternative. Simultaneously, it holds that
the critical value of the test, on the level a, i.e., the value d(c) fulfilling

P{sup,|H(u) — H(w))/(1 + w(u))| > d(a)} = a,

can be approximated by d(a) = 1/In(2)5. It follows that the approximate (1 — a)
confidence region for “true” H(u) is the band H(u) + d(a)(1 + w(u)).

A more precise critical values can be obtained from the relevant results on the
Brownian bridge process and on its probability of crossing a given level (see for
instance Robbins and Siegmund!?).

Figure 5 displays the estimate of cumulative hazard function of the breaking
strength of one “averaged” component computed from the data of Example 4.1,
namely of systems composed of 5 + 5 components (by full line). It is seen that
it differs significantly from the C.H.F. of exp(1) distribution H°(u) = u (dashed
line). Borders of approximate 95% confidence band of the goodness-of-fit test are
displayed by dotted lines.

6. Conclusion

We have proposed tools for probabilistic modeling, simulation and statistical anal-
ysis of the distribution of the breaking strengths of the system composed of a set
of independent parallel units. In the framework of proportional hazard model, we
presented the methods of estimation of the cumulative baseline hazard function of
one unit and of the parameter of proportionality. We also studied the problem of
predicting the reliability of the system if the reliability of its units is known. Sta-
tistical tests were constructed for the comparison of expected (predicted) breaking
strengths of components or of the whole system with observed data.
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1. INTRODUCTION

Basalt is generic name for solidified lava, which
poured out the volcanoes [1]. Classification of
basaltoid rocks based on the contents of main basic
minerals is described in the book [1]. The main
problems of basalt fibers preparation are due to
gradual crystallization of some structural parts and
due to non-homogeneity of melt. Utilization of the
continuous spinning technology overcomes the
problems with unevenness and resulted filament
yarns are applicable for creation of technical
textiles. The fresh basalt fibers are practically
amorphous. Due to high temperature action these
fibers have ability to partially crystallize. This
modified form of basalt fibers can be more brittle
and the strength can be too low. In this
contribution the ultimate strength of basalt
filaments and roving are presented. The method
for prediction of basalt roving strength based on
the theory of counting processes is proposed.

2. BASALT FIBERS

Basalt rocks from VESTANY hill were used as
a raw material in this work. Based on the DTA
measurements the crystallization temperatures T,
of individual minerals are evaluated. For
Magpnetite is T.= 720 °C for Pyroxene T, = 830 °C
and for Plagioclase T, = 1010 °C. The density of
basalt was 2733 [kgm™). The roving contained 280
single filaments were prepared. Mean fineness of
roving was 45 tex. Diameter of filament was 8.63

[um].

3. BASALT FIBERS STRENGTH

The probabilistic approach to fiber fracture leads
to the expression of cumulative probability of
fracture F(V, o) in dependence on the tensile
stress level o and fiber volume V. Generally is
valid that F(V, o) = 1 - exp(- R(0)). The R(0) is
known as the specific risk function. For famous
Weibull distribution is R(c) = [(0 - A)/B]°. Here
A is lower strength limit, B is scale parameter and
C is shape parameter (model WEI 3). For brittle
materials is often assumed A = 0 (model WEI 2).
The individual basalt filaments removed from
roving were tested. The loads at break were
measured under standard conditions at sample
length 10 mm. Load data were transformed to the
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stresses at break o; [GPa]. The sample of 50
stresses at break values was used for evaluation of
the R(o) functions and estimate of their
parameters. Owing to their special structure the
parameters of Weibull type distributions were
estimated by using of the maximum likelihood

(MLE). The MLE estimators a’ given in table 1
were obtained by the maximization of log
likelihood InL(a) (see [2]).

Table 1. Parameters of Weibull models

Model | A B (& InL(a%)
[GPa] | [GPa] | []

WEI3 | 0.0641 | 2.30 137 |.33.50

WELR2 | - 3.01 1.83 | 29.16

The mean strength value for WEI2 is 2.67 GPa.
The SEM micrograph of typical broken basalt
fiber (magnification 10 000) shows the occurrence
of brittle fracture. The SEM of longitudinal
portion of basalt fiber (magnification 10 000)
shows that surface is very smooth without flaws or
crazes. Based on these findings we can postulate
that fracture occurs due to nonhomogenities in
fiber volume (probably near the small crystallites
of minerals).

4. BASALT ROVING STRENGTH

The strength distribution of basalt filament roving
was measured on the samples tempered in oven at
temperatures Ty = 20, 50, 100, 200, 300, 400 and
500°C in time intervals ty = 15 and 60 min. For
roving strength measurements the TIRATEST
2300 machine was used. The 50 samples of
strengths P; were collected. These values were
recalculated to stress at break values o; [GPal.
The  strength  distribution of  tempered
multifilament roving was nearly Gaussian with
parameters: mean o, and variance s*. These
parameters are estimated by the sample arithmetic
mean and sample variance. The dependence of the
roving strength on the temperature exhibits three
nearly linear regions. In the first region at low
temperatures up to the 180°C is nearly constant
strength. Second region up to the 340°C has very
fast strength drop. In the third region (above
340°C) the strength is slowly decreasing. The



strengths o, for temperature T,=180°C and o, for
temperature T, =340°C were estimated by the
linear least squares (see tab. 2). The rate of
strength drop D = (,-0,)/ 160 [GPa deg’] was
computed as well.

Table 2. Parameters of dependence of roving
strength on temperature

tr g, a; D

[min] | [GPa) [GPa) [GPa deg™)
15 1.1 0.343 0.0048

60 1.2 0.158 0.0064

For untreated roving the mean o, = 1.02GPa and
variance s* = 0.0075 [GPa)’ were obtained. It is
well known (see [5]), that distribution of fiber
bundle is asymptotically normal with mean value
E(c) = B*C " exp(-1/C). For WEI2 distribution is
E(o) = 1.25 GPa. This value is very close to
experimental one. From practical point of view is
probably experimental value too small because the
part of fibers was crushed in jaws of testing
machine.

5. PREDICTION OF ROVING STRENGTH

The roving is considered as the bundle or rope
composed from » filaments. These filaments forms
system composed from parallel-organized units.
The reliability is understood as a resistance of the
system against a load applied to it. It is assumed
that reliability is tested in such a way that the load
increases from 0 to the level causing the failure of
all units or up to maximal load. Further it is
assumed that the experiment is relatively fast, so
that the time of duration of the load does not
influence the survival. The standard survival
analysis approach and counting processes models
are used, however, instead of time-to-failure, the
breaking load of strands is variable of interest. The
concept and relevant theory of counting processes
is described in the book [3]. Let the survival of
strands is described by i.i.d. random variables U;
j=1..m with distribution given by f(u), F(u), h(u),
H(u) denoting the density, distribution function,
hazard function and cumulative hazard function,
respectively. It is assumed that at each moment the
force applied to the filament is divided equally
among the (unbroken) filaments. The global force
stretching the filament is observed. However, as
the break of filament leads to an immediate re-
distribution of the force to the other filaments (so
that to the abrupt increase of the force affecting
each individual filaments), the consequence can be
the break of several of remaining filaments. For
such a set of filaments broken practically at the
same moment the precise level of the strength

L ———l

causing the break of some of them is actually not
know. Thus, a part of data is interval-censored. If
the sufficient number of filaments is observed the
sufficiently large set of uncensored data are
registered. Let the bundle of n identical and
independent filaments are tested. Denote by U;
random variables - survivals, by N; (u), Ii(u) related
individual counting and indicator processes for the
i-th filament (i=1...n). Further denote

N =SN@), 1w)=31@)

i=1
The common estimator of the cumulative hazard
function is the Nelson-Aalen one

HN(U) = J-dN(V)

7 1)

where is set 0/0=0. The ability of the estimator to
approximate well the true H(u) depends on the
indicator processes for all values of strength u in
the interval of interest. Proof of asymptotic
uniform consistency and asymptotic normality of
this estimator is derived in [4]. The proposed
model was used for prediction of the survival of
bundle when the survival distribution of filaments
is Weibull with known parameters. Though the
overall survival can be derived from the order
statistics distribution, its computation is generally
complicated. The Monte Carlo simulation has been
therefore used. Based on the 3000 simulations for
model WEI2 the mean value ES(c) = 2.21 GPa
and standard deviation SS(oc) = 0.22 have been
computed. These values seem to be more realistic
in comparison with asymptotic results.
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