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Abstract

The incremental two-dimensional equation of motion for small amplitude waves superposed on the homogeneous thermal strain
are used for the theoretical description of the influence of the elastic stiffnesses and inertia of electrodes on the frequency-temperature
characteristics of the fundamental thickness-shear vibration of the rotated Y-cut quartz resonators. The resonators are considered
in the shape of the strip bounded in the X axis direction of the quartz crystal and fully covered on the faces perpendicular to the
thickness direction by conducting clectrodes. The piezoelectric properties of a quartz plate are neglected. The theoretically obtained
results are compared with the measured frequency—temperature characteristics of the AT- and BT-cut quartz plates. © 1997

Elsevier Science B.V.
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1. Introduction

The influence of electrodes deposited on the surface
of quartz plates on the frequency-temperature character-
istics of the quartz plates was studied namely by Tiersten
and Sinha [1], Stevens and Tiersten [2] and Sherman
[3] during the last eight years. They considered the
influence of the thermal stresses induced by the change
of the temperature in the piezoelectric plate with thin
films covered the surface of the plate and the influence
of the energy trapping. In the present paper the influence
of the changes of the inertia and the elastic properties of
electrodes caused by the change of the temperature on
the frequency—temperature characteristic of the
electroded quartz resonators are considered.

The linear elastic equations for small vibrations super-
posed on the thermally induced deformation by steady
and uniform temperature changes are used for the
description of the influence of electrodes on the fre-
quency—temperature characteristic of the fundamental
thickness-shear vibration of rotated Y-cut quartz resona-
tors in the paper. The two-dimensional piezoelectric
plate equations based on the Mindlin’s power series
expansion [4] and the Mindlin’s [5] and Tiersten’s [6]
two-dimensional equations for the plating are used for
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the description of the vibration of the fully plated strips.
The influence of the temperature changes is included in
the description of the vibration by using the incremental
two-dimensional equations of motion derived by Lee
and Yong [7]. The piezoelectric properties of the plate
are neglected.

The influence of electrodes on the frequency-temper-
ature characteristics of AT-cut quartz resonators was
computed and compared with the measured frequency—
temperature characteristics of quartz resonators with
silver and gold electrodes [8]. The thickness of the
electrodes of the measured resonators on each side was
from 100 to 1000 nm and the resonant frequency of the
thickness-shear vibration was approximately 10 MHz.

2. Incremental equations of motion and
frequency—temperature equation of unplated rotated
Y-cut quartz plate

The rotated Y-cut quartz plate shown with its coordi-
nates and dimensions in Fig.1 is considered in the
subsequent discussion. Following Lee and Yong [7] the
influence of the thermally biased homogeneous strain is
expressed by means of the term f; and thermally
dependent elastic stiffnesses D, ;.



172 J. Zelenka | Ultrasonics 35 (1997) 171-177

X2

2a

2b
X3

Fig. 1. rotated Y-cut resonator in orthogonal system of axis.

The term f3; is given by the relation
Bi =0 + 25k (1)
where 9, is the Kronecker delta and homogeneous
thermal strain o, is a function of the ath order thermal

expansion coefficients aff and the temperature change
O=T-T,

af =) O+aPO* a6’ (2)

The coefficients «{f were measured and published by
Bechmann, Ballato and Lukaszek [9] and corrected by
Kosinski, Guallieri and Ballato [10].

The thermally dependent elastic stiffnesses D,y are
given by the relation

_ 1 2) A2 1) p3
Dy = Ciju +D§-ﬂlz@+D§,£l@ + D63, (3)
where

(1)

Dlﬂ(l - ukl + Cl]klmnamn’

2 _ 17 (2)
tﬂ:l _fq uklmnamna (4)

(3) — (3)
ljkl - 6QJkl + Cijklmn O+

Cim and Cijyn, are second and third order elastic
stiffnesses, while C{}),, C{2); and C{3), are respectively the
first temperature derivative, second and third effective
temperature derivatives of elastic stiffnesses C;y,. The
values of the temperature derivatives were calculated
and presented by Lee and Yong [7].

The incremental two-dimensional equations of motion
for small amplitude waves superposed on homogeneous
strain induced by the change of temperature were derived
by Lee and Yong [7] in the form

Btklkjj nﬁiktgc"Z_ l)+ﬁikF}("):Q Z Amnﬁg'n)a (5)

m=0
where ¢ is the nth order incremental stress defined for
the purely elastic plate by the relation

oo
1P =Dy Z Amnel?, (6)

n=0

el? is the nth order incremental strain given by the
relation

el = Bustirh + Buatd?s +(n+ 1) (BaiBge
+52jﬁk.~u}<"+l))]' (D

F" is the nth order incremental face traction defined by
the relation

=[x5t,]%0 (8)
and
2bm+n+l
——— when (m+n) is even,
A ={(m+n+l

mn

0 when (m+n) is odd.

The infinite series of two-dimensional plate Eq. (5)
are truncated by retaining terms of order n=0 and n=
1 only in this paper. The resulting incremental two-
dimensional equations of motion after including of the
correction factors «;; for thickness vibrations [11] are

Bt + BuFY = 2boii?”,
ﬁikt;clj)j = BatlS + PuF =30 0iil™,

where

(10)

17 =2k Dijueid

1) =30’ Dyjueid,

FO =[1,,]%5 = t,;(b) — t,;,(—b),

FP =[x513;)25 = bty(b) —bty;(—b), (11)

efp) =3 Bt} + Bty + (n+ 1) Gpi By
+‘>2].Bk.u("+1))].

The nth order incremental surface traction p{ is
defined as

P =pau;tiy on C, (12)

where C denotes the curve edged the plate in x; x,
plane. The correction factors k; =k ;; are given by the
relations

2 2 2 222
Kia1) = Kizz) = K23 =K" =71"/12,

2 .2 .2
Ky =K@z =Kaz =1

The rotated Y-cuts have the monoclinic symmetry.
For the thickness vibrations of these cuts with free edges
at x; = +a we consider straight-crested waves propagat-
ing in x, direction and retain the two strongly coupled
modes, i.e. the thickness-shear u!{"(x,,r) and flexure
uP(x,,t). The thickness-twist #{’(x,,t) and thickness-
stretch u{”(x,,¢) modes are not coupled with thickness-
shear and flexure modes in AT-cut quartz plates and
will be not considered in this paper. Hence, by setting
U=y =0 and 1Q=r9=:%Y=0 in Eq.(11) and
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noting for the rotated Y-cut of, =af, =B,, =13 =0 we
have the strain-displacement-temperature relations

0) .1 (0)
€13 = 2ﬁ4“2,1,

3 = Bouls + Bul), (13)
9(111’ =B u(11,)1,

and the free-edge conditions at x, = +a in the abbrevi-
ated notation

0 0 0
P = Bt + 19 =0,

p(ll)zﬁlt(ll)zo’ (14)
where

B;i=1+af fori=12,3,

Ba=05s. "

For the unelectroded plates with the zero traction on
the surface the face traction F\” have been set zero.
Substitution of Eq. (14) into the first two equations of
(10) and (11) yields the incremental-displacement-temp-
erature equations of motion of coupled thickness shear
and flexural vibrations. We have in the abbreviated
notation of the elastic stiffnesses

K*(B3 D6 +2K ' B2 BaDss + 172 B3 Dss )l
+&*(B1B2Des + 1" B1 B4 Dse)ulls = 0,
BiDyyuthy —3b72k*[( B B2 Des
+K7 1 B1BaDse)uss + B Dottt =0,

For an even distribution of shearing strain over the
face of rotated Y-cut plate, we consider

u) = Aob sin(Ex,) €', ul =4, cos (éxp) €, (17)

(16)

where ¢ is the wave number and 4, 4, are amplitudes.
After substitution of Eq. (17) into Eq. (16) we find

[aooz2 ~30Q? Ao,z :l [AO]~0 (18)

where
oo =P3Des +2k ' By By Dse +x B3 Ds;s,
Aoy :ﬂ1ﬁ2566 +K_1ﬁ1ﬂ4556,

_1,.-2p20
ayy =3k “BiDyy,

éllzﬁ%DGG’ (19)
and
Zng’ Q=(U/CU1,
C _ D
w? =3K2 —2 e (20)

E’b_z’ pq"a;

Setting the determinant of coefficients in Eq. (18) equal
to zero gives the dispersion relations from which two

roots of z%(£2) can be determined

(@)= —qi\/qz—4pr’ 21
2p

where

P =gl

q=ag(dy —0R*)-3Q%a,, —aj,, (22)

r=—3Q%a4,, —Q%.

For each root z=+VzZ (for m=1,2) the ratio of
amplitudes o, =A,,/A4,, can be obtained from the
relation

doy
e m (23)
A2, +a11 —Q
The complete solution of equations of motion are
given by the relations

2
u(ZO) = Z AOmb Sin(émxl) elwt’
m=1

; (24)
u(ll) = Z AOmam cos (émxl) eimt.
m=1
Substitution of Eq.(24) into the edge conditions
Eq. (14) yields

[(“002'1 +ag%1)c0s (zya/b)  (agyz; +agy x;)cos (Zza/b):l

o, sin(z a/b) o, sin(z,ya/b)

A
x[ 01]:0, (25)
A02

The normalized resonant frequency  is a function
of the length-to-thickness ratio (a/b) and the elastic
properties D,,. It can be obtained from the relation

l:(aoozl +ao;01)c0s (zya/b)  (agz; + gy %2)COS (Zza/b)]

oy sin(z,a/b) o, sin(z,a/b)

=0. (26)

3. Mechanical effect of plating

The equations of motion of the plated crystal plates
were derived by Mindlin [5], Tiersten [6] and
Suchanek [11].

Let the upper and lower faces of quartz plate be
covered with the electric conducting thin isotropic films
(electrodes). Let the thickness of the upper electrode be
2b’ and the lower electrode 2b”. The material properties
of the upper and lower electrodes are expressed by the
mass density o', the planar elastic stiffness y2;, and the
shear elastic stiffness y};,3.

Let the platings be perfectly conducting and the
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electrodes be so thin that the thickness-shear stress-
resultants t{) and ¢§)” and the flexure stress-couples
t? and t“”’ may be neglected. The electrodes are
isotropic and non-zero thermal expansion coefficients
are only af (i=1,2,3) and nonzero are also only f.
Then the all that remain of the incremental equations
of motion of the plating analogous to (10), {11) and
(13) are;
(a) for the upper electrode:

By FY =2b'0'i”,
o)’ 0y (0)
Br1tQs + B FY =2b'0u”

O _Ams O
1) =21,

3(101) = 111‘(10)1,
FO' =[15,]18, = 15(b)) — t5:(— 1), (27)

(b) for the lower electrode:
BP9 =260’
Bt + B FY =2b"0"i>",
1" = 2b”}’u11€(101)”,
=Bty
FO =[15) 100 = t5a(b") ~ t3(—b"), (28)
where

U 2

o (Ci122)

V1111:C1111—'_, T
1111

For the plated crystal plates the conditions of continu-
ity of the incremental surface tractions p, and p, and
the displacement on the faces between electrodes and
quartz plate have to be considered:

Biiti—=b) =Py t12(b), Pritia(b")=P11t12(—b),
Baaty(—b)=Partrs(b),  Prrts(b")=P11l22(—b), (29)

W (—b)=bulP(b),
u) (—b)y=uP(b),

U (6") = —bu(~b).
uP" (b =u (—b), (30)

where we suppose that u‘°’ =0, and as p;=p;=p3=0
the surface traction F{ =

Using Eq. (29), we may express the surface loading
FP and FY of unelectroded crystal in terms of the
surface loadings F® and F®” (j=1,2) of electrodes
given in the last equations of Egs. (27) and (28). Then
the equation of motion of electrodes (the first equation
of Eq. (27) and the first equation of Eq. (28)) may be
incorporated in the stress equation of motion of unplated
crystal (Eq. (10)).

It follows from the third and fourth equations of

Egs. (11) and (29)
BaaFY = oy t5:(—b) — Brat3(b"),
B FY =bBi(13:(—b)+11:("). (31

The successive addition and subtraction of the fourth
equation of Eq. (30) and the fourth equation of Eq. (31)
yield

ts(—b) = 13lb") = B — (PO + FY"),

btio(— b)) +bt,(b")=FV —b(F® — FO"), (32)
where

FO =15,(0) — t5,(— "),

O =bt1,(b) +b11(=b"), (33)

are the surface loadings on the outer faces of the
platings.
From Egs. (31) and (32) we obtain

By FY = By, FY — By (FY + FP),
ﬂuFl” =ﬂ11ﬁ(11) —bﬂil(F(loy ‘Flo)")- (34)

The sum of the first equation of Eq. (27) and the first
equation of Eq. (28) and the difference of the second
equation of Eq. (27) and the second equation of Eq. (28)
yield

Boa P + Bia P =20 (b + 9",
ﬁhﬂoy + B, FY" = _ﬁu(t(o) 19" (35)
+20'(biH” —b"iO").

Substituting Eq. (35) into Eq.(34) and using the
continuity of mechanical displacement condition
Eqg. (30), we find

Baa F = By, Y —2boRiis),
B FPO =B B +bp1, (18 — 10, — 2R, (36)
where the mass loading R is equal to
o'(b'+b")
ob

Substituting Eq. (36) into Eq. (10), we obtain
B2t + Baa T 1 + B B =2bo(1 + R)iy,
Bty — B tQ + B FP =2 o(1 + 3R, (37)

R=

where

B2ty =Pt

B33 =Brat3,

Bt =But¥ +bB Y —1Q). (38)

From the conditions of the continuity of mechanical
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displacement Eq. (30), we obtain

, Bu ﬂn
4 (101) {111} € (101) "= (111) (39)

11 11

Substituting from the constitutive equations for the
unelectroded crystal Eq.(10) and the electrodes
Egs. (27) and (28) and using Eq.(39) we obtain the
stress constitutive equations for the plated crystal in the
form

0) _ () ©)
% =2bx(kD 51,63 + Dy113€13),

0 0 ©)
1% =2b(kDy31,€8] + Dy3136%),

wW\2b'+b"
oY =2p3 <Dml+3<ﬁi> TVlGlll)e(lll}’ (40)

11

where
Y111 =511 +7%11(0 —65)

and y{},, is first order temperature derivatives of planar
elastic stiffness of electrodes 7%, ,.

For traction-free face conditions the face tractions
FY and FV have been set to zero. The displacement
equation of motion of coupled thickness-shear and
flexure vibrations of plated Y-cut quartz plates we
obtain in the abbreviated notation in the form

K2 (B3 Dee + 2k B2 faDse + k2 B3 Dss5)ul),
+1%(B1 B Des + k1 By BaDse)ullh =o(1 + R)ii,
BiD¥ ), —3b7 2K [( By B2 Des + 5 By BaDse )l
+ BEDgsuiV]=0(1+3R)iilY, (41)

where for the same thicknesses of upper and lower
electrodes (b'=5H")

b’ ﬂ’) .
DY =D, +6 —|—) 7,
11 11 b(ﬂ Y11

1
B'=Bi1=Bn=PFun=1+a"=1+2a(0—6,) (42)

and o'V is the first order expansion temperature coeffi-
cient of electrodes.

The changes in the displacement equation of motion
Eq. (41) which cause the plating of the quartz plate is
necessary to applied also into Eqgs. (18) and (19). The
corrected equations have the form

[aooz2 —-3(1+R)Q? Ao, 2 ]
- a1 22 +d;, —(1+3R)Q?

Ao
><|: ]=0, (43)
A4,

where

aoo =P3Des + 2k~ By BuDse+1 2 B3 Dss,

ao1 =P1B2Des + k™ 1B, B4 Dsg,

“2BiDt.

dyy =P Deg. (44)
The corrected values ¢ and r in Eq. (22) are

g=doo(dy; —(14+3R)Q2*)—3(1 + R)Q%a,, —ad},,

r=—=3(1+R)Q2%a;; —(1+3R)2%), (45)

=1,
a1 =3k

where

D—’ﬁ =D}, /Ces-

4. Computed and experimentally obtained results

The normalized resonant frequency 2 as a function
of the temperature can be computed from the Eq. (26)
when the corrected values Eq. (44) are substituted in
Eq. (26) and the dependence of §’, §, D;; and D;; given
by Eqgs. (42), (2), (15), (20), (3) and (42) is consudered

The AT-cut strips fully covered with electrodes on the
faces perpendicular to the thickness of the strip were
considered by the computation. The circular AT-cut
plates with the diameter 9 mm and the resonant fre-
quency approximately 10 MHz and with the electrode
diameter 5.2 mm and 2.8 mm were measured. The com-
puted and measured frequency-temperature characteris-
tic of the AT-cut quartz plates with silver electrodes are
shown in Fig. 2Fig. 3. The mass loading of electrodes
of the resonators with the frequency-temperature char-
acteristics shown in Fig. 2 was R=0.01875. Three calcu-

40
af
f

{ppm]
T 20

-20

-40 4
-60 0 60 120
— T [*C]

Fig. 2. Calculated (solid line) and measured (dashed lines) frequency-
temperature curves of the 10 MHz AT-cut (YXa_j3s5.y3.,20.) quartz
plates.



176 J. Zelenka | Ultrasonics 35 (1997) 171-177

40
af
f
[ppm]
} 20
¢ ,// ,"\ Pei2.8mm S /
7/ \as2mm R i
)
l/
-20 -+
,I/ /
-40 i
-60 0 60 120
— T [*C]

Fig. 3. Calculated (solid lines) and measured (dashed lines) frequency—
temperature curves of the 10 MHz AT-cut (YXa_j3s01320.) Quartz
plates as a function of the equivalent thickness of silver electrodes.
The diameter of electrodes of the measured resonators was 5.2 mm.

lated curves for R;=0.003125, R,=0.01875 and
R;=0.02813 and two measured curves for R,=
0.003125 and R,=0.01875 are given in Fig. 3. The ratio
a/b in the range from 53.77 to 55.20 and the values of
material constants of electrodes are given in Table 1.

The resonant frequency of AT-cut quartz resonators
as a function of the temperature can be described by
the relation

Q-9
Q,

where Q is the normalized resonant frequency at the
temperature 7T, Q, is the normalized resonant frequency
at the temperature T, and T are nth order temperature
coefficients of the resonant frequency.

The influence of the thickness of electrodes caused
the change especially the first order temperature coeffi-
cient of the resonant frequency. The first order temper-
ature coefficients of the resonant frequency were
computed as a function of the mass loading R for the
silver and gold electrodes. The computed curves are
given in Fig. 4 for three cut angles 35°12, 35°13’ and
35°14'. The experimental values obtained from the meas-

Yo .
=Q_=}: Tf™(T—T,)", (46)
0 n=1

Table 1

Material constants of electrodes used by the theoretical calculation of
the influence of the thickness of electrodes on the frequency-temper-
ature characteristics of resonators

Parameter Dimension Silver Gold

Density kg3 9300 18 500
Elastic stiffness 7f, 10° Nm 2 91.01 92.05
Temperature derivative y{} 10° N m™2 —0.87 —0.68
Thermal expansion coefficient o 1076K™! 19.7 14.4

0.0t

Tf“’
[ppm]

oo

002

003 5
004
0 00 0.02 003

Fig. 4. Calculated dependence of the first order temperature coeffi-
cients Tf™ of the AT-cut quariz resonators on the mass loading R for
silver (solid line) and gold (dashed lines) electrodes and three cut
angles. Circles correspond to the measured values of the AT-cut resona-
tor with silver electrodes and the cross corresponds to the measured
values of the same resonator with gold electrodes. The orientation of
the measured resonator was YXa _5043,250-

urement of Pavlovec [8] for the AT-cut (35°13'25") are
also given in Fig. 4.

5. Conclusion

The elastic stiffnesses and inertia of electrodes caused
the change of the frequency-temperature characteristic
of the AT-cut quartz plates. The value of the first order
temperature coefficient of the resonant frequency of the
AT-cut quartz resonators decreases linearly with the
thickness of electrodes. The silver electrodes caused the
greater change of the first order temperature coefficient
of the resonant frequency than the gold ones for the
same value of mass loading R.
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