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all his support, understanding and leadership. Technical University of Liberec has been my home

i



since seven years. I do realize that not everyone has an opportunity to get a good job within an
inspiring team of people, and in the city where one feels at home.

Most of the parallel CFD computations were run on the facilities of the Supercomputing center
of the Czech Technical University in Prague. I am grateful to Petr Pospı́šil, who made this possible
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Abstract

The habilitation thesis is based on author’s contributions to the research of incompressible flow on
moving geometries with two applications – flow past the vibrating vocal folds in human phonation,
and flow-induced vibrations of elastically supported airfoils with two degrees of freedom. The thesis
covers both experimental investigation and numerical simulation approaches. A short overview of
numerical methods for the solution of incompressible flow is given, with a detailed explanation
of two methods used by the author in his work – the Finite element and Finite volume methods.
For both methods, the thesis explains how the domain deformation is treated in the cases, where
remeshing or grid topology changes are not necessary.

The next part of the thesis deals with experimental methods in fluid mechanics. Emphasis is
given on the methods used in the works of the author – pressure measurements, Pitot tube mea-
surements, Particle image velocimetry and Reference-beam interferometry. For the sake of com-
pleteness, basic information and references to literature are given also for the other common mea-
surement methods - Hot wire anemometry, Laser Doppler anemometry, Ultrasonic anemometry and
others.

The next chapter devoted to human voice biomechanics contains an introductory part giving
the basic information and context, and a short description of the human vocal tract physiology.
The most important papers of the author are reprinted. The numerical studies start from a simple
lumped-parameter structural model coupled to quasi-1D inviscid airflow, go over a finite element
discretization of 2D Navier-Stokes equations towards a 3D parallelized finite volume model of
airflow one-way coupled to an aeroacoustic solver. Further, two reprints on PIV measurements of
airflow on two completely different physical models of vocal folds are given.

The last part of the thesis contains introduction to the classical theory of aeroelastic instability
of airfoils, followed by two reprints of author’s publications on the flutter instability. Again, both
numerical and experimental approaches to the investigation of airflow past the self-oscillating airfoil
are covered.
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Chapter 1

Introduction

Although the flow of fluids is described by seemingly simple Navier-Stokes equations, its nature can
be extremely complex. Unlike the partial differential equations for the linear elasticity, acoustics,
heat transfer, or electromagnetics, the Navier-Stokes equations contain a strong inherent nonlinear-
ity in the convective term, which cannot be neglected (except for the case of low Reynolds number,
creeping flows). The nonlinear convective term is the main cause of the fluid flow complexities,
notable examples being the behavior of boundary layers, principal differences between subsonic
and supersonic flow (although both described by identical equations) or the turbulence, where the
energy of the large flow structures is transferred in a cascade of scales towards the smallest vortices
dissipating the turbulent kinetic energy into heat. In 1932, British physicist Horace Lamb com-
mented: “I am an old man now, and when I die and go to heaven there are two matters on which I
hope for enlightenment. One is quantum electrodynamics, and the other is the turbulent motion of
fluids. About the former I am rather optimistic.”

Fifty years later, Richard Feynman still calls turbulence “the most important unsolved problem
of classical physics”. Until present, even the very proof of existence and smoothness of the solution
of the Navier-Stokes equations in R3 for general smooth initial data remains unresolved and among
the US$1,000,000 Millennium Prize Problems awarded by the Clay Mathematics Institute. Analytic
solutions of the Navier-Stokes equations are not available for most flow problems of engineering
interest and the equations have to be solved numerically. However, the complexities of the fluid flow
physics translate into the computational fluid dynamic (CFD) simulations, which should always be
interpreted with caution, checked for mesh dependence, and verified on benchmark problems or,
ideally, validated against experimental data. This is the reason why in investigation of various
fluid flow problems the mathematical modeling and numerical simulation efforts have always been
complemented by measurements.

In problems, where the geometry of the flow domain changes in time (due to an object moving
in the fluid or due to deformations of the domain boundary), especially in the cases where the flow
is coupled to an elastic structure, additional complications are encountered. This thesis summa-
rizes the author’s contributions in the field of numerical modeling and experimental investigation
of fluid flow on moving geometries with two specific applications – flow-induced vibrations of
the human vocal folds and the flutter instability of airfoils. In chapter 2, two numerical concepts
used by the author are described: finite element discretization of the 2D Navier-Stokes equations
in the Arbitrary Lagrangian-Eulerian (ALE) approach, and collocated cell-centered finite volume
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2 CHAPTER 1. INTRODUCTION

discretization of the 3D Navier-Stokes equations on unstructured meshes with explicit treatment of
the mesh motion. Chapter 3 gives an overview of the experimental methods in fluid dynamics, with
special emphasis on the methods used by the author himself and with ample references to relevant
literature. The core of chapter 4 consists of reprints of the author’s papers on the aerodynamics and
biomechanics of human voice. Chapter 5 contains the context and introduction into the aeroelastic
instability of airfoils, and reprints of author’s papers on the investigation of the subsonic flow past
a self-oscillating NACA0015 airfoil.



Chapter 2

Numerical modeling of incompressible
viscous flow on moving geometries

2.1 Overview of the numerical methods in computational fluid dy-
namics

Historically, the first attempts to compute fluid flow numerically using computers were based on
linearized potential equations in 2D. In order to resolve the flow past airfoils, a number of numerical
codes have been developed, notably the Panel methods, which are still used up to present. Most of
the modern commercial CFD codes resolving the 3D nonlinear viscous flow rely either on the Finite
volume method (Fluent, Star CCM+) or Finite element method (Comsol Multiphysics, Ansys CFX,
ADINA). In academia, a much wider class of methods is used. Below, the most common methods
are listed and commented.

Finite difference method (FDM)

The Finite difference method works by approximating the derivatives in the partial differential equa-
tions by finite differences, evaluated from a computational molecule around a given point in the grid.
High-order variants of the FDM exist, but require special treatment of the boundary condition to
retain the order of accuracy. FDM is easy to understand and implement, but is applicable only for
the solution on structured meshes and simple geometries.

Finite volume method (FVM)

FVM is probably the most widely used method in CFD. The computational domain is divided into
control volumes (CV), with variables located in CV centroids. The approximate solution is assumed
to be piecewise constant and the FVM is generally considered as first-order accurate. However,
higher-order finite volume methods exist, e. g. with a linear distribution of the unknown over each
CV. The key element of the FVM is the interpolation and evaluation of the fluxes through the control
volume boundaries.

3



4 CHAPTER 2. NUMERICAL MODELING OF FLOW ON MOVING GEOMETRIES

The major advantage of the FVM is that the method is inherently conservative – the conservation
of mass, momentum and energy is exactly satisfied for any CV. Even a coarse-grid solution exhibits
exact integral balances. The method is applicable on complex 3D geometries and unstructured
meshes, with a more versatile choice of mesh element types than the Finite element method.

Finite element method (FEM)

In the Finite element method, the solution is approximated by continuous, piecewise polynomial
functions. The governing equations are multiplied by suitable test functions and integrated over
the computational domain. By a suitable choice of basis (shape) functions, a system of algebraic
equations for the unknown coefficients in the approximate solution is assembled from the original
partial differential equations. The basis functions are usually chosen with a small support, which
leads to a sparse matrix of the system.

In FEM, accuracy can be increased either by mesh refinement (h-refinement) as in the FVM, by
increasing the polynomial order (p-refinement), or by both (hp-refinement). Similarly as the FVM,
FEM is routinely used on real-world 3D geometries.

Spectral element method

The Spectral element method is actually a variant of the FEM. The basis and test functions are
high-order Legendre, Chebyshev or Lagrange polynomials (typically 10th order in CFD). Efficient
high-order Gauss integration quadratures need to be implemented to compute the volume integrals.

Discontinuous Galerkin method

The Discontinuous Galerkin method is a hybrid method combining the FEM and FVM concepts.
As in the FEM, the solution is approximated by piecewise polynomial functions, however these
need not be continuous on the element boundaries. The interelement convection terms are resolved
by numerical flux formulas, similarly as in the FVM. The method is very flexible, allows resolving
discontinuities and steadily gains in popularity, especially in the research codes.

Spectral method

In contrast to the FEM, spectral methods approximate the solution by globally smooth functions.
The method has very high accuracy (so-called exponential convergence), but can handle only simple
geometries and limited boundary condition types.

Lattice Boltzmann method (LBM)

A completely different approach to the numerical solution of fluid flow is employed in the Lattice
Boltzmann method. Unlike all of the methods mentioned so far, LBM does not solve the conser-
vation laws. The fluid is treated as a set of fictious mesoscopic particles, which propagate and
collide among each other. Instead of the Navier-Stokes equations, LBM solves the discrete lattice
Boltzmann equation.



2.2. FINITE ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS 5

A major advantage of the LBM is that it is mesh-free. Geometric complexity, mesh generation
issues and domain deformation are not a challenge. Moreover, the implementation of LBM exhibits
intrinsic linear scalability in parallel computing, since all the particle collisions are calculated lo-
cally. However, LBM encounters problems in turbulence modeling, and is still hardly applicable to
transonic and supersonic flows.

The potential of the LBM is underlined by the fact that during recent years, two commercial
codes based on the LBM – Powerflow and XFlow – emerged, the latter being marketed by a ma-
jor computer-aided engineering company MSC Software. However, in the CFD community the
LBM codes are still considered rather immature, needing much further development, testing and
validation.

2.2 Finite element method for the incompressible Navier-Stokes equa-
tions in 2D

In this section, the numerical solution of the incompressible Navier-Stokes equations (NSE)

∂u
∂ t

+(u ·∇) u+
1
ρ

∇p−ν ∆u = 0 in (0,T )×Ω

∇ ·u = 0 in (0,T )×Ω (2.1)

for the fluid velocity u and fluid dynamic pressure p and kinematic viscosity ν using the Finite
element (FE) method will be shown. The standard Eulerian form of the governing equations (2.1)
assumes a fixed computational domain Ω. However, the Eulerian time derivative ∂/∂ t is not well
defined in a time-dependent computational domain and thus (2.1) is not suitable for description of
the flow on a computational mesh that deforms in time. Therefore it will be first reformulated using
the Arbitrary Lagrangian-Eulerian (ALE) approach.

2.2.1 Arbitrary Lagrangian-Eulerian method

The fundamental concept of the ALE method, used in CFD problems with time-variable geometry
(such as flow past flapping airfoils, floating objects, flow-induced vibration of structures or channel
walls or flow in rotating machinery), is to relate the equations defined in the actual, “deformed”
configuration – the domain Ωt at time t – to a reference configuration Ω0, which is usually the
domain at t = 0 (see Fig. 2.1). This is realized using the ALE mapping At : Ω0 7→ Ωt , which is for
each t ∈ [0,T ] a smooth bijection (one-to-one mapping of Ω0 onto Ωt with continuous first partial
derivatives).

The coordinates in the actual configuration – space coordinates – will be denoted by small letters;
the coordinates in the reference configuration – reference coordinates – will be in uppercase. Hence
we may write x = x(t,X) = At(X), X = A−1

t (x). In what follows, by

Φ = {(t,x) : t ∈ (0,T ), x ∈Ωt} (2.2)
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Figure 2.1: ALE mapping At - a smooth mapping of the reference configuration Ω0 onto the actual
configuration Ωt . Reference coordinates X and space coordinates x.

we will denote the domain, where the velocity and pressure fields u(t,x) and p(t,x) are defined.
A function f : Φ 7→ R, defined in the actual configuration, can be transformed into the reference
configuration, where it will be referred to as f̃ :

f̃ (t,X) = f (t,x) , x = At(X) . (2.3)

The domain velocity, which might be also understood as the velocity of the nodes of the deformed
mesh, is defined in the reference and space coordinates as

w̃(t,X) =
∂

∂ t
At(X) =

∂

∂ t
x(t,X) ,

w(t,x) = w̃(t,X) , X = A−1
t (x) . (2.4)

In addition to the Eulerian and material time derivatives, used commonly in fluid mechanics,
the ALE method defines yet another, ALE-derivative DA

Dt : Φ 7→R :

DA

Dt
f (t,x) =

∂

∂ t
f̃ (t,X) , X = A−1

t (x) . (2.5)

Using the definitions (2.5), (2.4), (2.3) and applying the chain rule, it can be shown (Šidlof, 2007)
that for a function f ∈C1(Φ) with continuous first partial derivatives

DA

Dt
f =

∂ f
∂ t

+(w ·∇) f . (2.6)



2.2. FINITE ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS 7

The ALE derivative DA/Dt = ∂/∂ t+(w ·∇) is analogous to the material derivative D/Dt = ∂/∂ t+
(u ·∇) in Lagrangian approach. The difference is that in Lagrangian description we track the par-
ticles with velocity u; the ALE approach, on the other hand, follows the “deformation” of the
particles of the reference configuration (the vertices of the computational mesh), whose velocity is
the domain velocity w.

The Navier-Stokes equations, defined in the time-dependent space-time domain Φ, can be ob-
tained by substituting (2.6) for f = u into (2.1):

DA

Dt
u+[(u−w) ·∇]u+

1
ρ

∇p−ν ∆u = 0

∇ ·u = 0 . (2.7)

2.2.2 Semidiscretization of the Navier-Stokes equations in time

The Navier-Stokes equations (2.7) are first discretized in time using a constant timestep τ . Let
us define the discrete time level ti = i τ and the approximate flow velocity, pressure and domain
velocity on this time level

ui(x)≈ u(ti,x), pi(x)≈ p(ti,x), wi(x)≈ w(ti,x), x ∈Ωti . (2.8)

The Eulerian time derivative ∂u/∂ t can be approximated by second-order backward difference

∂u
∂ t

(tn+1,x)≈
3 u(tn+1,x)−4 u(tn,x)+u(tn−1,x)

2 τ
. (2.9)

In the ALE formulation of the NSE (2.7), however, we use the ALE-derivative

DA

Dt
u(tn+1,x) =

∂

∂ t
ũ(tn+1,X) , X = A−1

tn+1
(x), x ∈Ωtn+1 . (2.10)

If we denote the ALE mappings of the reference point X on the three time levels involved

xn+1 = Atn+1(X), xn = Atn(X), xn−1 = Atn−1(X) , (2.11)

the ALE-derivative can be approximated by the formula

DAu
Dt

(tn+1,xn+1)≈ 3 un+1(xn+1)−4 un(xn)+un−1(xn−1)

2 τ
=

=
3 un+1(xn+1)−4 un

(
Atn
(
A−1

tn+1(x
n+1)

))
+ un−1

(
Atn−1

(
A−1

tn+1(x
n+1)

))

2 τ
,

(2.12)
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similarly as the Eulerian derivative (2.9). Provided that the ALE-mappings on time levels tn+1, tn
and tn−1 are known, the finite difference (2.12) is now well-defined on Ωtn+1 . Introducing notation

ûi(xn+1) = ui (Ati
(
A−1

tn+1
(xn+1)

))
(2.13)

and substituting (2.12) into (2.7) yields the semidiscrete Navier-Stokes equations for the functions
un+1 : Ωtn+1 7→R2 and pn+1 : Ωtn+1 7→R :

3 un+1

2 τ
+
[
(un+1−wn+1) ·∇

]
un+1 +

1
ρ

∇pn+1−ν ∆un+1 =
4 ûn− ûn−1

2 τ

∇ ·un+1 = 0 . (2.14)

2.2.3 Linearization of the convective term

Due to the presence of the quadratic convective term
[
(un+1−wn+1) ·∇

]
un+1 in the Navier-Stokes

equations (2.14), the system cannot be solved in a straightforward way. Instead, it is first necessary
to linearize the equations, i. e. to replace the first occurrence of the unknown velocity vector un+1

by some vector u∗, which is already available:

[
(un+1−wn+1) ·∇

]
un+1 ≈

[
(u∗−wn+1) ·∇

]
un+1 . (2.15)

One possible approach is to use the solution from the previous timestep un, transformed to the actual
configuration with the aid of the ALE-mapping (2.13):

u∗ = ûn . (2.16)

Time-lagging of the convective velocity might be sufficient for quasi-steady flows; to increase pre-
cision for the non-stationary flow it is better to employ an iteration process, using (2.16) as the first
iteration.

Using the notation

u≡ un+1, w≡ wn+1, p≡ pn+1, Ω≡Ωtn+1 , (2.17)

the resulting system can be formally rewritten as

3 u
2 τ

+[(u∗−w) ·∇]u+
1
ρ

∇p−ν ∆u =
4 ûn− ûn−1

2 τ

∇ ·u = 0 . (2.18)
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2.2.4 Weak formulation of the Navier-Stokes equations

The starting point for the finite element discretization of any system of partial differential equations
is its weak formulation. The weak solution of a partial differential equation may be understood
as a generalization of the concept of classical solutions, whose derivatives concerned must exist
everywhere in the computational domain Ω ≡ Ωtn+1 . The weak solution, on the other hand, is
defined in an “integral” sense. The concept of weak solutions remains consistent with the classical
theory: it can be proven that a weak solution, which is sufficiently regular, is also a solution in the
classical sense.

The pressure component of the solution will be sought in the Lebesgue space of square-integrable
functions

L2(Ω) =

{
f : Ω 7→R : 2

√∫

Ω

| f |2 dµ < ∞

}
. (2.19)

As regards the velocity, the solution will be sought in the Sobolev space Y =
(
H1(Ω)

)2, where

H1(Ω) =

{
f ∈ L2(Ω) :

∂ f
∂xi
∈ L2(Ω), i = 1,2

}
(2.20)

(Feistauer et al., 2003). For the weak formulation, the velocity and pressure test function spaces
W and Q are needed. The velocity test functions are zero on the boundaries, where the Dirichlet
boundary condition is prescribed:

W =
{

v ∈ Y : v|
ΓDir

= 0
}

(2.21)

Q = L2(Ω) . (2.22)

The weak formulation of the NSE is obtained by multiplying the classical formulation (2.18)
by an arbitrary test function from the relevant space and integrating over Ω:

3
2τ

∫

Ω

u ·v dx+
∫

Ω

([(u∗−w) ·∇]u) ·v dx+
∫

Ω

1
ρ

∇p ·v dx −
∫

Ω

ν ∆u ·v dx =
1

2 τ

∫

Ω

(
4ûn− ûn−1) ·v dx ∀ v ∈W, (2.23)

∫

Ω

q ∇ ·u dx = 0 ∀ q ∈ Q . (2.24)

Using Gauss’s theorem and the fact, that the test functions v are zero on ΓDir = ∂Ω \ΓnonDir, we
can rewrite the third and fourth term from (2.23) as
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1
ρ

∫

Ω

∇p ·v dx −
∫

Ω

ν ∆u ·v dx =

=
1
ρ

∫

∂Ω

p v ·n dσ − 1
ρ

∫

Ω

p ∇ ·v dx +ν

2

∑
j=1

∫

Ω

∇u j ·∇v j dx−ν

2

∑
j=1

∫

∂Ω

∇u j ·n v j dσ =

= ν

∫

Ω

∇u ·∇v dx− 1
ρ

∫

Ω

p ∇ ·v dx +
∫

ΓnonDir

(
−ν

∂u
∂n

+
1
ρ

p n
)
·v dσ . (2.25)

The last surface integral in (2.25) is usually set to zero (or a reference pressure pre f by prescribing

(
−ν

∂u
∂n

+
1
ρ

p n
)
=

1
ρ

pre f n (2.26)

on the boundaries, where a non-Dirichlet condition for the velocity is prescribed. Typically, this is
the outflow Γout of the domain. In certain cases, however, this (so-called ”do-nothing condition”)
becomes too vague. It does not even prevent the flow returning to the domain Ω through Γout . Thus,
the total influx into the domain Ω can grow infinite and the numerical scheme tends to diverge,
especially for higher Reynolds numbers.

To suppress this inconvenience, the boundary condition on Γout can be slightly modified. Ap-
plying Gauss’s theorem on the u∗-convected part of the second term in (2.23) and using (2.21)
yields

∫

Ω

([u∗ ·∇]u) ·v dx =
2

∑
i, j=1

∫

Ω

u∗i
∂u j

∂xi
v j dx =

2

∑
i, j=1

[
1
2

∫

Ω

u∗i
∂u j

∂xi
v j dx+

1
2

∫

Ω

u∗i
∂u j

∂xi
v j dx

]
=

=
2

∑
i, j=1

[
1
2

∫

Ω

u∗i
∂u j

∂xi
v j dx+

1
2

∫

∂Ω

v j u∗i u j ni dσ − 1
2

∫

Ω

u j
∂

∂xi
[u∗i v j] dx

]
=

=
2

∑
i, j=1

[
1
2

∫

Ω

u∗i
∂u j

∂xi
v j dx+

1
2

∫

Γout

v j u∗i u j ni dσ −

1
2

∫

Ω

u j v j
∂

∂xi
u∗i dx− 1

2

∫

Ω

u j u∗i
∂v j

∂xi
dx
]
=

1
2

∫

Ω

([u∗ ·∇]u) ·v dx +

1
2

∫

Γout

(u∗ ·n)u ·v dσ − 1
2

∫

Ω

u ·v ∇ ·u∗ dx− 1
2

∫

Ω

([u∗ ·∇]v) ·u dx =

=
1
2

∫

Ω

([u∗ ·∇]u) ·v dx+
1
2

∫

Γout

(u∗ ·n)u ·v dσ − 1
2

∫

Ω

([u∗ ·∇]v) ·u dx , (2.27)

since the continuity equation ∇ ·u = 0 holds also for u∗.
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The new boundary integral which arose in (2.27) can be separated into the positive and negative
parts:

1
2

∫

Γout

(u∗ ·n)u ·v dσ =
1
2

∫

Γout

(u∗ ·n)+ u ·v dσ +
1
2

∫

Γout

(u∗ ·n)−u ·v dσ . (2.28)

Since we wish to stabilize the solution by suppressing the return flow, that is

(u∗ ·n)−
∣∣∣
Γout

= 0 , (2.29)

we add the negative part to the boundary condition and leave the positive term in the weak for-
mulation. More details can be found in Heywood et al. (1996). The new, more stable ”modified
do-nothing” boundary condition on Γout now reads

−ν
∂u
∂n

(t,x)+
1
ρ

p(t,x)n(x)+
1
2
(u∗(x) ·n(x))−u(t,x) =

1
ρ

pre f n(x)

for x ∈ Γout , t ∈ [0,T ] . (2.30)

If we substitute back all the results (2.25), (2.27) and (2.28) into the equations (2.23), (2.24) and
make use of the downstream boundary condition (2.30), we can express the ultimate form of the
weak semidiscretized ALE Navier-Stokes equations:

3
2τ

∫

Ω

u ·v dx+ν

∫

Ω

∇u ·∇v dx− 1
ρ

∫

Ω

p ∇ · v dx +
1
2

∫

Ω

([(u∗−2 w) ·∇]u) ·v dx

−1
2

∫

Ω

([u∗ ·∇]v) ·u dx+
1
2

∫

Γout

(u∗ ·n)+ u ·v dx =

=
1

2 τ

∫

Ω

(
4ûn− ûn−1) ·v dx− 1

ρ

∫

Γout

pre f v ·n dσ ∀ v ∈W, (2.31)

−
∫

Ω

q ∇ ·u dx = 0 ∀ q ∈ Q . (2.32)

The weak solution of the problem is defined as a couple (u, p) ∈ Y×Q such that the weak
Navier-Stokes equations (2.31), (2.32) hold and that the boundary conditions are satisfied in the
sense of traces.

To simplify notation, we may introduce the forms
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a(U∗,U,V ) =
3

2τ
(u,v)+ν ((u,v))− 1

ρ
(p,∇ ·v)+(∇ ·u,q)+ 1

2
([(u∗−2 w) ·∇]u,v)

−1
2
([u∗ ·∇]v,u)+

1
2

∫

Γout

(u∗ ·n)+ u ·v dx , (2.33)

f (V ) =
1

2 τ

(
4ûn− ûn−1,v

)
− 1

ρ

∫

Γout

pre f v ·n dσ , (2.34)

where U = {u, p}, U∗ = {u∗, p}, V = {v,q}, where (u,v) =
∫

Ω
u ·v dx denotes the scalar product

in
(
L2(Ω)

)2 and ((u,v)) =
∫

Ω
∇u ·∇v dx is the scalar product in

(
H1

0 (Ω)
)2. Using this notation,

the problem can be formulated as follows:

Find U = {u, p} ∈ Y×Q such that the boundary conditions are satisfied in the sense of traces
and that

a(U∗,U,V ) = f (V ) ∀ V = {v,q} ∈W×Q . (2.35)

2.2.5 Finite element discretization of the Navier-Stokes equations

The finite element discretization of the incompressible Navier-Stokes equations will be shown in
the 2D case. However, the procedure in 3D is almost identical, the major difference being the
computational cost of the simulation. During author’s FE simulations of the flow past vibrating
vocal folds, a sparse direct linear solver UMFPack (Davis, 2006) was used. Since no parallelization
was available, the memory requirements of the direct solver limited the CFD simulations to 2D
cases.

The FE discretization is assembled on a polygonal approximation Ωh of the computational
domain Ω. Let us assume that the boundary ∂Ωh is Lipschitz-continuous. Let Th = {Ki}i∈{1..nh}
be a regular finite element mesh over Ωh, with elements Ki being closed polygons with mutually
disjoint interiors such that

Ωh =
⋃

i∈{1..nh}
Ki (2.36)

and the intersection of arbitrary two elements being either empty or their common vertex or edge
(Feistauer et al., 2003). The subscript h usually represents the maximum diameter of all the ele-
ments,

h = max
i∈{1..nh}

(diam Ki) . (2.37)
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The velocity constituent of the approximate solution will be sought in the finite-dimensional
space

Yh =

{
vh ∈

(
C(Ωh)

)2
: vh|K ∈ Pk+1(K) ∀ K ∈Th

}
, (2.38)

where Pm(K) is the set of all polynomials defined on K of degree less than or equal to m. Similarly,
the pressure constituent of the solution comes from the finite-dimensional space

Qh =
{

qh ∈C(Ωh) : qh|K ∈ Pk(K) ∀ K ∈Th

}
. (2.39)

The solution is approximated by continuous piecewise-polynomial functions, and the spaces Yh,
Qh represent finite-dimensional approximations of the functional spaces Y, Q. It can be anticipated
that when decreasing the size of elements, i. e. for h→ 0, the approximation error diminishes
and the approximate solution may converge to the exact solution. It can be proven that Yh ⊂ Y,
Qh ⊂ Q. The spaces Yh, Qh are called the finite element spaces, the functions vh ∈ Yh, ph ∈ Qh are
sometimes referred to as finite elements. In the engineering community, vh and ph are called shape
functions and the term finite element usually comprises both the type of the element Ki (triangle,
quadrangle in 2D; tetrahedral, hexahedral elements in 3D) and the order of the polynomial vh and
ph. In order to guarantee the numerical stability of the resulting scheme, the spaces Yh, Qh cannot
be chosen arbitrarily; they must fulfill the Babuška-Brezzi condition (Feistauer, 1993). For the
Pk+1/Pk elements (called Taylor-Hood elements), this condition holds.

The test functions in the discretized equations come from spaces Wh ⊂W and Qh, where

Wh =
{

vh ∈ Yh : vh|ΓDir
= 0
}
. (2.40)

Now we are able to formulate the discrete problem: find a couple Uh = {uh, ph}∈Yh×Qh satisfying
(in the sense of traces) a suitable approximation of the boundary conditions such, that

a(U∗h ,Uh,Vh) = f (Vh) ∀ Vh = {vh,qh} ∈Wh×Qh . (2.41)

First, it is necessary to construct the bases of the spaces Yh, Qh. The basis of a nh-dimensional
space Yh will be denoted by {wi}nh

i=1, {qi}mh
i=1 is the basis of the space Qh of dimension mh. In order

to produce sparse matrices, it is suitable to choose basis functions with small support, for instance
equal to one in one vertex of the mesh and zero elsewhere (in the case of linear P1-elements).

Once the basis functions are chosen, the approximate solution can be expressed as their linear
combination

uh =
nh

∑
j=1

U j w j, ph =
mh

∑
j=1

Pj q j . (2.42)
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If a relation holds for an arbitrary element of a space, it must hold for all the elements of the basis
and vice versa. Thus, using (2.42), we can equivalently rewrite the condition (2.41) as

a
(

U∗h ,
{ nh

∑
j=1

U j w j,
mh

∑
r=1

Pr qr
}
,{wk,ql}

)
= f
(
{wk,ql}

)
∀ k ∈ {1..nh} ∀ l ∈ {1..mh} . (2.43)

Let us assume that the vector U∗ is known from the previous iteration. Looking back on the defi-
nitions (2.33), (2.34) of the (tri)linear forms a(U∗,U,V ) and f (V ), it is obvious that the equations
(2.43) represent a system of linear algebraic equations for (nh +mh) unknown real coefficients,
which can be organized into vectors U = (U1 . . .Unh)

T and P = (P1 . . .Pmh)
T .

The linear system, which arises from the finite element discretization described above, has the
block structure

(
A+T+C+D+E B

BT /0

)(
U
P

)
=

(
F
/0

)
, (2.44)

where

A=
(
ai j
)nh

i, j=1 ai j = ν

∫

Ω

∇w j ·∇wi dx ,

T=
(
ti j
)nh

i, j=1 ti j =
3

2 τ

∫

Ω

w j ·wi dx ,

C=
(
ci j
)nh

i, j=1 ci j =
1
2

∫

Ω

([
(u∗−2 w) ·∇

]
w j

)
·wi dx ,

D=
(
di j
)nh

i, j=1 di j =−
1
2

∫

Ω

([
u∗ ·∇

]
wi

)
·w j dx ,

E=
(
ei j
)nh

i, j=1 ei j =
1
2

∫

Γout

(
u∗ ·n

)+w j ·wi dσ ,

B=
(
bi j
)nh mh

i=1, j=1 bi j =−
∫

Ω

q j ∇ ·wi dx ,

F =
(

f1 . . . fnh

)T fi =
1

2 τ

∫

Ω

(
4 ûn− ûn−1) ·wi dx− 1

ρ

∫

Γout

pre f wi ·n dσ .

(2.45)

The matrices A and T, coming from the discretization of the viscous term and of the temporal
derivative, are symmetric, while C, D (from the convective terms), E and B are generally nonsym-
metric. By the symbol /0 we denote the zero matrix or vector.

Before solving the linear system (2.44) it is necessary to take into account the Dirichlet bound-
ary conditions. The principle of the algorithm can be illustrated on a generic linear system

Mϕ = b (2.46)



2.2. FINITE ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS 15

with a matrix M=(mi j)
n
i, j=1 and a right-hand side b=(b1 . . .bn)

T . Imposing the Dirichlet condition
is equivalent to blocking some of the degrees of freedom, i. e. to setting

ϕ j = g j ∀ j ∈D , (2.47)

where g j are prescribed values and D is an index set of the blocked (Dirichlet) nodes. We will
assume that the linear system has already been organized in such a way that the diagonal ele-
ments corresponding to non-Dirichlet nodes are non-zero, mii 6= 0 ∀ i /∈D . In order to satisfy the
Dirichlet conditions, the original system (2.46) is modified as follows: first the components of the
right-hand side vector b corresponding to the non-Dirichlet nodes are replaced by the values

bi := bi− ∑
j∈D

mi j g j ∀ i /∈D . (2.48)

Then, the matrix elements in the relevant columns are set to zero,

mi j := 0 ∀ i ∀ j ∈D . (2.49)

Finally, the matrix rows corresponding to the Dirichlet nodes are modified as follows:

mi j := 0 ∀ i ∈D ∀ j 6= i ,

mii := 1 ∀ i ∈D ,

bi := gi ∀ i ∈D . (2.50)

2.2.6 Mesh motion

The solution of the discretized system (2.44), (2.45) depends on the knowledge of the domain ve-
locity w, which has not yet been discussed properly. According to the definition (2.4), the domain
velocity is the time derivative of the ALE-mapping At . The task is to determine the explicit form
of the ALE-mapping At(X), which maps the reference, non-deformed domain Ω0 onto the actual,
deformed domain Ωt , at time level t, provided that the shape of the domain boundary ∂Ωt is pre-
scribed. The mapping At must be smooth on Ωt . Otherwise, however, the choice of At in the ALE
approach is indeed arbitrary.

In simple cases, the form of the ALE-mapping may be guessed or derived on the basis of
geometric considerations. Another possibility, which can be applied universally, is to seek the
mapping At as a solution of an auxiliary boundary problem with a suitable operator. In the finite
element CFD simulations of the author, the ALE-mapping was defined as a solution of the Laplace
equation

∆At = 0 in Ω0 , (2.51)
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with the boundary conditions

At

∣∣∣
Γ f ixed

= Id, At

∣∣∣
Γmoving

= Ft(X) , (2.52)

where Id is the identity mapping and Ft is a prescribed explicit function.

The system (2.51) has to be numerically solved in each timestep of the computation. Although
the specific number depends on many factors, the practical computations showed that the solution
of the auxiliary problem takes at most 5-10% of the total computational time.

The Laplace equation is not the only option for the solution of the mesh motion. As will be
explained later in section 2.3.4, for various scenarios a number of different mesh motion solvers
can be used.

2.3 Finite volume method for the incompressible Navier-Stokes equa-
tions on unstructured polyhedral 3D meshes

In the following section, the variant of the finite volume discretization of incompressible Navier-
Stokes equations on unstructured polyhedral meshes, used in OpenFOAM, will be described. Open-
FOAM (The OpenFOAM Foundation, 2014) is an open-source set of libraries for CFD, which is
very powerful, but rather poorly documented. The pieces of information about the settings of the
solvers and about the underlying physical models and numerical implementation are scattered over
the official website of the project, scientific papers and workshop presentations of the main develop-
ers, and community forums. The ultimate source of information are the source codes of the libraries,
however, these may be difficult to understand for those who are not experts in highly object-oriented
C++ programming with a vast use of templates, overloading and polymorphism. In certain places,
slightly non-standard terminology is used in OpenFOAM. For this sake, OpenFOAM variant of the
nomenclature is given in footnotes where appropriate. Where possible, the notation introduced in
this section is kept consistent with the class names used in OpenFOAM source codes.

The governing equations for the incompressible fluid flow read

∂u
∂ t

+∇ · (u⊗u)+
1
ρ

∇p−ν ∆u = 0

∇ ·u = 0 , (2.53)

where u is the flow velocity, p the fluid dynamic pressure, ρ density and ν the kinematic viscosity.
The first equation expresses the conservation of momentum, the second one the conservation of
mass. The convective term is written as a divergence of a tensor product, which is equivalent with
the formulation (2.1).

The basic concept of the Finite volume method (FVM) is to divide the computational domain
into a set of mutually disjoint control volumes (CVs), integrate the governing equations over an
arbitrary CV, use the Gauss theorem where applicable and then discretize the volume and surface
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integrals by some differencing scheme using the values and fluxes at the control volume and face
centroids. In OpenFOAM, the CVs can have an arbitrary polyhedral shape, and the pressure and
velocity are solved in a collocated way – they are both defined in the centroid P with coordinate xP

of the CV of volume VP such, that

∫

VP

(x−xP) dV = 0 . (2.54)

2.3.1 Finite volume discretization of a general transport equation

Before dealing with the nonlinear NSE, the finite volume discretization will be first explained for
a general transport equation of a scalar property φ (such as temperature or concentration of a dis-
solved matter)

∂ρ φ

∂ t︸ ︷︷ ︸
time derivative

+ ∇ · (ρ u φ)︸ ︷︷ ︸
convective term

−∇ ·
(
ρ Γφ ∇φ

)
︸ ︷︷ ︸

diffusive term

= Sφ (φ)︸ ︷︷ ︸
source term

, (2.55)

where Γφ is the diffusivity. To yield a second-order scheme, it is assumed that in each CV the
quantity φ varies linearly both in space and time:

φ (x) = φP +(x−xP) · (∇φ)P

φ (t +∆t) = φ
t +∆t

(
∂φ

∂ t

)t

(2.56)

In the following, the subscript denotes evaluation in a particular point or face centroid, i. e. φP =
φ(xP), φ f = φ (x f ) where

∫
f (x−x f ) dS = 0, and the superscripts express the time level. The finite

volume method starts from integration of (2.55) over the control volume VP:

∂

∂ t

∫

VP

ρ φ dV +
∫

VP

∇ · (ρ u φ) dV −
∫

VP

∇ ·
(
ρ Γφ ∇φ

)
dV =

∫

VP

Sφ (φ) dV (2.57)

The discretization of the volume integrals will be now shown one by one, following the PhD thesis
of one of the founders of the OpenFOAM project Hrvoje Jasak (1996).

2.3.1.1 Discretization of the volume integral

Using the assumption of linear variation (2.56), in an incompressible model with ρ = const the
volume integral in (2.57) may be expressed as
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∫

VP

ρ φ(x) dV = ρ

∫

VP

φP +(x−xP) · (∇φ)P dV = ρ φP VP +ρ (∇φ)P ·
∫

VP

(x−xP) dV =

= ρ φP VP , (2.58)

since (∇φ)P = const and xP is the centroid of the CV. The term may be evaluated with the knowl-
edge of the CV volume and value of the quantity φ in the CV centroid only, which is stored during
the numerical solution. No interpolation is needed here.

2.3.1.2 Discretization of the convective term

Any vector-valued function g under the divergence operator is first rewritten using the Gauss theo-
rem. The control volume being polygonal, bounded with a set of flat faces f , the discretization of
such term proceeds as follows:

∫

VP

∇ ·g dV =
∮

∂VP

g ·n dS = ∑
f

(∫

f
g ·n f dS

)
(2.59)

Here n f denotes the unit outer normal to face f and S f is the faces’s area (see also Fig. 2.2). The
function g is again assumed linear and thus the surface integral may be evaluated as

∫

f
g ·n f dS = g f ·n f

∫

f
dS+

(∫

f
(x−x f )⊗n f dS

)
: (∇g) f = g f ·n f S f , (2.60)

since x f is the face centroid and thus the last surface integral is zero. Hence, for the second-order
discretization of the divergence term we finally obtain a sum over the CV faces of a scalar product
of the value of the function g in the face centroid and the face area vector:

∫

VP

∇ ·g dV = ∑
f

g f ·n f S f . (2.61)

In the second, convective term of (2.57), g = ρ u φ . Using (2.61) we get

∫

VP

∇ · (ρ u φ) dV = ∑
f
(ρ u φ) f ·n f S f = ∑

f
φ f (ρ u f ) f ·n f S f . (2.62)

Eqn. (2.62) shows that for the calculation of the convective term, the value of the quantity φ f in the
face centroid is needed, together with the value of the mass flux through the face (ρ u f ) f ·n f S f .
The mass flux is obtained using interpolated values of ρ and u. The face value φ f may be computed
from the value φP in the CV centroid and φN in the centroid of the neighboring element (see Fig. 2.2)
using a variety of convection differencing schemes. The choice of the convective term differencing
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Figure 2.2: Polyhedral control volume with its centroid P, face f , unit outer normal vector to the
face n f , centroid N of the neighboring control volume adjacent to face f and vector d connecting
the centroids P and N.

scheme highly influences the behavior of the resulting numerical scheme. The classical options are
the Central differencing scheme (CDS)1

φ f = fx φP +(1− fx) φN (2.63)

with fx = fN/PN. CDS is 2nd order, unbounded and unstable for convection-dominated flows.
Another common choice is the Upwind differencing scheme2

φ f =

{
φP for (ρ u φ) f ·n f S f ≥ 0
φN for (ρ u φ) f ·n f S f < 0

(2.64)

(1st order, bounded, introducing more numerical diffusion than CDS) and Quadratic upstream in-
terpolation for convective kinematics (QUICK), which has greater formal accuracy, but requires
the values in other neighboring elements, is difficult to implement on unstructured meshes and can
create overshoots or undershoots. The choice of the scheme being a compromise between accuracy
and stability, new classes of differencing schemes have been developed: Total variation diminishing
(TVD) and, more recently, Normalized variable diagram (NVD) schemes. The motivation was to
introduce a scheme with higher order of accuracy, while retaining the stability and suppressing the
unwanted oscillations (wiggles) in the solution, which are created especially near high gradients
in the solution. The basic idea behind TVD is to use a high-order scheme in conjunction with a
flux limiter function, which ensures monotonicity preserving (the scheme does not create new local
extrema, and the values of local extrema are decreasing in time). Similarly, NVD schemes also
include local adjustments to the discretization of the convective term to ensure boundedness, using
an indicator function based on the currently available solution. The details on these methods can
be found in (Ferziger and Peric, 2002) or (Versteeg and Malalasekera, 2007), specific approaches
to deal with unstructured meshes are described in (Jasak et al., 1999).

1OpenFOAM terminology: Gauss linear
2OpenFOAM terminology: Gauss upwind
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2.3.1.3 Discretization of the diffusive term

Similarly as in the case of the convective term, the third, diffusive term in (2.57) is first rewritten
using the Gauss theorem and then the surface integral is evaluated over the faces of the CV:

∫

VP

∇ ·
(
ρ Γφ ∇φ

)
dV =

∮

∂VP

ρ Γφ ∇φ ·n dS =∑
f

(
ρ Γφ ∇φ

)
f ·n f S f =∑

f

(
ρ Γφ

)
f (∇φ) f ·n f S f

(2.65)

In the case of orthogonal meshes, i. e. if the face normal vector n f is parallel to the vector d (see
Fig. 2.2), the face gradient can be calculated from the values in the adjacent cell centroids and

(∇φ) f ·n f S f = S f
φN−φP

|d| . (2.66)

However, typical unstructured meshes generated on real-world, complex geometries are never
perfectly orthogonal. In this case, approximation (2.66) would compromise the second-order ac-
curacy of the numerical scheme. To circumvent this problem, OpenFOAM uses a concept of
nonorthogonal correctors, which can be set up in a number of different ways. Details can be found in
(Jasak, 1996), here it is important to state that the usage of nonorthogonal correctors has two impor-
tant consequences: First, the nonorthogonal correction potentially creates unboundedness, although
the diffusion term in its differential form exhibits bounded behavior. Similarly as in the case of the
convective term, for a specific problem an appropriate compromise between accuracy and stability
has to be balanced. Second, the time discretization of the nonorthogonal correctors is explicit. Even
if an implicit time discretization scheme is selected globally, once the nonorthogonal correctors are
employed, the solution may become unstable for large timesteps due to the explicit character of the
correctors. From practical point of view, the Courant-Friedrichs-Lewy (CFL) condition does form
a limitation even for implicit schemes, especially if mesh nonorthogonality is high.

2.3.1.4 Discretization of the source terms

By source term we understand any term in the governing equations, that cannot be written as a
temporal, convective or diffusive. Due to the fact, that implicit discretization of the source terms is
preferrable, a linearization of the source term is needed:

Sφ (φ) = S1 +S2 φ (2.67)

Using (2.56), the volume integral in (2.57) is then evaluated as

∫

VP

Sφ (φ) dV = S1 VP +S2 VP φP . (2.68)
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2.3.1.5 Temporal discretization

When the unsteady general transport equation (2.55) is solved numerically, the solution is stored
in discrete timesteps. After spatial discretization, which was described in the previous section, the
equation needs to be discretized in time. Integrating (2.57) over a timestep ∆t and substituting
(2.58), (2.62), (2.65) and (2.68) yields

∫ t+∆t

t

[
∂

∂ t
(ρ φP VP)+∑

f
φ f (ρ u) f ·n f S f −∑

f

(
ρ Γφ

)
f (∇φ) f ·n f S f

]
dt =

=
∫ t+∆t

t
(S1 VP +S2 VP φP) dt . (2.69)

Taking into account the assumed linear variation of φ in time (2.56) and assuming that the control
volumes VP, density ρ and diffusivity Γφ do not change in time, the term containing the temporal
derivative may be evaluated as

∫ t+∆t

t

∂

∂ t
(ρ φP VP) =

(
φ

n
P−φ

0
P
)

ρP VP , (2.70)

where

φ
0 = φ(t) ,

φ
n = φ(t +∆t) . (2.71)

The time discretization may be realized using various methods. When an explicit method is
employed, the value in the new time level may be calculated directly from the cell and face values
in the old timestep φ 0

P , φ 0
f . The drawback of explicit time integration is that for the stability of the

scheme it is imperative that the CFL condition is satisfied, which is a serious limitation especially
for high-Reynolds-number unsteady flow simulations. The Courant number is defined for a quasi-
1D case as Co = u ∆t/∆x. For the unstructured 3D meshes, the CFL condition reads

Co =
1
2

∑ f
∣∣φ f
∣∣

VP
∆t < 1 . (2.72)

In the case of implicit methods, the discretization leads to solution of a linear system, which is
much more computationally expensive than the direct evaluation of the explicit schemes. However,
the coupling in the system is much stronger and, provided that all the terms are treated implic-
itly, the CFL condition does not form a limit and the fully implicit schemes are stable for large
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timesteps. Here, the finite volume discretization will be demonstrated on the case of the implicit
Crank-Nicholson method, which is based on the trapezoidal rule

∫ t+∆t

t
φ(t) dt =

1
2
(
φ

0 +φ
n)

∆t . (2.73)

Combining (2.69), (2.70) and (2.73) yields

φ n
P−φ 0

P
∆t

ρP VP +
1
2 ∑

f
φ

n
f (ρ u)n

f ·n f S f −
1
2 ∑

f

(
ρ Γφ

)
f (∇φ)n

f ·n f S f +

+
1
2 ∑

f
φ

0
f (ρ u)0

f ·n f S f −
1
2 ∑

f

(
ρ Γφ

)
f (∇φ)0

f ·n f S f =

= S1 VP +
1
2

S2 VP φ
n
P +

1
2

S2 VP φ
0
P . (2.74)

Equation (2.74) represents an algebraic equation for the new value φ n
P in the element P. The face

value φ n
f and the face gradient (∇φ)n

f depend on the unknown values φ n
N in the neighboring cells.

Thus, (2.74) may be rewritten as

ap φ
n
P +∑

N
aN φ

n
N = RP , (2.75)

where the sum runs over all cells which have a common face with element P. The coefficient aP

includes contributions from the temporal derivative, convective and diffusive terms, and linear part
of the source term. Coefficients aN contain corresponding terms from the neighboring elements.
The right-hand-side term RP is formed from all the contributions that can be evaluated without
knowledge of the new time-level value φ n – the constant part of the source term and portions of the
temporal derivative, convective and diffusive terms corresponding to the old time level. Equations
(2.75) for all the control volumes form a system of linear algebraic equations

Aφ = R (2.76)

with a sparse matrixA whose bandwidth depends on how the elements are numbered.

The Crank-Nicholson temporal discretization requires storage of cell values for both old and
new time levels It is implicit, 2nd order accurate and unconditionally stable, but does not guarantee
boundedness of the solution. Similarly as in the case of spatial discretization of the convective term,
boundedness can be ensured by first-order temporal discretization such as backward Euler3 method.
More details on the discretization practice when using forward Euler4 or backward differencing
schemes can be found in (Jasak, 1996).

3OpenFOAM keyword: Euler implicit
4OpenFOAM keyword: Euler explicit
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2.3.2 Finite volume discretization of the Navier-Stokes equations

The momentum conservation equation in (2.53) represents a special case of the general transport
equation (2.55), where the transported property φ is the velocity itself. In the incompressible case,
the pressure gradient term 1

ρ
∇p acts as a momentum source. It is necessary to note that there is

no transport equation for the pressure itself. The coupling between pressure and velocity can be
understood as a constraint in the solution of the flow field: if a correct pressure field is applied
in the momentum equations, the resulting velocity field satisfies the continuity equation. In the
compressible NSE, the situation is different – the continuity equation may be used as a transport
equation for density, and the pressure field is then calculated from the equation of state.

The major problem with the numerical solution of the NSE is the nonlinearity of the convective
term ∇ · (u⊗u) . The discretization of the convective term (2.62) turns in the case of the NSE into

∫

VP

∇ · (ρ u⊗u) dV = ∑
f

u f ⊗ (ρ u) f ·n f S f . (2.77)

From (2.77) it follows that direct discretization would lead to a system of nonlinear algebraic equa-
tions. Due to the high computational cost of the nonlinear solvers, linearization of the convective
term is usually preferred, similarly as in the case of finite element CFD solvers. An existing face
velocity flux (ρ u∗) f ·n f S f , taken from the previous timestep, is used to evaluate the discretized
convective term. This linearization does not influence negatively the results of steady-state simula-
tions once convergence is reached. For unsteady simulations, the error introduced by the time-lag of
the velocity flux depends on the timestep and may be either neglected, or minimized by an internal
loop of iterations.

The second important issue in the discretization of the NSE is the pressure-velocity coupling.
In monolithic methods, the coupled equations are discretized together, resulting in a single matrix
for both the discretized pressure and velocity fields. However, most practical CFD codes based on
the finite volume method solve the coupling between the pressure and velocity iteratively, using
pressure predictor and corrector steps with optional under-relaxation. Two iterative algorithms are
commonly used: Semi-Implicit Method for Pressure Linked Equations (SIMPLE), developed at Im-
perial College London in the early 1970’s (Patankar and Spalding, 1972) for the steady-state flows,
and Pressure Implicit with Splitting of Operators (PISO) by Issa (1986) for unsteady simulations.

For the FVM simulations realized in OpenFOAM and included in this thesis, the author used a
modified version of the PISO algorithm5. In contrast to the standard PISO algorithm, it has a substep
iteration loop: multiple cycles over the same timestep with the last iteration results (optionally
relaxed) used as an initial guess for the next substep iteration. Additionally, the algorithm allows
for automatic adaptive timestepping to keep the maximum local Courant number (2.72) close to a
predefined limit.

2.3.3 Finite volume discretization on a moving mesh

Similarly as in the case of the Finite element method, a standard approach to the solution of prob-
lems on time-dependent geometries (moving meshes) is the Arbitrary Lagrangian Eulerian (ALE)

5OpenFOAM terminology: merged PISO-SIMPLE solver – pimpleFOAM
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formulation of the governing equations. Details on the ALE approach can be found in the book
chapter by Donea et al. (2004). Applying the general transport theorem to an arbitrary volume VPt ,
whose boundary ∂VPt moves with a mesh velocity w, a new term containing the mesh velocity oc-
curs in the integral form of the transport equation (2.57) (Bos, 2010). After application of the Gauss
theorem, we get

∂

∂ t

∫

VPt

ρ φ dV +
∮

∂VPt

ρ (u−w) ·n φ dS−
∮

∂VPt

ρ Γφ (∇φ) ·n dS =
∫

VPt

Sφ (φ) dV . (2.78)

The finite volume discretization of equation (2.78) is performed almost identically as in sec. 2.3.1
and when the Crank-Nicholson scheme is used again, it yields

ρP φ n
P V n

Pt −ρP φ 0
P V 0

Pt
∆t

+
1
2 ∑

f
φ

n
f (ρ (u−w))n

f ·n f S f −
1
2 ∑

f

(
ρ Γφ

)
f (∇φ)n

f ·n f S f +

+
1
2 ∑

f
φ

0
f (ρ (u−w))0

f ·n f S f −
1
2 ∑

f

(
ρ Γφ

)
f (∇φ)0

f ·n f S f =

= S1 VP +
1
2

S2 V n
P φ

n
P +

1
2

S2 V 0
P φ

0
P . (2.79)

Compared to the FV discretization on a static mesh, there are only two differences: the temporal
derivative includes the rate of change of the volume VPt , and the face flux includes grid convection.
The relation between the latter two is defined by the Space Conservation Law (Ferziger and Peric,
2002)

∂

∂ t

∫

VPt

dV −
∮

∂VPt

w ·n dS = 0 . (2.80)

The law is always satisfied in the integral form (2.80), but it also needs to be preserved in the
discrete form (Jasak and Tuković, 2004):

V n
Pt −V 0

Pt
∆t

−∑
f

w f · n f S f = 0 . (2.81)

This is why the grid motion flux (w f · n f S f ) is calculated as a volume swept by face f of the poly-
hedral control volume within the current timestep, rather than by interpolating the mesh velocity
w.
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2.3.4 Mesh motion strategies

In a typical CFD simulation on a moving geometry, the motion is prescribed (or induced) only
on the boundary of the flow domain ∂Ωt , not in the whole interior Ωt . For a given timestep,
the algorithm knows the position (and velocity) of the gridpoints on the boundary, but not of the
internal mesh points. The discussion here will be limited to the cases when the mesh topology (cell
number, connectivity, orientation and numbering) does not change, i. e. when no remeshing or layer
insertion, only pure mesh deformation is involved.

The internal nodes can move in an arbitrary way, but there is an obvious requirement that the
mesh quality (orthogonality, aspect ratio and skewness of the elements) is not impaired by the defor-
mation and that, in the extreme, the cells do not degenerate or flip with catastrophic consequences
on the solution. For the unstructured 3D meshes on real-world geometries, finding a robust yet
computationally cheap method for calculation of the internal gridpoint position proves to be an un-
expectedly hard problem. In the following, several methods which can be used in various versions
of OpenFOAM are listed and explained.

2.3.4.1 Spring analogy

An intuitive point-based method for the solution of the mesh deformation is the spring analogy,
where the gridpoints are connected by linear springs along the grid edges (Blom, 2000). After
imposing the position of the boundary nodes, the position of the internal nodes is solved by as-
sembling a linear system from the force balance in all nodes. While this method may seem clear,
simple and efficient, unfortunately it does not guarantee that the elements do not collapse. Indeed,
in practical tests, two failure modes have been observed already for small boundary motions (Jasak
and Tuković, 2004).

First, two gridpoints can easily collapse into a single one, since the force on a linear spring does
not tend to infinity when the spring length approaches zero. This could be remedied by introducing
a nonlinear force, however, at a very high price of turning the algorithm into solution of a system
of nonlinear equations. Second, the linear spring analogy does not guarantee that a triangular face
cannot flip edges. For this, torsional springs (again, with a nonlinearity to prevent edge flipping)
would be needed. As a result, construction of a stable and robust spring-based system is possible,
but the resulting numerical algorithm is so complex and computationally expensive that this method
is very rarely used.

2.3.4.2 Solution of the Laplace equation

The internal gridpoint position may be also calculated by solving an auxiliary partial differential
equation with a suitable operator. A common choice and the standard method implemented in the
official version of OpenFOAM (current version 2.3.0) is the Laplace equation6

∇ · (γ ∇w) = 0 in Ωt (2.82)

6OpenFOAM terminology: motion solver velocityLaplacian
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with a mesh diffusivity γ , which can be either constant or variable (e. g., linear, inverse quadratic or
exponential function of the distance from the boundary). The new node position is than calculated
as

xn = x0 +w ∆t . (2.83)

A big advantage, at least seemingly, is that the existing finite volume machinery can be directly
employed for the discretization of the Laplace equation (2.82) without any further programming
effort. For small and simple boundary motions, this solver works well. In the CFD simulations of
the author, a computational overhead of approximately 10–20 % for the discretization and numeri-
cal solution of the auxiliary Laplace equation was measured against the flow field solution (Šidlof
et al., 2014c). However, this method does not guarantee that the mesh elements do not degener-
ate, either. Both author’s own experience and detailed analyses of the code developers (Jasak and
Tuković, 2004) proved that the method is, in some cases, frustratingly unstable even for moderate
boundary motions, with simulation crashes caused by cell edge flipping. The official version of
OpenFOAM contains several other mesh motion solvers7, but these are suited only for a limited
class of applications.

2.3.4.3 Solution of the linear solid equation

A method for the grid motion solution, which is considered as very robust especially in the FEM
community, is the solution of a linear solid equations

∇ ·σ = 0 ,

ε =
1
2

[
∇yw +(∇yw)

T
]
,

σ = C : ε , (2.84)

where σ and ε are the stress and strain tensors, respectively, C the fourth-order tensor of elastic
coefficients and yw the grid node displacement. The idea behind this method is that the mesh can
be regarded as a pseudo-solid material with a spatially variable stiffness. As far as the small-strain
assumption is not excessively violated, in the FEM codes this method performs very well with a
computational cost that is higher than in the case of the simple Laplace equation, but still acceptable.
However, when the finite volume method is used for the solution of the mesh deformation by (2.84),
a serious problem is encountered: because FV discretization is cell-centered and the solution for
the gridpoint motion is needed in the cell vertices, interpolation is inevitable. It has been shown that
it is highly problematic to construct an interpolation practice, which would prevent the cells from
flipping and degenerating and that would work reliably even in the corner points, belonging to only
one cell (Jasak and Tuković, 2004).

The pseudosolid mesh motion solver has disappeared from the official OpenFOAM branch in
the early versions. However, it is still available within the community-developed OpenFOAM Ex-
tend Project (2014). In order to avoid the problems with the FV interpolation, the mesh-motion
solution procedure is as follows:

7e. g. sixDoFRigidBodyMotion solver
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• The polyhedral mesh is decomposed into tetrahedra by splitting the faces into triangles and
adding a new gridpoint in the cell centroid

• Equation (2.84) is discretized using standard second-order FEM on the tetrahedral mesh

• Boundary conditions for the mesh motion equation are imposed

• The resulting FE matrix is solved using an iterative method, such as a preconditioned conju-
gate gradient solver

One might regard as an overkill to implement a fully-fledged FE solver into an existing FV code
just to solve for the mesh motion. However, as indicated before, none of the previous methods is ro-
bust enough that it could be engaged generally and without strenuous case-specific tuning. A rough
figure about the effort devoted to the implementation of the FEM-based pseudosolid solver may
be guessed from the statements of the OpenFOAM developers, who claim that the implementation
of the tetrahedral decomposition and FEM-specific classes and methods totals ”just under 21 000
lines” against the approximately 100 000 lines of the entire OpenFOAM code (Jasak and Tuković,
2004).
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Chapter 3

Experimental methods in fluid dynamics

It is far beyond the scope of this thesis to give a full overview of the methods used in experimental
fluid dynamics. An exhaustive list and explanation is given e. g. in the 1500-page handbook by
Tropea et al. (2007). Here, only a short survey of the methods for the measurement of velocity,
pressure and density is summarized, with special emphasis on methods used by the author in his
research, and with references to relevant literature. Among the numerous methods, it is important
to distinguish between three classes: measurement in a single point, spatially integrated measure-
ments and spatial distribution measurements. Although many of the measurement techniques can
be adapted for supersonic flows, within this overview only subsonic flows will be considered.

In experimental investigation of flow in problems, where an object in the flow field or where
the wall of a channel conveying fluid moves either due to fluid-structure interaction or by external
excitation, additional complications may be encountered when using various measurement methods.
First, the optical access to the field of interest may be limited due to object motion. For the PIV
method, for instance, this influences both the optical access for the laser sheet and for the high-speed
camera. Second, the moving object induces additional unsteadiness and disturbs the fluid field, so
that the assumptions which hold for the fluid field around a static object (i. e., laminar or turbulent
character of the flow, thickness of the boundary layer, turbulence intensity level etc.) may not hold
any more.

3.1 Pressure measurements

In the experimental fluid dynamics community, the pressure at a certain point of fluid, as a scalar
nondirectional measure of the molecular activity, is usually referred to as static pressure and denoted
by p. In contrast, the total pressure p0, which quantifies the total energy of a fluid in a point, is
a physical value which depends on the direction of the measuring device with respect to the flow.
If gravity head can be neglected, which is the case in most air flow problems, total pressure p0 is
equal to stagnation pressure ps, which is the pressure at a stagnation point (point, where the fluid
velocity is zero and where all kinetic energy has been isentropically converted to pressure energy).
The stagnation pressure can be measured by the Pitot probe (see Fig. 3.1). For the rest, we will
assume that ps = p0.

29
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For incompressible inviscid flows, i. e. for low Mach-number flows M < 0.3, the difference
between the total and static pressure is called the dynamic pressure. From incompressible Bernoulli
equation

p0− p =
1
2

ρ U2 , (3.1)

where U = |u| is the flow velocity magnitude and ρ the fluid density. In the case of compressible
steady inviscid subsonic flow, the term dynamic pressure is usually not used. For the relation
between the total and static pressure it can be derived from the compressible Bernoulli equation
that (Shapiro, 1954)

p0

p
=

(
1+

κ−1
2

M2
) κ

κ−1

,
p
p0

=

(
1+

κ−1
2

M2
)− κ

κ−1

, (3.2)

where κ = cp/cv is the specific heat ratio (for air, κ = 7/5) and M =U/a is the Mach number with
the speed of sound

a =

√
κ

p
ρ
=
√

κ R T . (3.3)

Here ρ is the fluid density, R = 287 J kg−1 K−1 is the specific gas constant for dry air and T the
thermodynamic local static temperature.

If a differential pressure sensor is used for measurement of (p0− p), equation (3.2) may be
rewritten in a different form. For M < 1, the right-hand side of (3.2) can be expanded using the
general binomial theorem

(x+ y)r =
∞

∑
k=0

(
r
k

)
xr−k yk = xr +r xr−1 y+

r (r−1)
2!

xr−2 y2+
r (r−1)(r−2)

3!
xr−3 y3+ . . . (3.4)
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Using the pressure-density relation

1
2

ρU2 =
1
2

κM2 p (3.6)

(see (3.3)) and substituting (3.5) into (3.2) we finally get

p0− p =
1
2

ρ U2
(

1+
M2

4
+

(2−κ)M4

24
+ . . .

)
(3.7)

Truncation of all but the first term of the expansion yields the well known incompressible form
(3.1) with an error in the evaluation of the dynamic pressure 1/2 ρ U2 below 0.2% for M < 0.09.
If the two first terms of (3.7) are retained, the formula is accurate up to M = 0.55. Employing the
first three terms of the expansion allows to use the formula in the all subsonic range M < 1 (Tropea
et al., 2007).

3.1.1 Pressure taps

A simple and convenient way how to measure the static pressure at certain point of a channel wall
in wall-bounded flows is the usage or pressure taps. Usually, a small circular orifice flush with the
channel wall is drilled, and connected by a tube with a pressure transducer of suitable sensitivity,
range and frequency response. Miniature, on-chip transducers which can be mounted directly to the
measurement place are also available. These sensors, which minimize the cavity length, have fast
response and can be used for dynamic measurements. Six such sensors were mounted in the wall
of the self-oscillating airfoil during wind-tunnel measurements of the author (see sec. 5.3).

For precise pressure tap measurements, care must be taken to compensate for the diameter of
the tapping, cavity shape and alignment, compressibility effects, cavity and tube length. More
information can be found i. e. in (Chue, 1975) or (Tropea et al., 2007).

3.1.2 Static probes

In cases where the static pressure in a single point in freestream is needed, it is possible to use
the static pressure probes. A static probe is a slender tube with a port aligned parallel with the
streamlines (see the static port of the Pitot-static tube in Fig. 3.1). In practice, more static ports
are manufactured in one radial plane. Except for the physical arrangement of the probe, most
considerations are similar as in the case of pressure taps.

3.1.3 Pressure-sensitive paints

In wind tunnel testing, spatial distribution of the pressure over the whole surface of an object sub-
jected to airflow is often needed. One option is an array of pressure taps, connected to a pressure
scanner. On large surfaces or when high spatial resolution is needed, this approach can be imprac-
tical. In these cases, the usage of pressure-sensitive paints can be considered.
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A pressure-sensitive paint (PSP) is a luminescent material containing dye molecules, whose
intensity of luminescence depends on the partial pressure of oxygen and thus the pressure of air. The
dye molecules get excited by visible or UV light. After a characteristic lifetime, the dye molecule
excites a photon at a different wavelength than that of the excitation light. If an oxygen molecule
collides with the dye molecule, however, the energy is lost and no photon emitted. This mechanism
is called oxygen quenching.

In practice, a dye layer of about 20− 60 µm is applied to the surface of the object, often
together with discrete pressure taps serving for reference and calibration. The surface is illuminated
by a continuous light source and the paint’s luminescence detected by a CCD digital camera or a
photographic film. The intensity of the luminescence is inverse proportional to the partial pressure
of oxygen. Moreover, in practical realization it is impossible to deliver the same intensity of the
excitation light in to all places of the object, and the method thus needs calibration, which might
be particularly difficult if the object is moving during measurement. The excitation light should
have enough intensity at the excitation frequency, and preferably no frequency content within the
luminescence frequency band. The usual choice is xenon-arc or halogen lamps, argon lasers or
LEDs.

A large number of scientific papers have been published on the PSPs since its invention in 1935.
The theoretical and practical analysis of the method can be found e. g. in a review paper of Liu et al.
(1997) or in a monograph of the same authors (Liu and Sullivan, 2005).

3.2 Velocity measurements

3.2.1 Pitot tube measurements

A classical single-point velocity measurement method for medium and high Mach number flows is
the Pitot tube measurement. The method is pressure-based, since the velocity is calculated from the
difference of the total pressure p0 and the static pressure p according to (3.1) for incompressible
flow or (3.7) for higher flow velocities. An illustration of the Pitot-static tube configuration is given
in Fig. 3.1. For cases with constant (or known) pressure profile, a Pitot impact probe with a static
tap mounted flush with the channel wall may be used.

Figure 3.1: Schematic of the pitot-static tube measuring the difference between the total pressure
p0 and static pressure p.

Pitot tube measurement is a robust method for the measurement of steady flow velocity, widely
used both in laboratory and in industry, particularly in aviation – a Pitot tube is currently a standard
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for airspeed measurement and can be found on every military and civil airplane. In Pitot tube
measurements, care must be taken not to influence the measured flow field by the presence of the
probe, to align the probe with the flow direction, and to compensate for turbulent and viscosity
effects if necessary. The method was used by the author in the measurements of inlet flow velocity
in the suction-type wind tunnel with the self-oscillating airfoil model (see sec. 5.3). More details
on the Pitot probe measurements can be found e. g. in (Bryer and Pankhurst, 1971), (Chue, 1975)
or (Tropea et al., 2007).

3.2.2 Hot wire anemometry

Unlike Pitot tube measurements, hot-wire anemometry (HWA) can be used for measurement of
turbulent velocity fluctuations with high temporal resolution. The method is based on measurement
of change of heat transfer from a thin heated film or wire into the flowing fluid. The diameter of the
heated wire ranges typically from 1−3 µm. The ability to capture rapid velocity fluctuations is due
to the low thermal inertia of the sensor, which can be further compensated using suitable electrical
connection and filtering of the signal. The HWA sensor is sensitive to the velocity component
normal to the wire direction. Various HWA configurations (X-wires, V-probes, triple- and multiple-
sensor probes) are commercially available to measure different velocity vector components, mean
and fluctuating parts of the velocity and even the vorticity vector. From principle, HWA belongs to
the class of single-point measurement methods.

The HWA sensors are built from a material, whose electrical resistance changes with tempera-
ture, and can be operated in three modes: constant-voltage anemometer (CVA), where the voltage
across the wire is kept constant and the current measured, constant-temperature anemometer (CTA),
where the resistance and consequently the temperature of the sensor is maintained constant and the
voltage measured, and constant-current anemometer (CCA) with the electrical current kept constant
and the resistance measured.

Detailed analysis and description of the thermal anemometry theory and applications can be
found in monographs (Perry, 1982) or (Lomas, 1986).

3.2.3 Laser Doppler anemometry

Laser Doppler anemometry (LDA) exploits the Doppler effect, which occurs when an incident laser
light with frequency fi and wavelength λi scatters on a particle conveyed by the fluid with velocity u.
The frequency of the scattered light fs, received on the detector, is modified by the Doppler shift as

fs = fi
1− u·ei

c
1− u·es

c
≈ fi +

u · (es− ei)

λi
, (3.8)

where ei and es are the directional vectors of the incident light coming from the laser source and
light scattered to the detector, respectively, and c = λi fi the speed of light. Since the Doppler shift
is very low compared to the frequency of laser light (by the order of about 1011) and thus virtually
impossible to be measured directly, a dual-beam configuration is usually used. Here the source
laser light is split into two beams, which intersect in the measurement volume under angle θ . The
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scattered beams with frequencies fs1 and fs2 are then detected by a single detector, where a Doppler
frequency fD modulates the signal due to the interference between the two scattered beams:

fD = fs1− fs2 =
u · (es1− es2)

λi
=

2 sin(θ/2)
λi

u⊥ (3.9)

From (3.9) it can be seen that the Doppler frequency is proportional to the velocity component u⊥
perpendicular to the beam bisector, and independent of the detector position. Since the angle θ

between the two incident beams is known accurately, there is no need to calibrate the LDA probe.

To determine the sign of the flow velocity u⊥, which is not apparent from (3.9), in most of
the LDA systems one of the incident beams is frequency-shifted by f∆ using a Bragg cell, which
produces a moving fringe pattern on the detector. A static particle with u = 0 will then appear as a
frequency f∆ on the detector, negative flow velocities will result in f < f∆ and positive in f > f∆.

LDA needs seeding particles introduced into the flow. The seeding particles must satisfy all the
requirements as in the case of the PIV method, described in sec. 3.2.5. One of the major advantages
of the LDA method against pressure-probe measurements and the HWA method is that it is non-
intrusive, the probe does not disturb the flow field. However, optical access to the measurement
volume must be ensured. The LDA is a single-point measurement method with spatial and temporal
resolution, and as can be seen from (3.9), it is directionally sensitive. With a hardware and software
extension, its variant called Phase Doppler Anemometry (PDA) is also capable of measuring the
particle sizes. More details on the method can be found in a review paper of Abbiss et al. (1974),
in the monograph (Kopecký, 2008) or in the handbook (Tropea et al., 2007).

3.2.4 Ultrasonic anemometry

The operating principle of the ultrasonic anemometers (UAs) is the measurement of different times
needed by a high-frequency acoustic pulse to pass through the moving fluid in opposite directions.
Usually, two probes, both containing a transmitter and a receiver, are set up around the measured
volume. Multiple paths oriented at different angles may be used to acquire all components of the
velocity vector. The signal from an UA is proportional to the velocity averaged over the path of the
ultrasonic beam, and thus belongs to the class of spatially integrated velocity measurements.

Ultrasonic anemometers have no moving parts and are much more robust than classical labo-
ratory equipment such as HWA or LDA. They require only initial calibration and can operate for
a long time without any maintenance even in rough conditions. This is why they are often used in
atmospheric measurements. Generally, the time resolution is lower than in HWA or LDA measure-
ments. It is also necessary to keep in mind that ultrasonic anemometry provides integral (mean)
value over the measurement path. With a compensation for the passage of the signal through the
channel wall, UAs can be used to measure the mean flow velocity inside a channel, which has been
used by the author in his measurements of mean subglottal airflow velocity in a synthetic vocal fold
model measurements (see sec. 4.4.2). When used outside a channel, UAs are nonintrusive and do
not disturb the measured flow field.

The theory of sonic anemometry is thoroughly explained in (Cuerva and Sanz-Andrés, 2000),
practical details can be found e. g. in the monograph of J.C. Kaimal (1994).
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3.2.5 Particle image velocimetry

Particle Image Velocimetry (PIV) is an optical non-intrusive method for measurement of the spatial
distribution of the velocity field. It uses a laser sheet to illuminate the seeding particles moving with
the fluid, one or multiple digital cameras to record the position of the particles and a software for
the computation of the velocity field. A typical PIV setup is shown in Fig. 3.2.

Figure 3.2: Principle of the PIV method in standard (single-camera) configuration. Adapted from
Seika Measurement Technology (2014).

The PIV method relies on seeding particles introduced into the flow. The fundamental require-
ment is that the particles follow the fluid flow, i. e. that the particle velocity vp is equal to the local
fluid velocity u. For small particles (with the diameters in the orders of µm or tens of µm) and
small to medium Reynolds numbers, the force exerted by the fluid on the particle is dominated by
quasi-steady Stokes viscous drag force and so the equation of motion of a particle with velocity vp

is approximately

4
3

π r3
p (ρp−ρ f )

dvp

dt
=−6 π µ rp (vp−u) . (3.10)

Hence, the difference between the particle and fluid velocity at a given particle acceleration may be
estimated as

vp−u =
2
9

r2
p

ρ f −ρp

µ

dvp

dt
, (3.11)

where µ is the fluid viscosity, rp the seeding particle radius and ρp and ρ f the density of the particle
and fluid, respectively (Tropea et al., 2007). Equation (3.11) shows that if the particle density
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is equal to the fluid velocity, the particles will follow the flow accurately. This can be relatively
easily satisfied for liquids, e. g. with the usage of polyamide or hollow-glass particles, but virtually
impossible to fulfill in air measurements. In these cases, the slip velocity vp−u can be minimized
by using particles with a diameter rp as small as possible.

The particles are illuminated in a selected plane by a laser sheet, generated by a double-pulsed
laser system and formed by cylindrical optics (see Fig. 3.2). The images are recorded by a CCD
or CMOS camera. The exposure time of the camera, length and energy of the laser pulse must be
configured so that the particles appear as dots on the camera frames. This might be challenging in
measurements in gases, since here small particles are required due to (3.11). However, the light
scattering on particles with dimensions in the orders of micrometers lies in the Mie regime (van de
Hulst, 1957), where the intensity of light scattered in the direction perpendicular to the incident laser
sheet (i. e., in the direction where the camera is usually situated) is very low and highly dependent
on the scattering angle θ . This is why high laser pulse energies are required, especially when larger
areas need to be measured. Typically, the PIV systems are powered by two solid-state Nd:YAG
lasers emitting at an infrared wavelength of 1064 nm, which can be frequency-doubled to generate
laser pulses at a visible wavelength of 532 nm. About ten years ago, the Nd:YAG lasers were limited
by the maximum repetition rate of the subsequent pulses of about 20 Hz. Recently, Nd:YAG lasers
with repetition frequencies up to 15 kHz have been developed, making time-resolved PIV systems
commercially available.

The position of the particles illuminated by the two laser pulses is recorded by a double-
shuttered digital camera, hardware-synchronized with the laser switching system. For time-resolved
PIV, a high-speed camera with a sufficient amount of internal memory is necessary. After the mea-
surement, the camera frames are transferred to a computer and processed. The frames are divided
into so-called interrogation areas (typically 16×16 to 64×64 pixels). Spatial correlation analysis
of the two frames and knowledge of the time delay between the two laser pulses yields one velocity
vector per interrogation area. Postprocessing methods such as outlier detection or median filtering
are often used to improve the raw vector maps.

The PIV method requires optical access to the measurement section both for the laser and for
the camera. Many of the flows of engineering interest are in air or water, which are transparent and
thus well suited for the PIV measurement. For internal and channel flows, some parts of the channel
walls have to be manufactured from a transparent material such as glass or perspex. Additional
complications may occur if the channel walls are curved, depending on whether the curved channel
parts intersect the optical path of the laser sheet (which was the case in author’s PIV measurements
of unsteady supraglottal flow field in a synthetic vocal fold model, see sec. 4.4.2), the field of view
of the camera, or both.

In standard, single-camera configuration, the PIV method is capable of measuring two compo-
nents of the velocity vector in a 2D plane. When two cameras are used, it is possible to acquire all
three components of the velocity in a 2D plane (3D-PIV). With three or four cameras, telecentric
lenses and corresponding software, volumetric PIV is possible, yielding the full distribution of all
components of the velocity vector in a whole volume.

The standard 2D PIV described in this section was used by the author in his measurements of
supraglottal velocity fields in a physical model of vocal folds (see sec. 4.4.2). Lately, numerous vari-
ants of the PIV method have been developed, e. g. particle tracking velocimetry (low-image-density
PIV), stereoscopic and volumetric PIV, and others. More information on the particle-imaging tech-
niques can be found in (Adrian, 1991, Raffel et al., 2007) or in (Kopecký, 2008).
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3.2.6 Other velocity measurement methods

There are also other methods for measuring velocity of the fluid flow, namely turbine- and propeller-
based anemometers. These are however rarely used in laboratory experiments and will not be
covered here.

3.3 Density measurements

The optical methods for the measurement of density in gas flows rely on the fact that the index of
refraction n of a gas is a linear function of the density ρ . The relation is given by the empirical
Gladston-Dale equation

n−1 = K ρ , (3.12)

where K the Gladston-Dale constant, which is specific for a given gas and only weakly dependent
on the wavelength of the light. When a light ray passes through a domain with variable index of
refraction, two effects occur. First, the light ray is deflected by refraction, which might be visualized
in the image plane. This effect is exploited in three methods – shadowgraphy, Schlieren and moiré
deflectometry. It can be shown that the first of these techniques is sensitive to the second derivative
of density and the latter two to the density gradient (Shapiro, 1954). All these methods are popular
for compressible flow visualization, and can be also used in experimental investigation of heat
transfer, mixing or stratified flow problems. A comprehensive overview of the optical density-based
methods for the compressible flow is given e. g. in Shapiro (1954) or Verma et al. (2012).

When light passes through a test section containing gas with variable density and thus variable
refractive index, the optical path length (optical phase) is also modified. By using a beam splitter and
by interference of the test beam with a reference beam diverted outside the test section, interference
fringes containing the information about density variations may be created, acquired by a classical
or digital camera and evaluated. This is the operating principle of reference-beam interferometers.

3.3.1 Reference-beam interferometry

Compared to the shadowgraphy, Schlieren and moiré techniques, reference-beam interferometry
requires precise and expensive equipment and is more complicated to operate. However, it provides
more useful information, since the signal is directly proportional to the density, not its derivatives.
A schematic of the Mach-Zehnder type interferometer used by the author and his colleagues in
the measurements of unsteady flow field around a self-oscillating airfoil model in a wind tunnel
(see sec. 5.3) is shown in Fig. 3.3. Fig. 3.4 demonstrates two sample interferograms acquired by a
high-speed camera during an unsteady flow field measurement at a low and medium Mach number
flow.

The interferometric fringes are usually indexed, with i = 0 for the fringe corresponding to the
inflow velocity (density), positive increments where the airflow accelerates and negative where it
deccelerates. When the interferometer is set up in so-called infinite fringe width alignment (i. e., for
zero flow velocity and thus no density perturbations the field appears uniformly illuminated with
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Figure 3.3: Schematic of the Mach-Zehnder interferometer in configuration used in author’s mea-
surements

no fringes), it can be derived from (3.12) that the difference between the densities ρ(0) and ρ(i)

corresponding to the 0th and ith interferometric fringe is

ρ
(0)−ρ

(i) = i
λ

L K
, (3.13)

where L is the test section width and λ the wavelength of the light source. For isentropic airflow,

p
p0

=

(
ρ

ρ0

)κ

(3.14)

with ρ0 = p0/(R T0), R the specific gas constant and T0 the ambient thermodynamic temperature.
In the case of a suction-type wind tunnel, the total pressure p0 is approximately equal to the atmo-
spheric pressure (neglecting the friction losses in the short inlet section of the channel). Combining
(3.2) with (3.14) yields

ρ

ρ0
=

(
1+

κ−1
2

M2
) κ−1

κ

. (3.15)

Setting ρ = ρ(0) and M = M(0), (3.15) is used for the calculation of the density ρ(0) at the zeroth

fringe from the known inlet Mach number M(0) measured by a Pitot probe. Flow density ρ(i) in the
subsequent fringes is then calculated from (3.13).

With the knowledge of the densities in the interferometric fringes, an approximation of the den-
sity distribution can be obtained by interpolation. Apparently, the spatial resolution of the method
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Figure 3.4: Interferograms obtained during wind-tunnel measurements an airfoil model during flut-
ter instability. Inlet velocity M = 0.23 (left), M = 0.4 (right).

depends on the number of fringes present in the interferogram. The number of fringes increases
with the Mach number, with the test section width L and with decreasing light wavelength λ . The
difference in the number of the fringes for inlet flow velocity M = 0.23 and M = 0.4 can be seen in
Fig. 3.4.

For the case of isentropic compressible flow of ideal gas, the pressure p(i) at a fringe with index
i can be calculated from the total pressure p0, density ρ0 and density at the 0th fringe ρ(0) as

p(i) = p0

(
ρ(0)− i λ

L K
ρ0

)κ

. (3.16)

Using (3.2), the Mach number at fringe i is

M(i) =

√√√√ 2
κ−1

((
p(i)

p0

) 1−κ

κ

−1

)
, (3.17)

and the flow velocity

U (i) = M(i)
√

κ R T (i) (3.18)

with the local static temperature

T (i) = T0

(
1+

κ−1
2

M(i)2
)−1

. (3.19)

In reference-beam interferometric measurements, the mirrors, beam splitters and compensation
glasses must be aligned perfectly in parallel to achieve the infinite fringe width configuration. Since
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every mechanical movement of any part in the order comparable with the wavelength of the light,
i. e. less than a micrometer, disturbs and influences the interferometric fringe pattern, high-precision
and costly optical components are needed. Moreover, the setup is very sensitive and susceptible to
misalignment e. g. due to thermal dilatation. Some of the challenging requirements are relieved in
a modern variant called holographic interferometry, described in Tropea et al. (2007).

Compared to the PIV method, optical interferometry does not need any seeding particles. It
can be well used in high subsonic, transonic and supersonic flows, where it might become difficult
to satisfy requirement (3.11) on the tracer particles when employing PIV. On the contrary, for low
Mach number flows, the spatial resolution of the reference-beam interferometry decreases rapidly.
Unlike the PIV method, where the primary signal is the velocity vector map in a plane, interfero-
metric methods measure the density, integrated along the path of the beam in the test section. For
steady flows, 3D field can be obtained using tomographic techniques. Pressure and velocity mag-
nitude fields may be calculated under the assumption of isentropic flow. However, the method has
two specific drawbacks. First, it does not provide information on the direction of the flow. Second,
a skilled operator with the knowledge of the flow physics is needed when using (3.13) to deter-
mine the regions of accelerating flow (increasing index) and deccelerating flow (decreasing index).
This seriously limits the possibility of fully automatic computer evaluation of the interferometric
images.



Chapter 4

Application: Flow-structure interaction
and flow-induced sound in human voice
biomechanics

4.1 Introduction

A very complex case of internal flow on a moving geometry can be found in the biomechanics
of human voice. From the technical point of view, human larynx in the phonatory configuration
can be seen as a channel, whose cross-section varies in time due to interaction of the airflow with
the elastic structures protruding from the channel wall. The sound, generated aerodynamically in
the larynx, is then propagated and filtered in the vocal tract, radiated from mouth and perceived as
voice.

There is no doubt that the possibility to produce voice is crucial for human communication,
although many people do not realize this until they lose their voice temporarily (due to common
respiratory inflammations) or permanently (after laryngeal cancers and various other vocal fold
pathologies). Good knowledge and understanding of the processes and mechanisms which lead
to healthy voice production is thus important and has extensive applications, e. g. for the devel-
opment of voice prostheses for patients after total laryngectomy1, training of voice professionals,
pre-surgical predictions of voice quality, development of examination and therapeutic devices and
others.

The fundamental physical processes of human voice production can be investigated either by
measurements on physical models, excised larynges or living subjects, or by mathematical model-
ing. All of these approaches have their limitations, advantages and drawbacks, and to get a compre-
hensive understanding they have to be used concurrently. The current chapter summarizes the au-
thor’s contributions in the field of human voice biomechanics. Section 4.2 explains the fundamental
principles of voice production and laryngeal physiology, whose understanding is indispensable for
any modeling efforts. In the next section, the author’s own work in the field of mathematical model-
ing is summarized and given in context, starting with a simplified semi-analytic lumped-parameter

1Surgical removal of larynx necessary after certain cancer types, approximately 30 000 patients per year worldwide.
The contemporary substitute voice methods after total laryngectomy are the installation of the electrolarynx, tracheo-
esophageal puncture or esophageal speech training, all of them producing unnatural and limited voice output.
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model of vocal fold flow-induced vibrations, going over a 2D finite element model of laryngeal air-
flow, a finite volume model solved on a large 3D grid on a parallel supercomputer, and ending with
the results obtained using a hybrid aeroacoustic model solving both the incompressible fluid flow
and the propagation of the flow-induced sound. The authors’ publications on PIV measurements of
airflow using two different physical models of vocal folds are reprinted and commented in section
4.4.

4.2 Physiology of human voice production

Human voice is created by passage of the airflow between vocal folds, which are located in the
upper part of larynx (see Fig. 4.1, left). The vocal folds (also called vocal cords) are two symmetric
soft tissue structures fixed between the thyroid cartilage and arytenoid cartilages; basically they are
composed of the thyroarytenoid muscle (TA) and ligament covered by mucosa (see Fig. 4.1, right).
The layers have very different material properties, with their elastic moduli varying by orders of
magnitude. The three-layer model of vocal folds is only a simplified description, more detailed
information can be found in the classical publication of Hirano et al. (1981) or in the monographs
of Titze (1994, 2006).

Figure 4.1: Scheme of the vocal tract in sagittal section (left) – the vocal folds are located in the
region of the cricoid and thyroid cartilages. Detailed view of the larynx in coronal section (right)
(Bunch, 1982).

When air is expired from the lungs, the constriction formed by the vocal folds (which is called
the glottis) induces acceleration of the flow and creates underpressure. Under certain circumstances
(subglottal pressure, glottal width, longitudinal tension in the TA and ligament), vocal fold oscil-
lations may occur due to fluid-structure interaction. Creation of voice by vocal fold vibration is
usually referred to as phonation. In regular loud phonation, the vocal folds collide and close the la-
ryngeal channel completely, and the duration of the glottal closure may span a considerable part of
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Figure 4.2: Magnetic resonance imaging (MRI) scans of the vocal tract during phonation of Czech
vowels /a/, /ε/, /i/, /o/, /u/, /Y/ (according to International Phonetic Alphabet, IPA)

the vibration period. When whispering or in breathy phonation, the vocal folds may vibrate without
collisions. Even in the case of normal loud phonation, the vocal folds are capable of vibrating in
different modes. The resulting voice is then classified into different registers, the two most impor-
tant of them being the modal (chest) and falsetto registers. Independently of the voice pitch, the first
two octaves (up to 350 Hz in men, approximately) are produced in the modal register, where the vo-
cal folds vibrate as a whole, including the TA muscle and where the voice has ample, rich “color”
(spectrum). When trying to reach higher frequencies, the vocal folds suddenly switch to falsetto
register, where most of the vibration concentrates to the ligament and mucosa; the resulting voice
color is rather “flat”. In training of the professional western-culture singers, a considerable effort is
devoted to smooth the modal-falsetto transition – the subject tries to make the register switching as
little audible as possible. In some other singing techniques like yodeling, on the contrary, the singer
exploits the register transitions deliberately for artistic purposes.

In normal vocal fold vibration, there is a typical phase shift along the vertical axis: the inferior
part of the vocal fold collides prior to the superior segment. In some rather irregular or pathological
cases, longitudinal modes (2-0, 3-0 and higher) can be observed (Titze, 1994). For regular phona-
tion, however, the vocal folds usually vibrate symmetrically and as a whole, i. e. in the 1-0 mode,
with vibrational nodes at the anterior and posterior commissures and with the sole antinode in the
middle.

The frequency of vibration is influenced by many factors, primarily by the longitudinal tension
in the TA muscle and in the ligament. The periodical glottal closure modulates the airflow and
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generates a sound with the fundamental frequency denoted usually F0. The spectrum of the acoustic
signal also contains harmonic frequencies fk = k ·F0, k = 2,3 . . . . Due to the turbulence, generated
mainly in the shear layer of the jet, natural healthy voice always contains broadband noise of certain
level.

The source sound produced by the vocal folds with vocal tract detached, which can be observed
for example in experiments on excised larynges, does not resemble human voice; it can be compared
to the sound produced when blowing a bird-call. Human voice results from the acoustic filtering
of the source signal by the vocal tract. Based on the actual geometry of the vocal tract, which
changes mainly by the posture of the tongue, certain frequencies in the spectrum are amplified and
other suppressed: in this way, different vowels are generated from the same source signal. When
pronouncing the vowels [a:] and [i:], for example, the source sound generated by the vocal folds
is exactly the same; the difference is that for [a:] the tongue is retracted, forming a relatively large
oral cavity (see Fig. 4.2). When producing the [i:] vowel, on the contrary, the tongue reduces
the oral acoustic volume to minimum, which changes the resonance frequencies of the vocal tract
completely. The vocal tract can be hence regarded as an acoustic filter, whose frequency response
is determined by its dimensions and actual geometry.

It is necessary to note that the vocal fold vibration is a passive process. No sort of periodic
muscle contraction is performed, the vibration is flow-induced. The onset of vocal fold vibration
and the critical flow velocity to start the oscillations is highly sensitive to the material properties of
the tissues involved, and also to the pre-phonatory geometry of the glottis, which is influenced by
adduction of the arytenoids and activation of the TA muscle. For the development of physical vocal
fold models and also for the purposes of mathematical modeling, it is important to know the shape
of the vocal folds in phonatory position. Since the accurate data on the vocal fold geometry are still
largely incomplete, our own measurement of the vocal fold shape from excised human larynges has
been performed and published in a paper in Journal of Biomechanics, reprinted in the next section.
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Reprints

• P. Šidlof, J. G. Švec, J. Horáček, J. Veselý, I. Klepáček, and R. Havlı́k. Geometry of hu-
man vocal folds and glottal channel for mathematical and biomechanical modeling of voice
production. Journal of Biomechanics, 41(5):985–995, 2008
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Abstract

Current models of the vocal folds derive their shape from approximate information rather than from exactly measured data. The

objective of this study was to obtain detailed measurements on the geometry of human vocal folds and the glottal channel in phonatory

position. A non-destructive casting methodology was developed to capture the vocal fold shape from excised human larynges on both

medial and superior surfaces. Two female larynges, each in two different phonatory configurations corresponding to low and high

fundamental frequency of the vocal fold vibrations, were measured. A coordinate measuring machine was used to digitize the casts

yielding 3D computer models of the vocal fold shape. The coronal sections were located in the models, extracted and fitted by piecewise-

defined cubic functions allowing a mathematical expression of the 2D shape of the glottal channel. Left–right differences between the

cross-sectional shapes of the vocal folds were found in both the larynges.

r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Vocal fold geometry plays an important role in phonation
as it influences the vibratory pattern of the vocal folds
(Alipour and Scherer, 2000; Titze and Story, 2002).
From the technical point of view, the vocal fold shape is
directly related to the mass distribution in the vibrating
elastic element, which influences strongly the vibration
eigenmodes (Döllinger et al., 2005a; Horáček et al., 2005;
Zhang and Jiang, 2005; Berry, 2001). Besides, vocal folds
constitute the channel profile and thus their shape has a
dramatic impact on glottal aerodynamics—a small varia-
tion of the vocal fold shape or position may change the
flow regime and the resulting aerodynamic forces, which

excite the system (Li et al., 2006; Thomson et al., 2005;
Vilain et al., 2004).
Quantitative information on the phonatory shape of

human vocal folds has been scarce. Accurate data are
lacking, especially on the coronal cross-sectional shape of
the vocal folds and no comprehensive dataset specifying the
geometry of the entire glottal channel has been published so
far. Scientists developing mathematical and physical models
of the vocal folds and glottal flow and studying vocal fold
deformation or glottal fluid–structure interaction (Scherer
et al., 2002; Rosa et al., 2003; Kob et al., 2005; Thomson
et al., 2005; Erath and Plesniak, 2006a, b; Fulcher et al.,
2006) are therefore forced to base their channel geometries
on incomplete and somewhat arbitrary information.
First notable studies regarding vocal fold geometry were

published in the 1960s by Hollien and Curtis (1960), Hollien
et al. (1968), Hollien and Colton (1969) who measured the
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vocal fold cross-sectional area and thickness in vivo with the
aid of X-ray laminagraphy. Despite the technological
progress in medical imaging techniques in the last decades,
the standard non-invasive 3D imaging methods such as CT
or MRI have been problematic to use for the purposes of
capturing and measuring the phonatory geometry of the
vocal folds in living human subjects. When the vocal folds
are vibrating, their shape cannot be accurately measured
using these, and the shape of vocal folds in breathing
position is largely changed (Hirano, 1975). Up to present, the
only detailed data on vocal fold geometry have been
obtained from excised larynges rather than living vocal folds.

Berry et al. (2001b) succeeded as the first in measuring
the vocal fold geometry in excised canine larynges using
lead molds. However, the molds only allowed measuring
the medial surface of the vocal folds within the convergent
part of the glottis. As an alternative method, Berry et al.
(2001a) developed a technique for stereoscopic observation
of the medial surface of the vocal fold in a hemilarynx
using a plexiglass and a prism. This method, in combina-
tion with high-speed imaging technique, has proven to be
able to bring highly useful data, especially on the vocal fold
trajectories and variation of the coronal shape of the vocal
fold during vibration (Döllinger et al., 2005; Döllinger and
Berry, 2006a; Zhang et al., 2006). These studies, however,
have not offered the complete mathematically defined
shape of the prephonatory glottal channel.

The primary goal of this study was to obtain information
on the static prephonatory shape of the vocal folds and the
glottal channel from excised human larynges, which could be
directly used, e.g. for construction of aerodynamic models of
vocal folds and glottal airways. A plaster-casting methodo-
logy was used to capture the shape of the glottal airflow
channel. The casts were digitized on a coordinate measuring
machine (CMM) and reconstructed in 3D modeling software.
Finally, the cross-sectional shapes of the glottal channel were
fitted with a piecewise polynomial function resulting in 2D
mathematical models of the glottal geometry.

2. Material and methods

After obtaining approvals of the Ethical committee of the Czech

Medical Chamber from the Faculty Hospital in Brno (dated February 10,

1999) and the Ethical committee of the Faculty Hospital of the 1st Faculty

of Medicine of Charles University in Prague (dated March 4, 2002), 17

excised human larynges were obtained from the hospital Bulovka in

Prague and the Anatomy Department of the 1st Faculty of Medicine. The

larynges were quick frozen in liquid nitrogen and kept in a freezer at about

�20 1C. For the purpose of the current study 10 of the larynges were used,

eight of which were able to produce phonation. Before testing, the

larynges were immersed in saline solution for several hours for slow

defrosting at room temperature.

Two out of the eight larynges were analyzed successfully—larynx no. 8

(female, 72 years) and larynx no. 10 (female, 69 years). Both the larynges

were found free of pathology. In both cases, the shape of the vocal folds at

two different phonatory configurations (low and high longitudinal tension of

the vocal folds, i.e., low and high fundamental frequency of phonation) was

evaluated. The experimental setup was similar to the one used in previous

studies of Vilkman (1987) and Horáček et al. (2001). The procedure for

preparation of the laryngeal casts was the following: the soft tissues superior

to the vocal folds were removed, including the ventricular folds. The larynx

was mounted on a base plate by means of steel pins that were pushed

through the external tissue at the lower part of the larynx and pressed against

the plate by a metal ring to attain an airtight junction (see Fig. 1). The

arytenoid cartilages were fixed in a holder H and the adduction of the vocal

folds was adjusted via screw SC. Then, the airflow was switched on

and the passive tension of the vocal folds was adjusted by manipulating the

position of the thyroid cartilage at point T until the vocal folds produced

stable sustained vibrations. The configuration was fixed by the needles N

(see Fig. 1). The airflow, humidified and warmed up to 37 1C, was blown up

through the larynx into open space.

The vocal fold vibrations were monitored using laser vibrometry

(Polytec OFV 302), videostroboscopy (B&K 4913 stroboscope unit) and

the generated sound was measured by a sound level meter (B&K 2239).

Simultaneously, the subglottal pressure was recorded using dynamic pressure

transducers. Fig. 2 shows the signals measured on larynx no. 8 just before

casting. After recording the signals, the airflow was stopped and a thin

mixture of dental plasters, especially suited for casting purposes (10%Dental

Rapid alabaster plaster—Bergard, Germany, 20% Mramorit hard stone

plaster—Dental Prague, Czech Republic, 70% Superstone hard IV class

plaster—Bergard Germany) was slowly poured into the larynx from above.

When the mixture hardened (typically 5–10min), the fixed larynx was turned

upside down and the plaster was poured into the subglottal space. A metal

bridge was used to join the upper and lower parts of the casts in order to fix

their exact position with respect to each other. Since a small gap was present

between the vocal folds, the plaster could fill the space and tightly connect

the upper and lower parts of the cast.

After hardening, the bridge was disassembled and the plaster cast was

broken into supraglottal and subglottal parts and removed from the

larynx. The special type of plaster yielded a clean break between the parts
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Fig. 1. Fixation of the larynx on the base plate.
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with a minimal damage around the rupture. This allowed reassembling the

two parts in their original position using the metal bridge. The whole

procedure is shown in Fig. 3.

Since the larynx was not damaged during the casting procedure, after a

bath and rehydration in saline solution the larynx was capable of

phonating again. The vibration pattern appeared similar to the pattern

before casting. When the fixation screws and needles were adjusted and

phonation at a different frequency achieved, it was possible to create

another cast of the same larynx.

2.1. Digitizing the casts for the 3D computer model

The vocal fold plaster casts were digitized using the Wenzel LH-87

mechanical bridge-type CMM. With the scanning probe head, CMM

can measure complex surfaces with high density (approximately

30 samples/mm) and precision of up to 1mm. Since the instrument

required the surface to be accessible from one direction, the subglottal

and supraglottal parts of the cast needed to be measured separately and

then reassembled digitally. After digitization, the entire glottal space

was reconstructed in the Rhino 3D NURBS modeling software. The

whole procedure used for determination of the vocal fold geometry is

demonstrated in Fig. 4.

2.2. Determination of the vocal fold shape in 2D sections

To obtain 2D models of the cross-sectional shapes of the vocal

folds, the coronal sections, taken from the 3D computer vocal fold

model (Fig. 4c), were used. The membranous glottal length Lm was

determined from the videostroboscopic records. The coordinate system

was defined in the following way (see Fig. 5): x denotes the inferior–

superior axis (along the thickness T of the vocal folds), with positive

values rising in the superior direction, y-axis is in the medial–lateral
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Fig. 2. Microphone and subglottal pressure signals recorded from the

larynx no. 8 just before the casting procedure.

Fig. 3. Preparation of the vocal fold casts: (a) the larynx with the vocal folds in phonation position before casting, (b) plaster filling the supraglottal space

of the larynx, (c) plaster filling the subglottal space of the larynx, (d) the final supraglottal and subglottal casts fixed together, (e) detailed lateral view of the

glottal region of the cast (color online).
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direction (along the depth D of the vocal folds), and z denotes the

anterior–posterior axis (along the length L of the vocal folds, perpendi-

cular to the figure plane).

Smooth piecewise-defined third-order polynomials (cubic splines) were

used as the regression functions. The glottal channel geometry was

described by two curves {x,yR}, {x,yL} for the right and left vocal folds,

respectively, each consisting of six consecutive segments a–z (Fig. 5). The

shape in segments a, b, g, and z was expressed as a function y(x). Since the

vocal fold contour reverses direction in segments d and e, it was defined
here as a function x(y), instead. The regression curves, lying within the

segments b–e, were completed by the downstream and upstream segments

a and z, using the approximate data on the inferior and superior end of the

glottal channel measured manually from the physical casts. Thus, the

whole curve can be expressed in this form:

yðxÞ ¼ const: ¼ Hsub; xpX a�,

yðxÞ ¼ a3x3 þ a2x2 þ a1xþ a0; X a�oxpX ab,

yðxÞ ¼ b3x3 þ b2x2 þ b1xþ b0; X aboxpXbg,

yðxÞ ¼ g3x3 þ g2x2 þ g1xþ g0; XbgoxpX gd,

xðyÞ ¼ d3y3 þ d2y2 þ d1yþ d0; Y gdoypY d�,

xðyÞ ¼ �3y3 þ �2y2 þ �1yþ �0; Y d�oypY �z,

yðxÞ ¼ z3x3 þ z2x2 þ z1xþ z0; X �zoxpX zþ,

yðxÞ ¼ const: ¼ Hsupra; x4X zþ, (1)
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Fig. 4. Determination of the vocal fold geometry: (a) detailed frontal view of the plaster cast of the glottal channel, (b) the 3D computer model,

(c) location of the mid-membranous coronal section, (d) the 2D geometry of that coronal section, (e) the right part of the coronal section corresponding to

the shape of the right vocal fold, (f) the regression curve representing the best mathematical fit of the glottal channel shape (color online).

Fig. 5. Geometric definitions in the 2D mathematical description of the

glottal channel: segments a–z, depth D, thickness T, apex A, ‘‘perpendi-

cularity point’’ R, glottal half-aperture g, asymptotic channel depths Hsub

and Hsupra. Superscripts R and L indicate the right and left parts,

respectively.
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where ai,y,zi, i ¼ 0,1,2,3 are the spline parameters, Xlm, Ylm represent the

coordinates of the boundary between segments l and m, and Xa�, Xz+ stand

for left and right boundaries of segments a, z, respectively. Defining the

thickness T and the depth D of the vocal folds is challenging, since there

are no sharp edges or distinct physiological margins of the vocal folds. In the

mathematical model the thickness T was defined as the horizontal distance

from the a/b segment boundary to the e/z boundary (Fig. 5). The depth D

was similarly defined as the vertical distance from the a/b segment boundary

to the apex A. Furthermore, these definitions were used:

� The channel x-axis was set so that gLEgR and that the 3D vocal fold

contours were approximately symmetrical with respect to the sagittal

plane. The inferior and superior margins of the glottal channel (i.e.,

Xa�, Xz+) were recognized as the approximate locations where the

vocal fold surface begins to flat off to the straight subglottal or

supraglottal tract wall.

� The inferior and superior vocal fold margins (i.e., the a/b and e/z
boundary in Fig. 5) were manually located on the casts as the points

where the cast surface changes its curvature and starts to approach

the subglottal or supraglottal space. These points were not always

clearly evident in the casts and some arbitrariness could not be

avoided here.

� The boundaries between the segments b/g and d/e were determined

automatically by the nonlinear regression algorithm as the points

which yielded the best fit.

For all the regression variables, statistical parameters such as confidence

intervals and correlation matrices were calculated. However, the most

convenient verification of the regression quality of the model was found

to be the visual comparison of the regression curve to the measured data

(see Fig. 6).

3. Results

For the larynges no. 10 vibrating at the frequency of
308Hz, no. 10 at 676Hz, and no. 8 at 148Hz, the vocal
channel geometries were described as single 2D coronal
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Fig. 6. (a) Geometry of the mid-membranous coronal section of the glottal channel for larynx no. 10 (female, 69 years) vibrating at lower frequency

F0 ¼ 308Hz. Mean subglottal pressure psub ¼ 1830Pa, membranous glottal length Lm ¼ 8.0mm. Points measured by the CMM are shown together with

the regression curves. The left vocal fold is on the top and the right one on the bottom. The channel axis is dashed. The same configuration holds also for

all the following figures. (b) Geometry of the mid-membranous coronal section of the glottal channel for larynx no. 10 (female, 69 years) vibrating at

higher frequency F0 ¼ 676Hz. Mean subglottal pressure psub ¼ 3150Pa, membranous glottal length Lm ¼ 8.4mm. (c) Geometry of the mid-membranous

coronal section of the glottal channel for larynx no. 8 (female, 72 years) vibrating at lower frequency F0 ¼ 148Hz. Mean subglottal pressure psub ¼ 578Pa,

membranous glottal length Lm ¼ 9.0mm. (d) Geometry of the mid-membranous coronal section of the glottal channel for larynx no. 8 (female, 72 years)

vibrating at higher frequency F0 ¼ 304Hz. Mean subglottal pressure psub ¼ 1470Pa, membranous glottal length Lm ¼ 12.75mm.
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sections only, taken in the middle of the membranous vocal
fold length. For the purposes of 3D modeling, eight
coronal sections along the anterior–posterior axis z were
analyzed for the larynx no. 8 vibrating at 304Hz, with a
step of Dz ¼ 1mm. The origin of the z-axis was set to the
anterior commissure (z ¼ 0). The location of the mid-
membranous section for larynx no. 8 at 304Hz corre-
sponds to z ¼ 6.5mm. As can be seen on the cast in Fig. 3e,
the subglottal and supraglottal airways are shifted with
respect to each other when observed laterally: the
subglottal channel spans approximately from z ¼ �2 to
4mm while the supraglottal channel from z ¼ 2 to 19mm.
Therefore, it was possible to extract the 2D sections in the
interval z ¼ 4.5–11.5mm only.

The measured points and the regression splines for
the mid-membranous coronal sections of the larynx no. 10
at F0 ¼ 308 and 676Hz are demonstrated in Fig. 6a
and b, respectively. Fig. 6c and d provide the results for
the larynx no. 8 at F0 ¼ 148 and 304Hz. Multiple
coronal sections obtained from the larynx no. 8 at
F0 ¼ 304Hz are shown together in Fig. 7. Tables 1 and 2
provide the regression parameters for all the analyzed
glottal contours. Table 3 lists the coordinates of the
segment boundaries and provides the values of selected
geometrical parameters: the vocal fold thickness T and
depth D, minimum glottal half-aperture g (distance
from the vocal fold apex to the channel axis), x-coordinate
of the vocal fold apex A and the coordinates of the
‘‘perpendicularity point’’ R (location where the upper
vocal fold surface becomes perpendicular to the x-axis, see
Fig. 5).

4. Discussion and conclusion

A new methodology for determining the vocal fold shape
from excised larynges was developed. Excised human
larynges, which were quick frozen and later gradually
thawed in saline solution, were used. According to Tayama
et al. (2002), the freezing and thawing procedures should
not affect the geometry of excised larynges significantly.
Plaster casts were used to capture the shape of the vocal
folds in phonatory position. The surface roughness of the
casts was lower than 0.05mm, only on a few locations there
were artifacts where the surface quality was locally
deteriorated by presence of small (o0.5mm) voids of
unknown origin. The casting method made it possible to
remove the plaster material from the larynx without
destroying the larynx itself and therefore could be used to
create two casts from the same larynx in different
configurations. The main advantage of the method was
that it allowed capturing the shape of the whole vocal
folds, i.e., the inferior, medial as well as the superior
surfaces, including the adjoining vocal tract. The accuracy
of the vocal fold shape determination was dependent on the
quality of the plaster casts, proper disassembling and
reassembling of the cast, and on the accuracy of the cast
analysis. Combination of various technical issues along this
chain caused that only a small number of larynges
measured (two out of eight) could have been accurately
analyzed. Among the other six larynges, some of them
were not capable of phonating regularly or at both
frequencies, in some of them a non-demountable holder
was used, which prevented measuring the contours by
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Fig. 7. Shapes of eight coronal sections through the glottal channel, larynx no. 8 vibrating at higher frequency F0 ¼ 304Hz. Mean subglottal pressure

psub ¼ 1470Pa.
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the CMM. Some of the casts were damaged when
preliminary tests using different digitization methods were
performed.

Subjectively, the larynx no. 8 at 304Hz passed the whole
procedure (casting, CMM measurement, coronal section
extraction and regression) most successfully, and is consi-
dered to reflect the shape of the vocal folds most
realistically. This is why this larynx was chosen not only
for the 2D analysis of the mid-membranous section, but
also for the mathematical description of the vocal channel
contours in multiple coronal sections along the anterior-
posterior axis. Even though such description is still not
sufficient to design an exact and complete 3D model, it may
be helpful in cases when 3D data are needed.

The results show that in all the cases the shapes of the
left and right vocal folds were slightly different. This
complements the findings of previous anatomical studies,
which showed that slight left–right asymmetry is common

in normal larynges (Hirano et al., 1989; Lindestad et al.,
2004). The thicknesses and depths of the left and right
vocal folds in mid-membranous sections differed by up to
0.7 and 0.8mm, respectively, which corresponds to up to
6% and 15% difference of the total measured thickness
and depth, respectively. An interesting result is the dif-
ference in the positions of the right and left vocal fold
apexes along the glottal channel, dividing the convergent
and divergent parts of glottis. That difference was found to
be up to 0.65mm. Such a difference may play an important
role in the separation of the airflow from the glottal
channel wall and contribute to the Coanda effect (see, e.g.,
Erath and Plesniak, 2006a, b). The effect of increased F0 in
the same larynx was reflected in longer membranous length
Lm of the vocal folds; no corresponding simple trends were
found in the other shape parameters, however.
The most comprehensive quantitative description based

on real measurements, which was published so far, is

ARTICLE IN PRESS

Table 3

Segment boundaries Xa� to Xz+, subglottal and supraglottal channel heights Hsub,supra, vocal fold thicknesses and depths T, D, orifice half heights g and

apex and reflection point coordinates Ax, Rx, Ry for all the sections analyzed (see Eq. (1), Fig. 5)

Xa� Xab Xbg Xgd Ygd Yde Xez Yez Xz+ Hsub Hsupra T D g Ax Rx Ry

No. 10—308Hz, z ¼ 4.5mm

(mid-membranous)

Left �3.43066 0.00 5.48496 6.14796 1.52095 2.96251 7.22466 5.72789 7.90 4.97 6.31 7.22 3.62 0.65 5.71 6.18 1.82

Right �3.43066 0.00 4.79990 5.71480 1.79025 3.01629 6.82270 5.02012 7.90 5.03 5.86 6.82 3.54 0.82 5.14 N/A N/A

No. 10—676Hz, z ¼ 4.5mm

(mid-membranous)

Left �5.97021 0.00 4.03835 4.89370 0.87477 2.74320 4.12814 4.81203 5.01 7.02 5.32 4.13 3.55 0.41 4.59 4.97 1.41

Right �5.97021 0.00 4.14882 4.31087 0.86287 2.13609 3.94520 5.84534 5.01 7.68 6.55 3.95 3.47 0.53 4.15 4.35 1.23

No. 8—148Hz, z ¼ 4.5mm

(mid-membranous)

Left �5.97021 0.00 6.95838 9.46105 2.24753 3.14478 10.09626 6.34856 11.66 7.02 7.29 10.10 4.87 1.50 8.76 9.82 2.95

Right �5.97021 0.00 5.90344 9.25417 3.01639 5.06520 10.77900 6.37661 11.66 7.68 7.29 10.78 4.77 1.55 8.11 9.32 3.50

No. 8—304Hz, z ¼ 4.5mm

Left �4.06451 0.00 6.11554 11.07029 1.88654 2.92322 12.60185 6.87622 13.62 5.20 7.49 12.60 3.50 1.01 9.41 11.45 3.14

Right �4.06451 0.00 9.97143 10.88943 1.84294 5.10890 12.57662 7.18833 13.62 5.70 7.38 12.58 4.39 0.83 10.17 10.98 2.52

No. 8—304Hz, z ¼ 5.5mm

Left �4.34497 0.00 5.38054 10.87318 1.92045 4.46263 12.19135 6.94488 12.89 5.37 7.42 12.19 4.19 0.99 9.28 11.24 2.99

Right �4.34497 0.00 8.97030 10.77428 1.69836 4.66708 12.23248 7.20353 12.89 6.63 7.25 12.23 5.16 0.73 9.72 10.89 2.21

No. 8—304Hz, z ¼ 6.5mm

(mid-membranous)

Left �3.02426 0.00 6.60200 10.94120 2.07421 5.50130 12.34927 7.07527 13.38 5.88 7.36 12.35 4.83 0.84 9.31 11.19 3.02

Right �3.02426 0.00 8.78619 10.70021 1.63259 4.98115 11.96087 7.29231 13.38 7.12 7.36 11.96 5.69 0.77 9.69 10.84 2.20

No. 8—304Hz, z ¼ 7.5mm

Left �2.38317 0.00 6.02514 10.65617 1.50514 4.10783 12.22228 6.64702 13.62 6.41 6.83 12.22 5.26 0.72 9.38 11.24 3.27

Right �2.38317 0.00 8.25981 10.59569 1.35760 5.12245 11.65247 7.34825 13.62 7.59 6.83 11.65 5.89 0.76 9.74 10.83 2.15

No. 8—304Hz, z ¼ 8.5mm

Left �3.19759 0.00 6.36032 10.54912 1.22400 3.69419 12.11123 6.36463 13.26 6.69 6.45 12.11 5.54 0.78 9.59 11.60 3.43

Right �3.19759 0.00 8.68794 10.96891 1.37321 4.58768 11.76849 7.37120 13.26 7.81 7.04 11.77 6.39 0.65 10.04 11.13 2.00

No. 8—304Hz, z ¼ 9.5mm

Left �1.36865 0.00 6.55310 11.05013 1.48269 4.86571 12.08509 5.60967 13.64 6.45 5.77 12.09 5.70 0.66 9.75 11.78 3.56

Right �1.36865 0.00 8.46815 10.92697 1.26791 4.88906 11.39849 7.28231 13.64 7.55 6.82 11.40 6.61 0.68 10.11 11.16 2.06

No. 8—304Hz, z ¼ 10.5mm

Left �1.58969 0.00 6.49395 11.14835 1.56851 3.76947 12.74529 5.44372 13.16 6.45 5.46 12.75 5.50 0.59 9.68 11.92 3.31

Right �1.58969 0.00 8.60485 10.97147 1.55241 2.63991 11.28142 5.69089 13.16 7.75 5.46 11.28 7.13 0.69 10.12 11.25 2.62

No. 8—304Hz, z ¼ 11.5mm

Left �0.51517 0.00 6.27783 11.14827 1.52217 3.16777 12.11298 4.58892 13.19 6.09 5.11 12.11 5.89 0.56 9.67 11.89 3.20

Right �0.51517 0.00 8.51752 11.10808 1.54894 3.27815 11.22127 5.05792 13.19 7.91 4.77 11.22 6.76 0.76 10.10 11.35 2.49
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probably that of Berry et al. (2001b). This work, however,
was on canine larynges. The shape which has been most
widely used in mathematical and physical modeling of
human voice seems to be model ‘‘M5’’, which was pro-
posed by Scherer et al. (2002) and has been used, among
others, in theoretical and experimental studies of himself,
Thomson et al. (2005), Fulcher et al. (2006), or Erath and
Plesniak (2006a, b). The geometry of the ‘‘M5’’ model is
piecewise linear with rounded corners. Compared to the
‘‘M5’’ model, the vocal fold shapes measured within our
work have rather curved contours in the medial part, and a
more distinct apex. In contrast to the study of Berry et al.
(2001a, b) the shape covered in our work is larger, and it
includes also the superior vocal fold surface and the
transition of the vocal fold to the subglottal channel.
Similar to Berry et al. (2001a, b), our method did not allow
to distinguish the vibrating and non-vibrating portions of
the human glottal channel. To obtain such an information
the alternative method of Berry et al. (2001a) or Döllinger
and Berry (2006b) could be useful, although here the
spatial resolution is limited by the number of sutures
embedded in the vocal folds.

A disadvantage of using excised larynges is that the
thyroarytenoid (TA) muscle is not active. The TA muscle is
known to alter the geometry of the vocal folds and make
the cross-sectional shape more bulged and vertically thicker
(Hirano, 1975). This means that the geometry may not be
exactly the same in the excised and in vivo larynges.
However, the excised larynx is arguably still the most
accurate source of data on the real vocal folds for the
purposes of biomechanical modeling because it offers
measurements in controllable conditions.

This study was primarily intended to present simple
functional description of the 2D vocal channel contours for
the purposes of 2D modeling, where such data are often
needed. Coronal sections of the glottal channel were fitted
by cubic splines. The regression model was designed as
being smooth in the whole interval, describing indepen-
dently the left and right vocal folds to account for vocal
fold asymmetry. We found that a simple function such as
the one offered by Titze (1989), Berry (2001b) or even a
multipart spline as presented here would be insufficient to
describe the complex, 3D geometry of the entire glottal
channel (see the lateral view of the cast in Fig. 3e and
frontal view in Fig. 4a).

The 3D computer models, which are shown in Fig. 4b,c,
covered the complete glottal channel except of short regions
(up to 2mm) adjacent to anterior and posterior commis-
sures. These correspond to the very extremities of the casts,
which could not be reached by the CMM in current setup.
Dropping the concept of simple functional description of the
contours, the method could be in future used to get a
complete 3D model: the CMM could be set up to scan the
surface from different directions and the whole channel
modeled directly in 3D in a CAD or 3D modeling software.
Another challenging possibility may be to try to obtain the
data directly from MRI or CT measurements.

According to our knowledge, the results reported here
are the first to mathematically describe the complete 2D
glottal channel, from the straight inflow part (trachea) up
to the straight outflow passage (supraglottal space). The
described geometry can be used for constructing realistic
mathematical and physical models of human vocal folds.
For technical reasons, the ventricular folds were removed
from the larynges and their geometry was not analyzed
here. In future, however, it will be useful to include also the
shape of the ventricular folds as they can affect the
supraglottal airflow and influence the vocal fold vibration
(Alipour et al., 2007).
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4.3. FLOW-STRUCTURE-ACOUSTIC INTERACTION IN HUMAN LARYNX 57

4.3 Mathematical modeling of flow-structure-acoustic interaction in
human larynx

4.3.1 Overview of concepts and methods

In the available literature, numerous mathematical models of phonation can be found. An extensive
overview is given in a recent review paper of Alipour et al. (2011). Basically, the models can be
divided into two large families. First, the low-order models, where the complex interaction between
the airflow and the nonlinear tissue structures is modeled by a small number of discrete masses
supported by linear springs and dampers, coupled to simplified and often linearized flow models.
Although this may seem a serious oversimplification of the real physiological situation, such models
proved very useful especially for modeling of phonation onset mechanisms. The main advantage
of these models is that the equations may be solved either analytically, or using simple and very
fast numerical methods for ordinary differential equations, making it possible to perform nearly
real-time simulations on current computers.

The cornerstone of the reduced-order mathematical models of phonation was set by Ishizaka and
Flanagan (1972) more than 40 years ago. Their vocal fold model consists of two discrete masses
interconnected by springs and dampers and coupled to potential quasi-1D airflow. Its variants, e. g.,
(Lucero, 1993, Pelorson et al., 1994, Story and Titze, 1995, Sciamarella and d’Alessandro, 2004,
Horáček et al., 2005, Zhang, 2008, Yang et al., 2010), are widely used up to present. However,
since the low-order models do not resolve accurately neither the glottal airflow nor the viscoelastic
deformation of the vocal folds, increasing effort has been devoted to numerical solution of the 2D
or 3D Navier-Stokes equations on computational domains approximating the glottal channel, and
to proper modeling of the structural mechanics.

These high-order models are described by partial differential equations. The equations contain
important nonlinearities, coming from three major sources: nonlinearity due to the convective term
in the Navier-Stokes equations, geometric nonlinearity in the elastomechanics due to large defor-
mations, and material nonlinearities of the living tissues. In the case of loud phonation, yet another
nonlinearity appears due to vocal fold collisions. The nonlinear partial differential equations have
to be solved numerically, leading to systems with large number of unknowns. The standard choice
of the numerical method for the solution of the elasticity if the finite element method (Bathe, 1996).
In some cases with simple geometry, high-order variants of the finite difference method are some-
times used, too (Bae and Moon, 2008, Larsson and Müller, 2009). For the numerical modeling of
fluid dynamics, the choice is much wider – finite volume methods (Renotte et al., 2000, Alipour
and Scherer, 2004, Puncochářová-Pořı́zková et al., 2011, Mattheus and Brücker, 2011), stabilized
finite element methods (de Oliviera Rosa et al., 2003, Thomson et al., 2005, Tao et al., 2007, Suh
and Frankel, 2008, Sváček, 2011) and finite difference methods (Zhao et al., 2002, Sciamarella and
Quéré, 2008, Larsson and Müller, 2009), discontinuous Galerkin finite element method (Feistauer
et al., 2013) or Lattice-Boltzmann methods (Kucinschi et al., 2008) have all been employed for the
solution of the laryngeal airflow.

Even the high-order models usually do not try to model the phonation in all its complexity, and
contain certain simplifications and reductions. With respect to the fluid-structure interaction, the
problem is sometimes simplified to static vocal fold case (Suh and Frankel, 2007, 2008, Larsson and
Müller, 2009, Mihaescu et al., 2010, Schwarze et al., 2011), forced vocal fold oscillation (Alipour
et al., 1996a, Renotte et al., 2000, Zhao et al., 2002, Alipour and Scherer, 2004, Bae and Moon,
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2008, Sciamarella and Quéré, 2008, Puncochářová-Pořı́zková et al., 2011, Mattheus and Brücker,
2011, Zheng et al., 2011a). Some works use models with the airflow fully coupled to elastic tissue
oscillations (de Oliviera Rosa et al., 2003, Thomson et al., 2005, Tao and Jiang, 2007, Luo et al.,
2008, Link et al., 2009, Zheng et al., 2009, Sváček, 2011). The computational cost of the high-
order methods can be drastically reduced by solving the problem only in 2D. Actually, only a few
of the computational models published (de Oliviera Rosa et al., 2003, Suh and Frankel, 2007, 2008,
Mihaescu et al., 2010, Schwarze et al., 2011, Mattheus and Brücker, 2011) solve the flow field in 3D,
and most of them on a static geometry. One of the most complex approaches to phonation modeling
was recently published in the works of Zheng et al. (2010, 2011b) and Seo and Mittal (2011),
who used the immersed boundary method for incompressible low-Mach number flow coupled to
a finite element solver for the viscoelastic tissue to calculate the 3D flow field and flow-induced
vibrations of the vocal folds including glottal closure and contact forces. Using the aerodynamic-
acoustic splitting technique, the acoustic field was then calculated by solving linearized perturbed
compressible equations.

4.3.2 Author’s contributions to computational modeling of phonation

The following section contains reprints of author’s four selected publications in the field of compu-
tational modeling of phonation. The papers are listed chronologically and reflect the progress from
a fast, reduced-order semi-analytic code over high-order models in 2D towards parallelized codes
for the solution of the flow-acoustic interaction on large 3D computational grids.

The first paper reprinted from Journal of Fluids and Structures was published prior to author’s
PhD thesis, as a single exception among all the reprints. However, the contents of the paper were
not used in the thesis and the author feels that it is important to put the following high-order models
into context, and to show that a simplified lumped-parameter model may be highly useful e. g. for
prediction of phonation onset parameters. The paper demonstrates how the linearized model can
be employed to compute critical flow velocity and stability maps for the flutter-type instability of a
rigid elastically supported body vibrating in the wall of a channel by solving an eigenvalue problem.
The full, nonlinear system of ordinary differential equations is used for the numerical simulation of
post-critical vocal fold oscillations, including vocal fold collision modeling.

The following two publications in Applied and Computational Mechanics (journal without im-
pact factor) and Computers & Fluids report on a 2D finite element and a 3D finite volume model
of airflow in a computational domain with forced vocal fold motion. The results of the numerical
simulations (together with findings from experimental studies, see Sec. 4.4) demonstrate that the
2D models capture well the flow field in the subglottal channel and in the convergent part of the
glottis, where the flow has dominantly planar character. In the divergent part of glottis, however,
the flow separates and coherent vortex structures are generated in the shear layer of the jet. In this
region, the real 3D vortex dynamics are fundamentally different from the simplified 2D model. The
necessity to use large 3D computational grids to resolve the supraglottal flow field accurately has
also technical consequences: on current computers, it is not practical to run such numerical simula-
tions on a single CPU core. In order to get the result in a reasonable time, the code has to be run in
parallel on an appropriate parallel hardware.

The relation between the flow field and the aerodynamically generated sound is complex, and
still subject to ongoing research. The last reprint of the manuscript accepted for publication in
Biomechanics and Modeling in Mechanobiology reports on a hybrid aeroacoustic model of human
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voice production, developed in close cooperation between the author, S. Zörner and A. Hüppe from
Vienna University of Technology. Using Lighthill’s analogy and a perturbation-based approach, the
aeroacoustic sound sources are identified and the propagation and radiation of the sound modeled.
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Abstract

A mathematical model was developed previously (by Horáček and Švec in 2002a) for studying the influence of the

geometrical, viscoelastic and vibrational characteristics of the human vocal folds on their self-sustained oscillations in

phonatory air-flow. That model is advanced here by: (i) extending the equations for unsteady aerodynamic forces from

small to realistic vibrational amplitudes of the vocal folds; (ii) implementing the Hertz model of impact forces for vocal-

fold collisions; (iii) adjusting the elastic support of the vocal-fold-shaped vibrating element for more flexible tuning of

the natural frequencies of vibrations; and (iv) moving from frequency domain calculations towards on-line simulations

in the time domain. Using a parabolic vocal-fold shape and vocal-fold natural frequencies close to 100Hz, the model

exhibits vibrations for flow velocities, flow volumes and subglottal pressures above 0.5m/s, 0.1 l/s, and 0.15 kPa,

respectively. During collisions, the model reveals impact stress values up to 3 kPa. As these values are close to those

measured in humans, the model is found suitable for studying phenomena and estimating values, which are difficult to

observe and measure in the living vocal folds.

r 2005 Elsevier Ltd. All rights reserved.

Keywords: Flow induced vibrations; Human voice biomechanics; Post-critical behaviour

1. Introduction

Vibrations of vocal folds are of extraordinary importance for production of human voice. As the vocal folds are

difficult to study in vivo, the mathematical and numerical models could be very helpful for understanding the

mechanism of voice production. First lumped-parameters dynamic models of the vocal-fold self-oscillations were

developed already at the beginning of seventies of the last century (Ishizaka and Flanagan, 1972) and their different

variations remain to be widely used (Liljencrants, 1991; Pelorson et al., 1994; Herzel and Knudsen, 1995; Story and

Titze, 1995; Lous et al., 1998; De Vries et al., 1999; Ikeda et al., 2001). New versions of the self-oscillating vocal-fold

models have been described during the last 2 years (LaMar et al., 2003; Sciamarella and d’Alessandro, 2004; Adachi and

Yu, 2005; Drioli, 2005).

A short overview of numerous existing models can be found, e.g., in the dissertation of Kob (2002). A frequent

problem of the developed mathematical models is the relationship of their input parameters to the real material
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properties of the vocal folds and to the aerodynamic properties of the phonatory airstream. The aerodynamic forces

have usually been approximated by quasi-steady forces given by the Bernoulli law. The latest finite-element models

developed for vibration of the vocal folds in viscous fluid flow described by the Navier–Stokes equations (Thomson et

al., 2003; Alipour et al., 2000) are still in a preliminary phase and their reliability and usability for an on-line numerical

simulation of the vocal-fold self-oscillations with impacts is limited. A sufficiently accurate description of unsteady

viscous fluid flow characteristics measured on oscillating rigid replicas of vocal folds during their collisions appears

problematic (Deverge et al., 2003). Similar problems of flow-induced vibrations for flows in collapsible tubes were

studied, e.g., by Cancelli and Pedley (1985), where the dominant mechanism for self-sustained vibrations relied on flow

separation and a pressure recovery downstream of the narrowest section of the tube.

The authors have developed a linear aeroelastic model in order to study the influence of different geometrical

and elastic properties of the vocal folds on phonation thresholds (Horáček and Švec, 2002a, b). An inviscid

incompressible 1-D fluid flow theory was used in the model for expressing the unsteady aerodynamic forces and

the parameters of the model, i.e., the mass, stiffness and damping matrices were approximately related to the geometry,

size and material density of real vocal folds as well as to the known or prescribed fundamental natural frequencies

and damping. In the current paper, the model is advanced by: (i) extending the equations for unsteady aerodynamic

forces from small perturbations to realistic vibrational amplitudes; (ii) implementing the Hertz model of impact

forces for vocal fold collisions; (iii) improving the tuning possibilities of the natural frequencies of the vocal

folds by replacing the continuous elastic foundation by a two-spring elastic support; and (iv) moving from

frequency domain calculations towards on-line simulations in the time domain. First the mathematical model is

formulated and the solution procedures are presented, then the results of the on-line simulations are demonstrated,

and finally the model behaviour is related to the real vocal folds by comparing its output data to values measured in

living subjects.

2. Mathematical model

The model of the glottis with the vocal folds is shown in Fig. 1 as a channel with planar symmetry conveying air.

The length of the channel, L, is measured parallel to both the plane of symmetry and the direction of air-flow.
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The channel walls are created by two vocal-fold-shaped rigid bodies of mass m and moment of inertia I, which

are vibrating symmetrically in the opposite phase with identical amplitudes on an elastic foundation. The rigid

bodies oscillate in the fluid of density r flowing in the channel with the mean flow velocity U0 at the inlet ðx ¼ 0Þ,

where the cross-section of the channel equals 2H0. The minimum cross-section of the channel for a steady state

at zero air-flow, the so-called glottal width, is denoted by 2g (Fig. 1). The vibrating element has a smooth

convergent glottal inlet and a short, not highly divergent, outlet, which is terminated with a sharp edge at which the

flow separation occurs. Symmetric oscillations of the vocal folds are assumed, allowing modelling only a half of the

glottal region (Fig. 2(a)).

2.1. Equations of motion for the vocal-fold-shaped vibrating element

The vocal fold can be approximated by a two-degree-of-freedom rigid body element with a defined shape aðxÞ, where

x is the axial coordinate. The element is supported by two discrete springs with stiffnesses c1 and c2 (Fig. 2) and its

vibration is described by its rotation and translation. An equivalent three-mass system can be used to formulate the

equations of motion of the element, based on the three conditions of identical total mass, static moment and moment of

inertia of the rigid body. The vibrating rigid body with mass m, moment of inertia I, and the centre of gravity T at the
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location e (the eccentricity—see Fig. 2(a)) is replaced by the masses

m1;2 ¼
1

2l2
ðI þ me2 � melÞ; m3 ¼ m 1�

e

l

� �2� �
�

I

l2
(1)

joined together by a rigid massless rod of the total length L. The distance between the masses m1 and m2 is denoted as 2l

and the distance L1 from the upstream end of the rod defines their position (see Fig. 2(b)). The displacements of the

masses m1 and m2 are denoted as w1ðtÞ and w2ðtÞ, where t is time. The length L should approximately correspond to the

anatomical data; the lengths l and L1 can, however, be varied for the purpose of tuning of the model.

The displacement of the rigid massless rod can be written as

wðx; tÞ ¼ ðx � L1ÞV1ðtÞ þ V2ðtÞ, (2)

where the rotation and translation of the rigid body element was introduced as

V1ðtÞ ¼
w2ðtÞ � w1ðtÞ

2l
; V2ðtÞ ¼

w2ðtÞ þ w1ðtÞ

2
. (3)

When the glottis is open, the force and moment equilibrium equations can be used to express the equivalent

excitation aerodynamic forces F1ðtÞ and F2ðtÞ acting on the vocal folds (Fig. 2(b))

F1ðtÞ ¼
h

2

Z L

0

1�
x

l
þ

L1

l

� �
~pðx; tÞdx; F2ðtÞ ¼

h

2

Z L

0

1þ
x

l
�

L1

l

� �
~pðx; tÞdx, (4)

where h is the width of the channel (identical with the width of the rigid body) and ~pðx; tÞ is the air pressure along the
vibrating body surface. The width of the channel is measured perpendicular to the direction of air-flow and parallel to

the plane of symmetry.

After expressing the potential and kinetic energies of the system in a similar way as in the previous article (Horáček

and Švec, 2002a) and their substitution in the Lagrange equations, the equations of motion are obtained in the form

M €Vþ B _Vþ KVþ F ¼ 0, (5)

where the following displacement and excitation force vectors were introduced

V ¼
V1ðtÞ

V2ðtÞ

" #
; F ¼

F1ðtÞ

F2ðtÞ

" #
(6)

and where M;B;K are the structural mass, damping and stiffness matrices

M ¼

�lm1 m1 þ
m3

2

þlm2 m2 þ
m3

2

2
64

3
75; B ¼ �1Mþ �2K; K ¼

�c1l c1

þc2l c2

" #
. (7)

The damping matrix B represents a proportional model of structural damping; �1; �2 are constants adjusted hereafter
according to the desired damping ratios for the two natural modes of vibration of the system. The structure of the

matrices M and K reveals that a mass coupling caused by the mass m3 is generally in the system even if F ¼ 0.

2.2. Aerodynamic unsteady forces for open glottis

The unsteady continuity and 1-D Euler equations for incompressible fluid can be used to express the aerodynamic

forces acting on the vibrating element (Norton, 1989; Horáček and Švec, 2002a). The equation for unsteady pressure in

the glottis was derived in a linear form by Horáček and Švec (2002a, p. 937, Eq. (16)) supposing only small flow velocity

perturbations ð ~uq ~u=qx ! 0Þ. Here, we generalize the equation by incorporating also the nonlinear term ~uq ~u=qx. Using

the velocity potential Fðx; tÞ for the unsteady component of the flow velocity ~uðx; tÞ ¼ qFðx; tÞ=qx, the unsteady

component of the pressure can be formulated in a nonlinear form as

~pðx; tÞ ¼ �r
qF
qt

þ ŪðxÞ
qF
qx

þ
1

2

qF
qx

� �2" #
, (8)

where the mean (steady) flow velocity in the glottis for x 2 h0;Li can be expressed from the continuity equation as

ŪðxÞ ¼ U0=½1� aðxÞ=H0�. (9)

ARTICLE IN PRESS
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Using the boundary conditions for the flow at the inlet ðx ¼ 0Þ and outlet ðx ¼ LÞ

~u ¼ qF=qx ¼ 0jx¼0 and ~p ¼ 0jx¼L, (10)

considering the displacement wðx; tÞ5H0 and using the same procedure as in the previous paper (Horáček and Švec,

2002a, pp. 937–938, Eqs. (9)–(10)) the unsteady component of the pressure can be written as

~pðx; tÞ ¼ � rfK1ðxÞ½V1ðtÞ�
2 þ K2ðxÞV2ðtÞ þ K3ðxÞ½V2ðtÞ�

2 þ K4ðxÞ½ _V1ðtÞ�
2 þ K5ðxÞ _V2ðtÞ þ K6ðxÞV2ðtÞ _V2ðtÞ

þ K7ðxÞ½ _V2ðtÞ�
2 þ K8ðxÞ _V1ðtÞ þ K9ðxÞ _V1ðtÞV1ðtÞ þ K10ðxÞ _V1ðtÞV2ðtÞ þ K11ðxÞ _V1ðtÞ _V2ðtÞ þ K12ðxÞV1ðtÞ

þ K13ðxÞV1ðtÞV2ðtÞ þ K14ðxÞV1ðtÞ _V2ðtÞ þ K15ðxÞ €V1ðtÞ þ K16ðxÞ €V2ðtÞg, ð11Þ

where the coefficients KiðxÞði ¼ 1; 2; . . . ; 16Þ are complicated functions, which are specified in Appendix A. The general
forms of Eq. (11) for pressure as well as the coefficients KiðxÞ were calculated by using the symbolic manipulation

capabilities of the software Mathematica.

Then, the aerodynamic forces F1ðtÞ and F2ðtÞ can be expressed as nonlinear functions of the displacements V1ðtÞ and

V2ðtÞ by calculating the integrals (4). Using the Mathematica for numerical integration of the coefficients KiðxÞ the

resulting aerodynamic forces exciting the vocal folds are obtained for open glottis:

F1ðtÞ ¼ � rfK int 1
1 ½V1ðtÞ�

2 þ K int 1
2 V2ðtÞ þ K int 1

3 ½V2ðtÞ�
2 þ K int 1

4 ½ _V1ðtÞ�
2 þ K int 1

5
_V2ðtÞ þ K int 1

6 V2ðtÞ _V2ðtÞ

þ K int 1
7 ½ _V2ðtÞ�

2 þ K int 1
8

_V1ðtÞ þ K int 1
9

_V1ðtÞV1ðtÞ þ K int 1
10

_V1ðtÞV2ðtÞ þ K int 1
11

_V1ðtÞ _V2ðtÞ þ K int 1
12 V1ðtÞ

þ K int 1
13 V1ðtÞV2ðtÞ þ K int 1

14 V1ðtÞ _V2ðtÞ þ K int 1
15

€V1ðtÞ þ K int 1
16

€V2ðtÞg, ð12Þ

F2ðtÞ ¼ � rfK int 2
1 ½V1ðtÞ�

2 þ K int 2
2 V2ðtÞ þ K int 2

3 ½V2ðtÞ�
2 þ K int 2

4 ½ _V1ðtÞ�
2 þ K int 2

5
_V2ðtÞ

þ K int 2
6 V2ðtÞ _V2ðtÞ þ K int 2

7 ½ _V2ðtÞ�
2 þ K int 2

8
_V1ðtÞ þ K int 2

9
_V1ðtÞV1ðtÞ þ K int 2

10
_V1ðtÞV2ðtÞ

þ K int 2
11

_V1ðtÞ _V2ðtÞ þ K int 2
12 V1ðtÞ þ K int 2

13 V1ðtÞV2ðtÞ þ K int 2
14 V1ðtÞ _V2ðtÞ þ K int 2

15
€V1ðtÞ þ K int 2

16
€V2ðtÞg, ð13Þ

where the following notation was introduced:

K int 1
i ¼ h

Z L

0

KiðxÞ
l þ L1 � x

2l
dx and K int 2

i ¼ h

Z L

0

KiðxÞ
l � L1 þ x

2l
dx; i ¼ 1; . . . ; 16. (14)

2.3. Model of the vocal-fold collisions

The Hertz model of impact (Brepta and Prokopec, 1972; Stronge, 2000; Půst and Peterka, 2003) is implemented here

to account for vocal-fold collisions. The impact force FH is considered as

FH ¼ kHd3=2ð1þ bH
_dÞ; kH ffi

4

3

E

1� m2H

ffiffi
r

p
, (15)

where d is the penetration of the vocal-fold element through the contact plane (see Fig. 3), E is Young’s modulus, mH is

the Poisson ratio, bH is a damping factor and r is the radius of curvature of the impacting body surfaces approximated

by the shape aðxÞ of the vocal-fold model in the contact point according to the equation

1

r
¼

jd2a=dx2j

1þ ðda=dxÞ2
� �3=2 . (16)

The geometry of the vocal fold is approximated by a general parabolic function:

aðxÞ ¼ a1x þ ða2=2Þx
2. (17)

The moving surface of the vibrating vocal-fold element (see Fig. 3) is described by the function

yðx; tÞ ¼ aðxÞ þ wðx; tÞ ¼ aðxÞ þ ðx � L1ÞV1ðtÞ þ V2ðtÞ; x 2 h0;Li. (18)

From here the coordinates of the contact point can be determined as

xmaxðtÞ ¼ minfL;max½0;�½V1ðtÞ þ a1�=a2�g,

ymaxðtÞ ¼ y½xmaxðtÞ� ¼ a½xmaxðtÞ� þ ½xmaxðtÞ � L1�V1ðtÞ þ V2ðtÞ. ð19Þ
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Using these equations, the Hertz impact force (15) can be rewritten (see Fig. 3) in the form

FH ðtÞ ¼ kH ½ymaxðtÞ � H0�
3=2, (20)

where the damping factor bH in the contact is neglected.

During the impact, when the glottis is closed, the aerodynamic forces (12) and (13) are switched off. There are three

types of forces acting on the vocal-fold-shaped element during this time (Fig. 3): (i) the Hertz force, Eq. (20); (ii) the

subglottal pressure Psub, which is acting on the subglottal part of the element surface (this pressure equals the lungs

pressure Plungs and is kept steady as the lungs are considered a big air reservoir ðPlungs ¼ Psub ¼ const:Þ; and (iii) the
supraglottal pressure, which is acting on the supraglottal part of the element surface. That pressure is set here to zero

ðPsup ¼ 0Þ.

After integration of the pressure Psub ¼ Plungs in the interval x 2 h0; xmaxðtÞi, the aerodynamic force can be expressed
as FAðtÞ ¼ PsubxmaxðtÞh. Finally, the resulting forces in the equations of motion (5) during vocal-fold contact (see Figs. 2

and 3) can be approximated as

F1ðtÞ ¼ FH ðtÞ
L1 þ l � xmaxðtÞ

2l
þ PsubhxmaxðtÞ

L1 þ l � xmaxðtÞ=2

2l
,

F2ðtÞ ¼ FH ðtÞ
xmaxðtÞ � L1 þ l

2l
þ PsubhxmaxðtÞ

xmaxðtÞ=2� L1 þ l

2l
. ð21Þ

3. Numerical solution

3.1. Solution of the linearized problem—computation of stability boundaries

For calculating the stability boundaries, only small vibration amplitudes without collisions and small velocity

perturbations ð ~uq ~u=qx ! 0Þ can be considered. In this case, the perturbation pressure (8) is given by the simplified

equation

~p ¼ �r
qF
qt

þ ŪðxÞ
qF
qx

� �
. (22)
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That results in a substantial simplification of Eq. (11) for the pressure

~pðx; tÞ ¼ �r
€V1ðtÞK15ðxÞ þ €V2ðtÞK16ðxÞ þ _V1ðtÞK8ðxÞ þ _V2ðtÞK5ðxÞ

þV1ðtÞK12ðxÞ þ V2ðtÞK2ðxÞ

" #
. (23)

Subsequently, the linear approximation of the forces F1;2ðtÞ is given by Eqs. (12) and (13), where only the corresponding

constants K int 1
i ;K int 2

i ði ¼ 2; 5; 8; 12; 15; 16Þ are not equal to zero.
Substituting the linearized aerodynamic forces F1;2ðtÞ in the equations of motion (5) and dividing this equation by

ml=2 yields the following physically well-structured equations of motion of the coupled aeroelastic system in a linear

approximation:

M̄ €̄Vþ B̄ _̄Vþ K̄V̄ ¼
rhL3

mH0
M̂ €̄Vþ

U0

L
B̂ _̄Vþ

U2
0

L2
K̂V̄

� �
, (24)

where

M̄ ¼

�
I

ml2
þ

e

l

� �2
�

e

l

� �
1�

e

l

� �

þ
I

ml2
þ

e

l

� �2
þ

e

l

� �
1þ

e

l

� �
2
6664

3
7775; B̄ ¼ �̄1M̄þ �̄2K̄; K̄ ¼ O20

�1 1

c2 c2

c1 c1

2
64

3
75 (25)

are the dimensionless mass, damping and stiffness matrices for the rigid body vibrating in vacuo, O20 ¼ 2c1=m. The

expression

V̄ ¼
1 0

0 1=l

" #
V (26)

gives the vector of dimensionless displacements. The elements in the matrices of the aerodynamic mass M̂, damping B̂

and stiffness K̂, which are complicated functions of the channel geometry, are specified in an analytical form for the

special case L1 ¼ L=2 in Appendix B.
The unsteady aerodynamic forces on the right-hand side of Eq. (24) are obviously proportional to the dimensionless

added mass of fluid ðrhL3=mH0Þ and they have a lucid physical meaning. The first term corresponds to the aerodynamic

inertia forces, the second term to the aerodynamic damping forces ð�U0Þ related to the Coriolis forces, and the third

term to the aerodynamic stiffness forces ð�U2
0Þ, which are related to the centrifugal forces. The Coriolis and centrifugal

forces are increasing functions of the fluid flow velocity U0, causing aeroelastic instability and self-oscillations.

The numerical procedure for calculation of the stability boundaries from Eq. (24) was presented in the previous paper

by Horáček and Švec (2002a) and will only be outlined here. Assuming V̄ ¼ V̄0 e
st for the dynamic response, the

solution is given by the numerical computation of the eigenvalues s ¼ ReðsÞ þ iImðsÞ and eigenmodes TV̄0 ¼

ðV01;V02=lÞ for the eigenvalue problem. In this way, it is possible to calculate the critical flow velocity U0;cirit at which

the real part of the eigenvalue changes the sign from a negative ½ReðsÞo0� to a positive value ½ReðsÞ40�. Here, the
system either becomes unstable by divergence (when ImðsÞ ¼ 0), or it becomes unstable by flutter simulating the start

of phonation (when ImðsÞ40). The calculated stability boundaries for some of the relevant input parameters of the
model are presented in Figs. 4 and 5 (see also Section 5.1).

3.2. Solution for the nonlinear model—simulation of self-oscillations

In order to simulate the postcritical behaviour and study the self-oscillations of the vocal folds, the nonlinear model

was used and the numerical solution was implemented in the Mathematica 5 (Wolfram, 2003). The equations of motion

(5) were transformed into the system of four ordinary first-order differential equations:

_Z1 ¼ c1ðZ1;Z2;V1;V2Þ; _Z2 ¼ c2ðZ1;Z2;V1;V2Þ; _V1 ¼ Z1; _V2 ¼ Z2 (27)

and a fourth-order standard Runge–Kutta method with adaptive step size was used for the solution. The functions

c1;c2 were determined differently for the contact regime (see Eqs. (21)) and the non-contact regime (see Eqs. (12) and
(13)). The integrals (14) were pre-calculated for given input data before starting the on-line simulation.
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4. Basic input data for numerical analysis

The input parameters for the numerical examples and analysis were determined from the published data on the vocal

folds [e.g., Titze (1989)]. The density, thickness and length of the vocal folds were taken as follows: rh ¼ 1020 kg=m3,

L ¼ 6:8mm, h ¼ 10mm. A convex shape aðxÞ was considered according to Eq. (17), where the dimensionless coefficient

a1 ¼ 1:858 and a2 ¼ 319:722m�1 were used. This shape corresponds to the geometry of the vocal fold with an

intermediate bulging (Berry et al., 1994). From these data, the parameters needed for construction of the matrix M̄ were

calculated, i.e., the eccentricity e ¼ 0:77106� 10�3 m, the total mass m ¼ 2:6731� 10�4 kg and the moment of inertia
I ¼ 1:306� 10�9 kgm2. The air density value of r ¼ 1:2 kg=m3 was used.

The natural frequencies of the vibrating element and their bandwidths were selected to reflect the experimental data

obtained from the true vocal folds (Kaneko et al., 1981, 1983, 1987; Švec et al., 2000). The natural frequencies f 1, f 2
were varied in order to account for different vocal-fold adjustments (examples of some of the values used are shown in

Section 5). The 3 dB half-power bandwidths Df 1 and Df 2 were fixed to 23 and 29Hz, respectively. A tuning procedure,

based on solving an inverse problem, was used to find the stiffness coefficients c1; c2 of the elastic foundation and the
damping coefficients �̄1; �̄2 in the structural matrices B̄ and K̄ in Eq. (25). For calculating the coefficients �̄1; �̄2 for given
values Df 1 and Df 2, the procedure was the same as described in the previous paper (Horáček and Švec, 2002a). To

obtain the complex stiffness coefficients c1 and c2 for two prescribed natural frequencies f 1 and f 2, the following two

equations were used, which result from the equation of motion (5) for the undamped system ðB ¼ 0Þ vibrating in vacuo

ðF ¼ 0Þ:

½c1 þ ðm1 þ m3=4Þð2pf 1Þ
2
�½c2 þ ðm2 þ m3=4Þð2pf 1Þ

2
� � ðm2

3=16Þð2pf 1Þ
4
¼ 0 ði ¼ 1; 2Þ. (28)
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The use of a two-spring elastic support rather than an elastic continuous foundation appeared highly advantageous

here, as it enabled tuning of both the natural frequencies (in contrast to only one) and it avoided problems with complex

stiffness coefficients experienced in the authors’ original model. Symmetric positions of the springs at the distances

L1 ¼ L=2 and l ¼ 0:344L (see Fig. 2) were used as these provided optimal tuning possibilities: here both the coefficients

c1; c2 were real numbers for almost all the ratios f 2=f 141:02. This appears important, as the second natural frequency
f 2 of the vocal folds is, in optimal situations, expected to be close to f 1 (Liljencrants, 1991; Berry, 2001). However,

the vocal folds could vibrate also when f 2 is higher and further away from f 1 (Ishizaka and Flanagan, 1972;

Liljencrants, 1991).

For the impact model, the values E ¼ 8 kPa and mH ¼ 0:4 (Berry and Titze, 1996; De Vries et al., 1999) were used,
which according to Eq. (15) yielded the contact stiffness coefficient kH¼

:
730Nm�2=3. The damping in the contact was

neglected ðbH ¼ 0Þ in the numerical examples. Finally, the height H0 of the channel, for a given vocal-fold-shaped

element and a glottal half-width g, was expressed as H0 ¼ maxx2h0;Li aðxÞ þ g (see Fig. 2(a)).

5. Results of the numerical computations and simulations and their discussion

5.1. Stability map for the linearized model of the vocal-fold vibration

Fig. 4 shows the instability boundaries ðU0;critÞ of the model as the functions of the glottal half-width g. The

boundaries are shown for f 1 ¼ 100Hz and three higher natural frequencies f 2 ¼ 105Hz, f 2 ¼ 130Hz and f 2 ¼ 160Hz.

Two types of instabilities are observed in the model: divergence and flutter. The divergence instability occurs at narrow

glottal gaps ðgv0:1mmÞ above the critical flow velocity U0D. According to the linear approach it results in a suction of

the vocal folds together or their abduction without any vibration. The flutter instability takes place when the glottal gap

g is wider than approximately 0.1mm. Here, the vibrations start above the critical flow velocity U0F .

The U0F value is considerably different for the different ratios of the natural frequencies f 2=f 1: when the higher

natural frequency f 2 of the system approaches f 1 the instability boundaries for flutter become lower and the

initialization of vibrations (and thus the phonation) is easier. As the glottal gap is widened, however, the critical flow

velocities U0F generally rise, requiring higher flow values to start the vibrations and making the phonation more

difficult.

5.2. Phonation thresholds according to the linear model—comparison of the model to the known in vivo experimental data

The flutter stability boundaries of the model can be related to the phonation threshold values observed in humans.

For that, however, it is useful to replace the flow velocity and glottal gap values by the more easily measurable values of

the phonation threshold pressure (which corresponds to the critical subglottal pressure Psub;crit ¼ Plungs) and the

phonation threshold air-flow (which corresponds to the critical volume flow rate Qcrit). This can be done using the

Bernoulli and continuity equations for the steady components of the pressure P̄ðxÞ and the fluid velocity ŪðxÞ

Plungs ¼ P̄ðLÞ þ 1
2rŪ

2
ðLÞ and H0hU0 ¼ ½H0 � aðLÞ�hŪðLÞ. (29)

Assuming P̄ðLÞ ¼ Psup ¼ 0, the following approximate formula can be derived to relate the pressure in lungs to the air-

flow velocity:

Plungs ¼
1
2
rU2

0fH0=½H0 � aðLÞ�g2. (30)

The air-flow velocity U0 (m/s) is simply related to the mean glottal flow volume rate Q ð1=sÞ by the formula:

Q ¼ U02H0h. (31)

Eqs. (30) and (31) relate these quantities to the critical flow velocity for flutter ðU0;crit ¼ U0F Þ.

The flutter thresholds are presented in Fig. 5 showing the values of the calculated critical subglottal pressure Psub:crit
(Pa) versus the critical flow rates Qcrit (1/s) for various prephonatory glottal half-gaps (g ¼ 0:2–1mm) and for three
different ratios of the natural frequencies (f 1=f 2 ¼

100
105
, 150
155
and 200

205
). The corresponding flutter (fundamental) frequencies

F0 were always found close to the frequencies f 1 and f 2, i.e., F0 ’ 100, 150 and 200Hz, respectively. Fig. 5 reveals the

critical subglottal pressures and the critical air-flows of the model to be between 0.15 and 0.9 kPa and 0.1 and 0.9 1/s,

respectively, which compares well with the range of the values found in humans (Schutte, 1980). The graph shows an

increasing threshold pressure value with increasing F0, which is in agreement with measured data (e.g., Titze, 1992).

Also, the increase of the computed subglottal pressure Psub:crit with the glottal half-width g (see Figs. 4 and 5)
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corresponds qualitatively to the findings of Chan et al. (1997) in the studies on phonation threshold pressure in a

physical model of the vocal-fold mucosa.

A more detailed comparison is offered in Table 1, which relates the model thresholds to the expected phonation

threshold values calculated from the formula derived by Titze (1992) and Titze et al. (2003)

Pth ¼ 0:14þ 0:06ðF0=F0N Þ
2, (32)

where F0 is the fundamental (pitch) frequency and F0N is a nominal (speaking) fundamental frequency (F0N ¼ 120Hz

for males and F0N ¼ 190Hz for females). Again, the model values are not far from the expected values, suggesting the

model behaviour is in reasonable agreement with reality.

5.3. Simulation of the nonlinear oscillations of the vocal folds in time domain

Whereas the threshold states can be studied with the linear model, studying the postcritical behaviour of the vocal

folds including the impacts requires the nonlinear model. A typical starting phase of the on-line simulation is

demonstrated in Fig. 6. The input parameters of the simulation example correspond to the unstable (flutter) region in

the stability map in Fig. 4 for f 1 ¼ 100Hz and f 2 ¼ 105Hz. The motions w1ðtÞ and w2ðtÞ of the masses m1 and m2 are

shown in the phase plane in Figs. 6(a) and (b), respectively, and in the time domain with a marked impact duration in

each vibration period in Figs. 6(c) and (d). Initial conditions: w1ð0Þ ¼ w2ð0Þ ¼ 0:1mm and _w1ð0Þ ¼ _w2ð0Þ ¼ 0 for the

vocal-fold motion were assumed in this case. The glottal area SðtÞ, i.e., the minimal cross-sectional channel area:

SðtÞ ¼ 2hHðxmaxðtÞ; tÞ ¼ 2h½H0 � ymaxðtÞ� for noncontact phase ðymaxoH0Þ,

SðtÞ ¼ 0 for contact phase ðymaxXH0Þ (33)

is shown in the time domain in Fig. 6(e) and the unsteady component of the glottal pressure pðtÞ ¼ p̄ðx; tÞjx¼L�0:5 mm in

Fig. 6(f). The spectrum of the glottal pressure, which contains many harmonics, is shown in Fig. 7. The motion of the

vocal-fold model during one period of oscillations is animated in Fig. 8.

Fig. 9 shows the dependency of the fundamental vibration frequency F0 ¼ 1=T (flutter frequency) on the air-flow

velocity for three sets of the natural frequencies f 1 and f 2 and for three glottal half gaps g. The resulting F0 is close to

the f 1 and f 2 and slightly increases when increasing the air-flow velocity. Regular self-oscillations with stable F0 were

observed in a wide range of physiologically real input parameters ðU0; gÞ when the prescribed natural frequencies f 1 and

f 2 were close. When the second natural frequency f 2 was increased (e.g. f 2 ¼ 150Hz) while keeping the f 1 at 100Hz,

however, the model revealed rather unstable behaviour with significant hysteresis and sudden jumps between prevailing

subharmonic, regular and chaotic oscillations and impactless regimes.

Fig. 10 shows typical behaviour of the aeroelastic model for the natural frequencies f 1 ¼ 100Hz, f 2 ¼ 105Hz and the

glottal half-gap g ¼ 0:3mm. The behaviour corresponds to an experiment, in which the flow rate Q was incrementally

increased and decreased, and the open quotient OQ (defined as the open time of the glottis divided by the oscillatory

period T) was observed. When increasing the flow rate, the self-oscillations occurred above the critical value

Qcrit ffi 0:18 1=s. At the critical value, the vibration pattern was without collisions and OQ ffi 1. Above this flow rate

ðQ40:18 1=sÞ the regular self-oscillations with impacts occurred ðOQo1Þ. Further up, above the value of Q ffi 0:43 1=s,
the vibration regime changed from regular to quasiperiodic (subharmonic), which subsequently changed to chaotic

(irregular) once the value of Q ffi 0:46 1=s was crossed. For this value the corresponding subglottal pressure

Plungs ¼ 1:3 kPa, i.e., the so-called phonation instability pressure (Jiang et al., 2003; Jiang and Titze, 1993), was obtained
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Table 1

The comparison of the expected values Pth, Eq. (32) with the computed values Psub;crit from Eq. (24) for phonation thresholds at

different fundamental frequencies F 0

F0 (Hz) Psub;crit (Pa) Pth (Pa) (formula (32))

(computed—from Eq. (24))

Males Females

100 152 182 157

150 270 234 177

200 384 307 206

The glottal half-gap value of g ¼ 0:2mm was used for computation.

J. Horáček et al. / Journal of Fluids and Structures 20 (2005) 853–869862

70 CHAPTER 4. APPLICATION: HUMAN VOICE BIOMECHANICS



ARTICLE IN PRESS

1

0

-1

-2

1

0

-1

-2

0.10.090.080.070.060.050.040.030.020.010

0.10.090.080.070.060.050.040.030.020.010

0.10.090.080.070.060.050.040.030.020.010

0.10.090.080.070.060.050.040.030.020.010

50

0

-50

-100

10

5

0

w
1 

(m
m

)
w

2 
(m

m
)

S
 (m

m
2 )

p 
(P

a)

(c)

(d)

(e)

t (s)(f)

1.5

0.5

-0.5

-1.5

-1

0

1

-3 -2 -1 0 1 -1 -0.5 0.5 102
w1 (mm) w2 (mm)

w
1′

 (m
/s

)

w
2′

 (m
/s

)

0.6

0.4

0.2

-0.2

-0.4

-0.6

0

(b)(a)

Fig. 6. Example of numerical simulation of the self-oscillations: (a) and (b) phase-plane diagrams for displacement w1ðtÞ and w2ðtÞ,

respectively; (c) and (d) displacements w1ðtÞ and w2ðtÞ, respectively, with marked impact duration within each period of vibration; (e)

glottal area SðtÞ; and (f) glottal pressure pðtÞ ¼ ~pðx; tÞjx¼L�0:5 mm. The input parameters are the same as in Fig. 4, and the air-flow

velocity is U0 ¼ 1:6m=s, glottal half-gap g ¼ 0:2mm, prescribed natural frequencies f 1 ¼ 100Hz, f 2 ¼ 105Hz, time step of numerical

integration t ¼ 0:02ms, mean flow rate Q ¼ 0:18 l=s and pressure in lungs Plungs ¼ 380Pa.
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from Eq. (30). Decreasing subsequently the flow rate from the values Q40:46 1=s, the chaotic oscillations subsisted
down to Q ffi 0:43 1=s, revealing a hysteresis in the values of the phonation instability pressure. Similar, but much
smaller hysteresis was observed also for the values of the critical flow rate Qcrit. In comparison to the normally expected

values of the open quotient measured in human vocal folds, 0oOQo0:5 (Baken and Orlikoff, 2000), the OQ values

from 0 to 0.7 obtained here are reasonable.

ARTICLE IN PRESS

160

140

120

100

80

0 100 200 300 400 500 600 700 800 900 1000

S
p 

(d
B

)

f (Hz)

Fig. 7. Spectrum of glottal pressure ~pðtÞ ¼ ~pðx; tÞjx¼L�0:5 mm; all parameters as in Fig. 6.

Fig. 8. Phases (animation) of the vocal-fold motion during one oscillation cycle; all parameters as in Fig. 6.
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Finally, to evaluate the impact forces of the vocal folds resulting from the Hertz model it is useful to relate these to

the impact stress, which is easier to measure in the real vocal folds. Impact stress s (Pa) is defined as the impact force
divided by the contact area. The maximum impact stress smax can be calculated as the maximum value in one oscillation
period according to the formula (Brepta and Prokopec, 1972):

smax ¼
3

2

FH;max

pR2
; R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4
r
ð1� n2Þ

E
FH;max

3

r
, (34)

where FH;max ¼ maxt2ht;tþTi FH ðtÞ is the maximum contact force (20) during the oscillatory period T and R is the

maximum contact radius.

The calculated results are presented in Fig. 11, where the maximum impact stress smax is shown for two glottal half-
gaps of 0.2 and 0.5mm as a function of the pressure in the lungs. Each curve begins at a corresponding value of

the phonation threshold pressure ðPthÞ, at which the impacts are none or very small and thus smax ffi 0, and ends at the

phonation instability pressure. The threshold pressure smax increases with Plungs and reaches its maximum at

the phonation instability pressure, where for the smaller g it is possible to see a plateau. The calculated values

ð0osmaxo3 kPaÞ for the maximum impact stress in Fig. 11 compare well to the range of the impact stress values
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measured on the real vocal folds (Jiang and Titze, 1994; Hess et al., 1998; Verdolini et al., 1999), and indicate that the

impact forces implemented in the model are not far from reality.

6. General discussion and conclusion

Perhaps the most dominant feature of the current model advancement is the inclusion of the Hertz model, which

expresses the impact force as a function of vocal-fold curvature and material parameters of the vocal-fold tissue. Such a

feature is strategically advantageous for studying potential mechanisms of vocal-fold damage through self-exposure to

vibration (Titze et al., 2003): thinner vocal folds are generally exposed to different collision forces than thicker vocal

folds. In this respect, the Hertz model can be considered more realistic than the abruptly changing of spring stiffness

(Ishizaka and Flanagan, 1972), which has been used in other low-order vocal-fold models. The Hertz model is

noticeably easier to use than, for example, the finite-element models (Gunter, 2003), but further justification of the

Hertz model is needed and the tissue parameters still need more experimental data to rely on. Nevertheless, the good

correspondence of the impact stress values reported in human vocal folds with the values calculated here makes the

model a promising tool for future investigations of the factors related to vocal-fold collisions.

While the curved surface of the vocal folds is suitable for implementation of the Hertz model of impacts, the

mathematical expression of the aerodynamic forces is more complex than in the models with a straight profile between

the lower and upper margins of the vocal folds. Consequently, features that are relatively easy to implement in straight-

profile vocal-fold models, such as the dependency of the flow-separation point on the divergence of the glottal channel

(Pelorson et al., 1994; Lous et al., 1998; Lucero, 1999; Drioli, 2005) require calculating the complex integral functions

given in Eq. (14) for every successive time step in this model. The simulations are then highly time-consuming.

Fortunately, the flow-separation point is not expected to travel very far from the upper vocal-fold edge in our model,

because the particularly curved geometry reduces the divergence of the oscillating glottal channel to only an exit part,

which is relatively short. To avoid excessive complexity, the flow-separation point was therefore fixed to the upper

vocal-fold edge. Such a simplification appears acceptable here: the calculated stability boundaries approximately

correspond to the measured thresholds of phonation in humans and reasonably relate to the conditions and mechanism

for starting the vocal-fold vibration. When the instability boundaries for flutter of the aeroelastic system are crossed, the

energy transfer from the air-flow to the vocal folds starts to maintain the self-oscillations.

The vibration and stability characteristics obtained for the system studied appear to be important in further research

on modelling of the vocal-fold vibration, or in design of artificial aids and vocal-fold replacements for possible use in

laryngology. Considering the good correspondence of the model behaviour and its output variables to behaviour and

data observed in humans, the model is expected to be useful in studying phenomena and estimating values that are

difficult to observe and measure in the living vocal folds.
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Appendix A

The coefficients KiðxÞ ði ¼ 1; 2; . . . ; 16Þ in Eq. (11) for the pressure ~pðx; tÞ on the surface of the vibrating element were
calculated using the symbolic manipulation capabilities of the Mathematica software and expressed in the following

equations:

K1ðxÞ ¼ �1
2

L21U
2
0½I

0
3ðLÞ�

2 þ 1
2

L21U
2
0½I

0
3ðxÞ�

2 � L1U0I
0
3ðLÞI

0
4ðLÞ �

1
2
½I 04ðLÞ�

2 þ L1U0I
0
3ðxÞI

0
4ðxÞ þ

1
2
½I 04ðxÞ�

2, (A.1)

K2ðxÞ ¼ U0ŪðLÞI 03ðLÞ � U0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p
ŪðxÞI 03ðxÞ � ŪðLÞI 05ðLÞ þ ŪðxÞI 05ðxÞ, (A.2)

K3ðxÞ ¼ �1
2

U2
0½I

0
3ðLÞ�

2 þ 1
2

U2
0½I

0
3ðxÞ�

2 þ U0I
0
3ðLÞI

0
5ðLÞ �

1
2
½I 05ðLÞ�

2 � U0I
0
3ðxÞI

0
5ðxÞ þ

1
2
½I 05ðxÞ�

2, (A.3)

K4ðxÞ ¼ �1
2
½I 01ðLÞ�

2 þ 1
2
½I 01ðxÞ�

2, (A.4)
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K5ðxÞ ¼ U0I3ðLÞ � U0I3ðxÞ � I5ðLÞ þ I5ðxÞ � ŪðLÞI 02ðLÞ þ ŪðxÞI 02ðxÞ, (A.5)

K6ðxÞ ¼ U0I
0
2ðLÞI

0
3ðLÞ � U0I

0
2ðxÞI

0
3ðxÞ � I 02ðLÞI

0
5ðLÞ þ I 02ðxÞI

0
5ðxÞ, (A.6)

K7ðxÞ ¼ �1
2
½I 02ðLÞ�

2 þ 1
2
½I 02ðxÞ�

2, (A.7)

K8ðxÞ ¼ �L1U0I3ðLÞ þ L1U0I3ðxÞ � I4ðLÞ þ I4ðxÞ � ŪðLÞI 01ðLÞ þ ŪðxÞI 01ðxÞ, (A.8)

K9ðxÞ ¼ �L1U0I
0
1ðLÞI

0
3ðLÞ þ L1U0I

0
1ðxÞI

0
3ðxÞ � I 01ðLÞI

0
4ðLÞ þ I 01ðxÞI

0
4ðxÞ, (A.9)

K10ðxÞ ¼ U0I
0
1ðLÞI

0
3ðLÞ � U0I

0
1ðxÞI

0
3ðxÞ � I 01ðLÞI

0
5ðLÞ þ I 01ðxÞI

0
5ðxÞ, (A.10)

K11ðxÞ ¼ �I 01ðLÞI
0
2ðLÞ þ I 01ðxÞI

0
2ðxÞ, (A.11)

K12ðxÞ ¼ �L1U0ŪðLÞI 03ðLÞ þ L1U0ŪðxÞI 03ðxÞ � ŪðLÞI 04ðLÞ þ ŪðxÞI 04ðxÞ, (A.12)

K13ðxÞ ¼ L1U
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0½I
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0
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3ðxÞI

0
4ðxÞ � L1U0I

0
3ðLÞI

0
5ðLÞ

� I 04ðLÞI
0
5ðLÞ þ L1U0I

0
3ðxÞI

0
5ðxÞ þ I 04ðxÞI

0
5ðxÞ, ðA:13Þ

K14ðxÞ ¼ �L1U0I
0
2ðLÞI

0
3ðLÞ þ L1U0I

0
2ðxÞI

0
3ðxÞ � I 02ðLÞI

0
4ðLÞ þ I 02ðxÞI

0
4ðxÞ, (A.14)

K15ðxÞ ¼ �I1ðLÞ þ I1ðxÞ; K16ðxÞ ¼ �I2ðLÞ þ I2ðxÞ, (A.15)

where

I1ðxÞ ¼
1

2

Z x

0

xðx� 2L1Þ=H̄ðxÞdx; I2ðxÞ ¼

Z x

0

x=H̄ðxÞdx; I3ðxÞ ¼

Z x

0

1=H̄ðxÞdx,

I4ðxÞ ¼

Z x

0

ðx� L1ÞŪðxÞ=H̄ðxÞdx; I5ðxÞ ¼

Z x

0

ŪðxÞ=H̄ðxÞdx; H̄ðxÞ ¼ H0 � aðxÞ, ðA:16Þ

I 0iðxÞ ði ¼ 1; . . . ; 5Þ are the derivatives of the functions I iðxÞ and the mean flow velocity ŪðxÞ is given by the formula (9).

Appendix B

The elements of aerodynamic mass M̂, damping B̂ and stiffness K̂ matrices in the equations of motion (24) for the

linear approximation are given by

M̂ ¼

L

l
j1 �

1

2
i1ð1Þ

� �
2j2 � i2ð1Þ

L

l
j10 �

1

2
i1ð1Þ

� �
2j11 � i2ð1Þ

2
66664

3
77775; B̂ ¼

L

l
ð2j3 þ j7 � j20Þ 2ðj4 � j7Þ þ j21

L

l
ð2j12 þ j16 � j20Þ 2ðj13 � j16Þ þ j21

2
664

3
775,

K̂ ¼

L

l
ð2j5 þ j8 � j22Þ 2ðj6 � j8Þ þ j23

L

l
ð2j14 þ j17 � j22Þ 2ðj15 � j17Þ þ j23

2
664

3
775, ðB:1Þ

where

j1 ¼

Z 1

0

i1ðzÞð1� zÞdz; j2 ¼

Z 1

0

i2ðzÞð1� zÞdz; j3 ¼

Z 1

0

g1ðzÞð1� zÞdz, (B.2)

j4 ¼

Z 1

0

g2ðzÞð1� zÞdz; j5 ¼

Z 1

0

g4ðzÞð1� zÞdz; j6 ¼

Z 1

0

g5ðzÞð1� zÞdz, (B.3)

j7 ¼

Z 1

0

i3ðzÞð1� zÞdz; j8 ¼

Z 1

0

g3ðzÞð1� zÞdz; j10 ¼

Z 1

0

i1ðzÞzdz, (B.4)
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j11 ¼

Z 1

0

i2ðzÞzdz; j12 ¼

Z 1

0

g1ðzÞzdz; j13 ¼

Z 1

0

g2ðzÞzdz, (B.5)

j14 ¼

Z 1

0

g4ðzÞzdz; j15 ¼

Z 1

0

g5ðzÞzdz; j16 ¼

Z 1

0

i3ðzÞzdz; j17 ¼

Z 1

0

g3ðzÞzdz, (B.6)

i1ðzÞ ¼

Z z

0

G�1ðxÞxðx� 1Þdx; i2ðzÞ ¼

Z z

0

G�1ðxÞxdx, (B.7)

i3ðzÞ ¼

Z z

0

G�1ðxÞdx; i4ðzÞ ¼

Z z

0

G�2ðxÞ x�
1

2

� �
dx; i5ðzÞ ¼

Z z

0

G�2ðxÞdx, (B.8)

g1ðzÞ ¼ i4ðzÞ þ
1
2

G�2ðzÞzðz � 1Þ; g2ðzÞ ¼ i5ðzÞ þ G�2ðzÞz, (B.9)

g3ðzÞ ¼ G�2ðzÞ; g4ðzÞ ¼ z �
1

2

� �
G�3ðzÞz; g5ðzÞ ¼ G�3ðzÞ, (B.11)

j20 ¼
1
2

i3ð1Þ þ g1ð1Þ; j21 ¼ i3ð1Þ � g2ð1Þ, (B.12)

j22 ¼ g4ð1Þ þ
1
2

g3ð1Þ; j23 ¼ g3ð1Þ � g5ð1Þ, (B.13)

GðxÞ ¼ 1�
aðxLÞ

H0
. (B.14)
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aTechnical University of Liberec, Faculty of Mechatronics, Informatics and Interdisciplinary Studies,
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Abstract

In the paper a mathematical model of airflow in human vocal folds is presented. The geometry of the glottal channel
is based on measurements of excised human larynges. The airflow is modeled by nonstationary incompressible
Navier-Stokes equations in a 2D computational domain, which is deformed in time due to vocal fold vibration.
The paper presents numerical results and focuses on flow separation in glottis. Quantitative data from numerical
simulations are compared to results of measurements by Particle Image Velocimetry (PIV), performed on a scaled
self-oscillating physical model of vocal folds.
c© 2010 University of West Bohemia. All rights reserved.

Keywords: vocal folds, airflow, numerical modeling, ALE, flow separation

1. Introduction

Human voice is created by passage of airflow between vocal folds, which are located in the
upper part of larynx. The physiology of the vocal folds is complex; a thorough anatomic and
functional information comprehensible to an engineer can be found e.g. in the monograph
of Titze [23]. Basically, the vocal folds (formerly called vocal cords) are two symmetric soft
tissue structures fixed between the thyroid and arytenoid cartilages. They are composed of the
thyroarytenoid muscle and ligament covered by mucosa.

When air is expired from lungs, the constriction formed by the vocal folds (which is called
glottis) induces acceleration of the flow. Under certain circumstances (subglottal pressure, glot-
tal width, longitudinal tension in the thyroarytenoid and ligament), fluid-structure interaction
between the elastic structure and airflow may invoke vocal fold oscillations. It is important
that the vibration is a passive process – when voicing, no sort of periodic muscle contraction is
performed.

In mathematical modeling of vocal fold vibration, a classical approach is to reduce the me-
chanical part of the problem into a small system of rigid masses, springs and dampers, which is
further coupled to a simplified flow model (see e.g. the fundamental work of Ishizaka & Flana-
gan from 1972 [10], or for example the models of Titze or Pelorson [22, 16]). The models often
comprise semiempirical relations and constants. Although these lumped-parameter models are
still widely used and can provide useful and computationally inexpensive data in specific cases,

∗Corresponding author. Tel.: +420 485 353 015, e-mail: sidlof@it.cas.cz.
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P. Šidlof et al. / Applied and Computational Mechanics 4 (2010) 121–132

Fig. 1. Sketch of the computational domain and definition of its boundary parts

some more complex techniques have also been employed in recent years [21, 5, 28]. These
are related mainly to the boom of finite element and finite volume codes, which allow realistic
modeling both of the flow and of the elastic deformations.

Within this paper, a finite element model of airflow through vibrating vocal folds is de-
scribed. The model enables to study the development of pressure and velocity fields along
the vibrating vocal folds, observe the behavior of the pulsating glottal jet and vortex dynamics
downstream glottis. In particular, the mathematical model is used to assess flow separation in
glottis – a phenomenon, which is not yet fully understood, even though it is of high importance
and interest for vocal fold researchers. The numerical results are compared with experimen-
tal data, obtained on a physical self-oscillating vocal fold model by means of Particle Image
Velocimetry (PIV) measurements.

2. Methods

2.1. Mathematical model

In the first approximation, it can be assumed that the flow field in the glottal region does not
change significantly along the anterior-posterior axis. Thus, it seems reasonable to investigate
only 2D flow fields in the coronal plane. In the mathematical model, this approach facilitates
substantially the numerical computation: the 3D and 2D models do not differ in principle,
but the latter requires much less computational power. The Mach numbers encountered in
phonation are rather low (in the order of magnitude, Ma = 0.1). This allows to model the flow
as incompressible. In the works on phonatory airflow, there has been controversy whether the
viscous effects play an important role or not. In the model presented here, viscosity was taken
into account.

In the following, we are going to describe the flow of an incompressible viscous Newtonian
fluid in a bounded 2D domain. Let Ωt ⊂ R2 be the domain occupied by the fluid (the subscript
‘t’ is used to denote the time-variable domains). The boundary Γt = ∂Ωt is composed of four
non-intersecting parts (see Fig. 1):

Γt = Γin ∪ Γout ∪ Γwall ∪ ΓV F,t, (1)

where Γin and Γout are virtual boundaries representing the inlet and outlet, Γwall = Γb1
wall ∪

Γb2
wall ∪Γu1

wall ∪Γu2
wall is the fixed wall, which is not a function of time, and ΓV F,t = Γb

V F,t ∪Γu
V F,t

stands for the surface of the moving vocal folds. The superscripts ‘b’ and ‘u’ denote the bottom
and upper parts, respectively.

The flow is modeled by incompressible non-stationary Navier-Stokes equations in 2D,
which are numerically solved by the finite element method (FEM). The main complication
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is that due to vocal fold vibration, the computational domain Ωt changes in time (which implies
that the mesh is deformed, too); this would make the straightforward FE discretization incon-
venient. Therefore the equations are reformulated using arbitrary Lagrangian-Eulerian (ALE)
approach [15]. The ALE-form of the Navier-Stokes equations reads

DA

Dt
u +

[
(u − w) · ∇

]
u + ∇p − ν Δu = 0 in Ωt

div u = 0 in Ωt , (2)

where u is flow velocity, p stands for kinematic pressure, ν is kinematic viscosity. The vector
w denotes the domain velocity (velocity of the meshpoints) and DA

Dt
is so-called ALE-derivative,

which can be easily discretized even in time-dependent computational domains.
Setting the boundary conditions represents a rather delicate question. On the outlet Γout, a

common choice is the “do-nothing condition” [24]

−ν
∂u

∂n
(t, x) + p(t, x) n(x) = pref n(x)

for x ∈ Γout, t ∈ [0, T ] , (3)

where ∂/∂n denotes the normal derivative, n(x) is the unit outer normal to Γout and pref is
a reference pressure. In certain cases, however, this condition becomes too vague – it allows
the flow returning to the domain Ωt through Γout (e.g. when a large vortex arrives to Γout).
Thus, the total influx into the domain Ωt can grow infinite and the numerical scheme tends to
diverge. To suppress this inconvenience, the boundary condition (3) can be modified during the
derivation of the weak form of the equations.

On the inlet Γin, two conditions were tested: either a parabolic profile of the vertical velocity
component, or the (modified) do-nothing condition as on Γout. The difference pin

ref − pout
ref then

represents the transglottal pressure (approximately equal to the lung pressure during phonation),
which drives the flow.

Since we use a viscous model, the “no-slip condition”

u(t, x) = 0 for x ∈ Γwall, t ∈ [0, T ] (4)

is prescribed on the fixed walls Γwall. On the moving vocal fold surfaces, the velocity of the
fluid particles must be equal to the velocity of the moving surface, which is given by the domain
velocity w.

For the structural part of the problem, the real, continuously elastic vocal fold was modeled
by a rigid body supported by two springs and dampers (similarly as in previous work [9]). The
kinematic model reflects two basic modes of the vocal fold motion: vertical shift and rocking.
Is is not difficult to derive the equations of motion of the system in a standard form

M q̈ + B q̇ + K q = F , (5)

where M, B, K are the mass, damping and stiffness matrices, q denotes the vector of generalized
coordinates (shift and rotation) and F = (Ff , Mf)

T stands for the vector of generalized forces
(vertical force and momentum), induced on the boundary ΓV F,t by the flow.

The full coupled problem can be solved in the following procedure: Assuming that the
solution of the Navier-Stokes equations (2) on a specific time level t and domain Ωt is known,
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the total vertical force Ff and momentum Mf , by which the fluid acts on the vocal fold, is given
by the integration of the stress vector τ over the surface of the moving vocal fold:

Ff =

∫

Γb
V F,t

τ2 dσ =

∫

Γb
V F,t

2∑

j=1

T2j nj dσ , (6)

Mf =

∫

Γb
V F,t

2∑

l=1

(
T1l nl x2 − T2l nl x1

)
dσ . (7)

Here T is the stress tensor and n the unit outer normal to the vocal fold surface. The stress
tensor T is calculated from the pressure and velocity fields p(t, x) and u(t, x) on time level t
according to the constitutive relation valid for Newtonian fluids.

Once the excitation forces are known, it is possible to proceed to the next time level t + τ
by performing one step of the Runge-Kutta method in the time-discretized equations of motion.
This yields new coordinates of the structure, which uniquely determine the shape of the domain
Ωt+τ . With the knowledge of the solution from the previous two time levels, the Navier-Stokes
equations can be numerically solved on the new time level t + τ and new domain Ωt+τ using
the finite element method.

2.2. Discretization and numerical solution

The finite element method, which is widely used for numerical solution of elliptic and parabolic
partial differential equations for instance in structural mechanics, seems to be somewhat less
popular in computational fluid dynamics (CFD); actually most of the commercial CFD codes
employ some variant of the finite volume method. This is caused by the computational costs
of the FEM (with the same number of mesh elements, lower-order methods – such as the finite
volume method – offer less accurate, but less computationally expensive solutions), but also
by the fact, that for high Reynolds numbers the standard finite element method does not give
reliable results. To understand this unfavorable feature, it is necessary to realize that for high-
velocity flows the viscous term in the Navier-Stokes equations becomes insignificant against
the convective term. It is well known that for such systems with dominating convection (some-
times also called singularly perturbed problems), standard finite element method is not suitable
as it produces nonphysical, “spurious” oscillations in the solution [8]. There exist several sta-
bilization concepts, which can help overcome this numerical problem, namely streamline diffu-
sion method (alias streamline upwind Petrov-Galerkin method, SUPG), Galerkin least-squares
method or residual-based stabilizations [12]. These methods, however, require a very careful
choice of the stabilization parameters. Since the Reynolds numbers of typical glottal flows do
not usually exceed values of Re = 1 000 − 5 000, the standard, non-stabilized finite element
numerical scheme was used in this study.

For the numerical solution of the Navier-Stokes equations using FEM, these need first to be
semidiscretized in time. Let us define the discrete time level ti = i τ , where τ is a constant
timestep, and the approximate flow velocity, pressure and domain velocity on this time level

ui(x) ≈ u(ti, x), pi(x) ≈ p(ti, x), wi(x) ≈ w(ti, x), x ∈ Ωti . (8)

Using a second-order backward difference in time for the ALE-derivative, we get the semi-
discrete Navier-Stokes equations for the functions un+1 : Ωtn+1 �→ R2 and pn+1 : Ωtn+1 �→ R
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3 un+1

2 τ
+
[
(un+1 − wn+1) · ∇

]
un+1 + ∇pn+1 − ν Δun+1 =

4 ûn − ûn−1

2 τ
div un+1 = 0 , (9)

where ûi(xn+1) = ui
(
Ati

(
A−1

tn+1
(xn+1)

))
and Ati is the ALE-mapping of the undeformed,

“reference” domain Ω0 onto the current, deformed domain Ωti .
Due to the presence of the nonlinear, convective term

[
(un+1 − wn+1) · ∇

]
un+1 in the

Navier-Stokes equations (9), the system cannot be solved in a straightforward way. Instead,
it is first necessary to linearize the equations, i.e. to replace the first occurrence of the sought
velocity vector un+1 by some vector u∗, which is already known:

[
(un+1 − wn+1) · ∇

]
un+1 ≈

[
(u∗ − wn+1) · ∇

]
un+1 . (10)

For quasisteady flows it is possible to use the solution from the previous timestep un. To
increase precision for the non-stationary flow it is better to employ an iteration process, using
un as the first iteration.

To simplify the equations, let us further denote u ≡ un+1, w ≡ wn+1, p ≡ pn+1, Ω ≡ Ωtn+1

and ΓV F ≡ ΓV F,tn+1 . The starting point for the finite element discretization of any system of
partial differential equations is its weak (variational) form. It is obtained by multiplying the
classical form (9) by an arbitrary test function from the relevant functional space (see [8] for
details) and integrating over Ω:

3

2τ

∫

Ω

u · v dx +

∫

Ω

([
(u∗ − w) · ∇

]
u
)

· v dx +

∫

Ω

∇p · v dx −
∫

Ω

ν Δu · v dx =
1

2 τ

∫

Ω

(
4ûn − ûn−1

)
· v dx ∀ v ∈ W , (11)

∫

Ω

q div u dx = 0 ∀ q ∈ Q . (12)

In our case, the pressure solution is from the space of square-integrable functions p ∈ L2(Ω),
the velocity solution will be sought in the Sobolev space u ∈ Y = (H1(Ω))

2, and the velocity
and pressure test function spaces W and Q are defined as follows:

W =
{
v ∈ Y : v|Γin∪Γwall∪ΓV F

= 0
}

(13)

Q = L2(Ω) . (14)

Using Green’s theorem, the boundary conditions and the properties of the test functions
(see [18] for details), we get the ultimate form of the weak semidiscretized ALE Navier-Stokes
equations:

3

2τ

∫

Ω

u · v dx + ν

∫

Ω

∇u · ∇v dx −
∫

Ω

p div v dx +
1

2

∫

Ω

([
(u∗ − 2 w) · ∇

]
u
)

· v dx

−1

2

∫

Ω

([
u∗ · ∇

]
v
)

· u dx +
1

2

∫

Γout

(
u∗ · n

)+
u · v dx =

=
1

2 τ

∫

Ω

(
4ûn − ûn−1

)
· v dx −

∫

Γout

pref v · n dσ ∀ v ∈ W , (15)

∫

Ω

q div u dx = 0 ∀ q ∈ Q , (16)
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where
(
u∗·n

)+ denotes the positive part of the scalar product introduced to stabilize the outflow
boundary condition.

The weak Navier-Stokes equations (15,16) were discretized in space using standard Galer-
kin finite element method on a triangular mesh with Taylor-Hood P 2/P 1 (quadratic for velocity,
linear for pressure) or P 3/P 2 (cubic for velocity, quadratic for pressure) elements. The mesh
was refined near glottis in order to resolve better for large gradients in the solution and for flow
separation downstream glottis.

The numerical solution of the discretized problem was implemented using an open-source
library Mélina [14]. For the solution of the resulting linear system (with typically 200 000
degrees of freedom), a direct linear solver UMFPack [4] was used. This package, which is
used as a default sparse matrix solver in recent versions of Matlab, uses a direct multifrontal
method, suitable for generally nonsymmetric sparse matrices. Its performance may be boosted
by installation of a suitable BLAS (Basic Linear Algebra Subsystem). On Intel processors, the
overall performance of the binary code can be further improved by compiling the libraries and
the program source code with Intel Fortran Compiler (instead of GNU Fortran compiler, such
as f77 or gfortran), and by setting appropriate optimization flags.

2.3. Geometry of the glottal channel

The vocal fold geometry plays a crucial role in phonation. The vocal fold shape is directly
related to the mass distribution in the vibrating elastic element, which influences strongly the
vibration eigenmodes [2]. Besides, vocal folds constitute the channel profile and thus their
shape has a dramatic impact on glottal aerodynamics – a small variation of the vocal fold shape
or position may change the flow regime and the resulting aerodynamic forces, which excite the
system [21, 25]. However, quantitative information on the phonatory shape of human vocal
folds has been scarce. Accurate data are lacking especially on the coronal cross-sectional shape
of the vocal folds.

Many of the current vocal fold models (both mathematical and physical) use the geometry
specified originally by Scherer [17]. The major advantage of this so-called M5 shape is that
it is simple and easily parametrizable. However, it seems to be based on somewhat arbitrary
information, not on precise anatomic data. The geometry of the mathematical model presented
in this paper, i.e. the 2D shape of the vocal folds and adjoining vocal tract, was specified
according to measurements on excised human larynges. Details can be found in [20].

2.4. Physical model of vocal folds

To validate the results from the mathematical model, a self-oscillating physical model of vocal
folds was fabricated at ENSTA Paris. Detailed description of this model and results of the
measurements can be found e.g. in [18, 19]. Let us just say here that it was designed as a
vocal-fold-shaped element vibrating in the wall of a rectangular wind tunnel. The model is 4 : 1
scaled; to avoid difficulties with asymmetric vocal fold vibration, one of the vocal folds is static.
Best possible effort was made to keep the important dimensionless parameters (Reynolds and
Strouhal numbers) of the model close to the real situation. The shape of the vocal folds was
specified in the same fashion as in the mathematical model.

The experimental setup was equipped with a PIV system (Dantec – New Wave Research
Solo III) for measuring airflow velocity fields, an ultrasonic flowmeter (GE Panametric GC 868)
measuring the flow rate, and two B&K 4507C accelerometers fixed under the vibrating vocal
fold used to record mechanical vibration. The acoustic data were measured by dynamic pressure
transducers (Validyne DP15TL) and measuring microphones (G.R.A.S. 1/8” type 2692).
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3. Results

The numerical model was used to perform a series of computations for a broad range of param-
eters, representing various types of phonation. Here we will demonstrate results of one specific
numerical simulation, whose parameters were set to match the vibration pattern of one of the
most stable modes of the physical model: forced 2DOF vibration with frequency f = 10.9 Hz
(corresponding to about f = 90 Hz in lifesize), periodic oscillation with an amplitude of about
1.5 mm without vocal fold collisions (modeling breathy phonation or whispering) and trans-
glottal pressure Δp = 45 Pa (180 Pa in lifesize). The computational mesh was triangular and
consisted of 16537 P 3/P 2 (bicubic for velocity, parabolic for pressure) elements. The nonsta-
bilized finite element scheme implemented on this mesh allows to reach Reynolds numbers of
about 5 000, which is sufficient to model the values observed in human vocal folds. Timestep
of the numerical simulation was set to τ = 0.5 ms.

Fig. 2 demonstrates the calculated velocity fields for these parameters at four time instants
of one vocal fold oscillation cycle. We see that the airflow separates from the vocal fold wall
shortly downstream the narrowest cross-section and forms a jet. The vortices, which shed from
the shear layer of the jet, propagate slowly downstream and interact with the jet and among
themselves. Instead of remaining symmetric with regard to the channel axis, the jet tends to
adhere to one of the vocal fold surfaces by Coanda effect. This effect occurs very distinctly
when the glottis closes. The glottal jet skews from the straight direction when glottis is widely
open, too, but in this case it does so rather due to interaction with vortex structures downstream
glottis.

The flow velocity fields calculated by the numerical code can be directly compared to results
of PIV measurements on the physical model. However, it is necessary to realize that we handle
2D vector data from an inherently nonstationary process. Thus, it is nearly always possible to
find time instants where the results appear to match well, but also those where the velocity fields
look different. Objectively, it can be stated that the result of the numerical simulation shown in
Fig. 2 matches with the experimental results in terms of maximum jet velocity (umax = 12 m/s
in numerical results, umax = 11 m/s in PIV measurements) and general flow structure.

Unlike the global, time-developing velocity fields, there are certain features of the glottal
flow which may be extracted from the results and compared directly. One of them, which is of
high interest for vocal fold researchers, is the position of the flow separation point, which was
identified and processed from both numerical and experimental results.

In many simplified models of airflow in vocal folds, the position of the separation point is
either fixed to the superior margin of the vocal folds [26, 27] or supposed to move along the
divergent part of glottis. In the latter case, its position is usually specified using a semiempirical
criterion, which states that the jet separates at the position where the channel cross-section A
reaches

A/Amin = FSR, (17)

where Amin is the minimum glottal cross-section and FSR so-called “flow separation ratio”. In
numerous published papers, the ratio is assumed to remain constant during vocal fold oscillation
cycle, and various values of FSR are proposed: Deverge et al. [6] sets FSR = 1.2 (based on
the pioneer work of Pelorson [16] and private communication with Liljencrants), Lucero et al.
[13] uses FSR = 1.1. In their comparative study, Decker [5] tested different values of the flow
separation ratio: FSR = 1.2 and FSR = 1.47 (according to finite volume computations of
Alipour [1]). Recently, Cisonni [3] published data on flow separation point ratio computed by
inverse simplified flow models.
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Fig. 2. Velocity fields in glottis in four phases of one vocal fold vibration cycle. Half of the opening phase
(t = 206 ms), fully open glottis (t = 224 ms), middle of the closing phase (t = 242 ms), maximum
vocal fold closure (t = 260 ms). Vorticity contours colored by velocity magnitude)
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All the works mentioned so far implicitly assume that the flow field is symmetric. Since
this is rarely the case in real vocal folds, it seems adequate to measure the flow separation ratio
from the channel axis and define it independently for upper and lower vocal fold. If we consider
that in real physiology, the vocal channel is not horizontal but vertical, and call these “left” and
“right” flow separation ratio, we may plot them in time and compare how do they behave in the
computational and physical models.

Fig. 3 shows the computational and experimental results for the left separation ratio FSR-
L. During most of the oscillation cycle, the ratio remains between 1.1–1.3, which is in good
agreement with the values mentioned in previous paragraph. The experimental data are more
scattered mostly due to lower resolution of the measured velocity fields. However, when vocal
folds come close each other (i.e. near the dashed line denoting beginning of the opening phase,
and at the right side of the plot near end of the closing phase), the ratio increases. The same, even
much more prominent behavior, can be seen in Fig. 4 for FSR-R. In principle, this quantifies
what has been stated before – near glottal closure the jet tends to adhere to one of the vocal
folds (right one, in this case).

Fig. 3. Left flow separation ratio – computational (left) and experimental (right)

Fig. 4. Right flow separation ratio – computational (left) and experimental (right)

To demonstrate how the flow separation behaves in overall, it is possible to plot the glottal
orifice width together with the position of the flow separation point for both sides together (see
Fig. 5). The plot shows four periods of oscillation. Apparently the jet inclines rather to the right
side. Even though the flow separation process is not perfectly periodic (also due to interaction
of the jet with stochastic turbulent structures downstream glottis), it is obvious that from the
perspective of flow separation, important matters occur when the vocal folds get close together.
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Fig. 5. Glottis opening (solid line) and position of the flow separation point (dotted line) in four vocal
fold oscillation cycles. Computational results

4. Conclusion

A new, finite element model of phonatory airflow was developed. The computational results
compare well with the experimental data obtained from a physical vocal fold model in terms
of maximum glottal jet velocity, location of major vortex structures and overall flow dynamics,
and seem to correspond when compared visually. However, it should be noted that the flow is
neither stationary nor perfectly periodical, and thus such comparison of the flow patterns might
be somewhat subjective.

There are some aspects, which restrict the class of vocal fold regimes possible to model
computationally – the main limitation is currently the fact that within the mathematical model,
the vocal folds are not allowed to collide. The processes accompanying glottal closure are com-
plex and from the algorithmic point of view, the separation of the computational domain into
two, necessity to introduce additional boundary conditions and to handle pressure discontinuity
when reconnecting the domains represent a very complicated problem. Yet it will be necessary
to deal with this task in future, if the mathematical model should be employed to model regular
loud human phonation.

The next problem which arises is that the vortex dynamics in 2D and 3D are different.
In 2D, the primary mechanism of vortex vanishing is viscous dissipation. In 3D reality, on
the other hand, the original single vortex tube might disintegrate into several smaller vortices,
which mutually interact and tend to align their axes with the flow direction. As a result, in a
2D section the vortices seem to dissipate and disappear faster. Consequently, results of a 2D
simulation may be reliable near glottis, which has a strong effect of bi-dimensionalizating the
airflow, but must be judged carefully further downstream.

The model was also used to assess and quantify flow separation in glottis. Both numerical
and experimental results suggest that the usage of the classical flow separation criterion with
values ranging from 1.1 to 1.3 seems to be quite plausible for the most of the vocal fold oscil-
lation cycle, where the vocal folds are not too close together. Near glottal closure, however, the
airflow separates much further downstream since it tends to adhere to one of the vocal folds.

Although more experimental data with higher resolution would be needed to draw more
systematic and definitive conclusions, we believe that the results presented here give new insight
into the problematic of flow separation during human phonation.
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a b s t r a c t

Accurate computation of highly unsteady and massively separated airflow in human vocal folds during
phonation, which is fundamental for the understanding and modeling of the aeroacoustic processes
involved in human voice production, requires CFD simulations on large 3D dynamic meshes. This work
presents a 3D model of flow past vibrating vocal folds solved by cell-centered finite volume method, ver-
ification of the solver on a benchmark cylinder cross-flow problem, grid dependence study and parallel
scalability results obtained on a heterogeneous Linux computational cluster with 12 Intel Xeon dual-pro-
cessor dual-core and 17 AMD Opteron dual-processor single-core nodes. Transient computations on
dynamic meshes with up to 3.2 M elements were performed on two geometries modeling convergent
and divergent glottis with an angle of 20 degrees. In the results, the jet deflection angle, flow rate, glottal
velocity and pressure, drag and lift force and jet contours (including phase-averaged data) are compared
for these two configurations.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Human phonation is a complex process involving fluid–struc-
ture and fluid–acoustic interactions. Voice is created by passage
of the expired airflow through a narrow constriction called the glot-
tis [1]. This constriction is formed by the vocal folds, located in the
larynx. The vocal folds are two symmetric soft tissue structures
fixed between the thyroid cartilage and arytenoid cartilages. They
are composed of the thyroarytenoid muscle and ligament covered
by mucosa. Under certain conditions (subglottal pressure, glottal
gap, longitudinal tension in the thyroarytenoid muscle and liga-
ment) the vocal folds can start to oscillate and close the channel
periodically. The dominant sound source in the glottis is associated
with the oscillating volume flow, which determines the fundamen-
tal frequency of human voice [2]. In some cases, especially when
the vocal folds are abducted (e.g. in breathy phonation), the acous-
tic consequence of the dipole sound sources due to unsteady forces
exerted by the vocal folds on the fluid may also grow important [3].
The acoustic signal generated in the glottal region is further mod-
ulated by the vocal tract, radiated from the mouth, and perceived
as voice. However, during recent years it has been emphasized that
this source-filter theory of phonation is valid only as a first approx-

imation: the elastic oscillations of the vocal folds are two-way
coupled not only to the airflow, but also to subglottal and supra-
glottal acoustics.

From the fluid-mechanical point of view, human larynx can be
seen as an approximately planar nozzle with time-varying clear-
ance. However, the vocal fold vibration patterns present also longi-
tudinal components [1,4], which disrupt the dominantly planar
character of the geometry. The longitudinal shape of the nozzle
has been recently shown to have an incidence on the flow field [5].
The airflow coming from the trachea accelerates in the convergent
part of the glottis. Near the narrowest cross-section, airflow sepa-
rates from the surface of the vocal folds due to adverse pressure gra-
dient and forms a jet. The glottal jet, which is essentially planar, but
might vary in intensity along the anterior–posterior axis in the prox-
imity of the glottis, pulsates due to vocal fold oscillations. The jet
inclination angle, jet core flow velocity and the position of the flow
separation point are highly sensitive to the geometry of the vocal
folds (which is, in real subjects, never perfectly symmetric), to the
position within the oscillation cycle and magnitude of the subglottal
pressure. Further downstream of the glottis, the jet interacts with
laryngeal walls and supraglottal large-scale vortical structures,
which leads to a complex 3D flow field.

The knowledge of the glottal flow patterns is important for the
understanding of the fundamental processes of the voice produc-
tion, but also in applied research, e.g. in development of voice pros-
theses for laryngectomized patients [6]. However, the vocal folds
are hardly accessible and so direct in vivo flow measurements are
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hardly possible. Thus, most experimental data on the laryngeal air-
flow has been obtained using physical models. There is a large
number of experimental papers using hot-wire probes and discrete
pressure probes (Barney et al. [7], Alipour and Scherer [8], Scherer
et al. [9], Shinwari et al. [10]) and more recently using laser visual-
ization techniques and Particle Image Velocimetry (PIV). These in-
clude results obtained on static vocal fold models (e.g. Erath and
Plesniak [11,12], Li et al. [13]), externally driven models (Triep
et al. [14], Kucinschi et al. [15], Krane et al. [16], Erath and Plesniak
[17]) and self-oscillating models (Thomson et al. [18], Neubauer
et al. [19], Becker et al. [20], Šidlof et al. [21], Horáček et al. [22],
Krebs et al. [23]). A comprehensive overview of the physical vocal
fold models used in voice research is given in a recent paper of
Kniesburges et al. [24].

Due to the difficulties encountered in both in vivo and in vitro
measurements, there have always been efforts to develop mathe-
matical models. The cornerstone of mathematical modeling of hu-
man phonation was set by Ishizaka and Flanagan [25], who
developed a simple mass-spring model coupled to potential qua-
si-1D airflow. Although this may seem a serious oversimplification
of the real physiological situation, the model proved very useful
and its variants (e.g. Lucero [26], Pelorson et al. [27], Story and Tit-
ze [28], Sciamarella and d’Alessandro [29], Horáček et al. [30],
Zhang [31], Yang et al. [4]) are widely used up to present. The main
advantage of these models is that the equations may be solved
either analytically, or using simple and very fast numerical meth-
ods for ordinary partial differential equations, making it possible
to perform nearly real-time simulations on current computers.
However, since these models do not provide much information
on the glottal airflow, increasing effort has been devoted to numer-
ical solution of the 2D or 3D Navier–Stokes equations on computa-
tional domains approximating the glottal channel. These include
studies with fixed vocal folds (Suh and Frankel [32,33], Larson
and Müller [34], Mihaescu et al. [35], Schwarze et al. [36]), forced
vocal fold oscillation (Alipour et al. [37], Renotte et al. [38], Zhao
et al. [3], Alipour and Scherer [39], Bae and Moon [40], Sciamarella
and Quéré [41], Punčochářová-Pořízková et al. [42], Mattheus and
Brücker [5], Zheng et al. [43]) and models with the airflow fully
coupled to elastic tissue oscillations (de Oliviera Rosa et al. [44],
Thomson et al. [18], Tao and Jiang [45], Luo et al. [46], Link et al.
[47], Zheng et al. [48], Sváček [49]). Only a few of these computa-
tional studies [44,32,33,35,36,5] solve the flow field in 3D, and
most of them on a static geometry. One of the most complex ap-
proaches to phonation modeling was recently published in the
works of Zheng et al. [50,51] and Seo and Mittal [52], who use
the immersed boundary method for incompressible low-Mach
number flow coupled to a finite element solver for the viscoelastic
tissue to calculate the 3D flow field and flow-induced vibrations of
the vocal folds including glottal closure and contact forces. Using
the aerodynamic–acoustic splitting technique, the acoustic field
is then calculated by solving linearized perturbed compressible
equations. An extensive overview of the computational vocal fold
models can be found in a recent review paper of Alipour et al. [53].

The Reynolds numbers found in airflow past vocal folds range
from 1000 up to about 5000–10,000 [17]. This implies that the sub-
glottal flow may be laminar. However, Neubauer et al. [19] showed
that near the glottal region, transition from laminar to turbulent
flow occurs and that the supraglottal flow field, dominated by sep-
arated jet flow and recirculation, is rather turbulent. Numerical
computation of such transitory, highly unsteady airflow with mas-
sive separation is problematic. The Reynolds-Averaged Navier–
Stokes (RANS) turbulence modeling is used rather marginally
[38,33]. Some recent papers [32,35,36] claim that RANS approach
for modeling of human phonation is inadequate and employ Large
Eddy Simulations (LES). However, still many authors
[37,44,39,18,40,41,34,47,42,49] use a ‘‘laminar’’ model, actually a

Direct Numerical Simulation (DNS) on a largely insufficient mesh.
This approach was adopted within the current study, too.

During the years of the efforts to model human phonation in all
its complexity, it has become clear that accurate computation of
the airflow in human vocal folds during the phonation process,
which is fundamental for the understanding of the aeroacoustic
processes involved in voice production, requires CFD simulations
on large 3D dynamic meshes. This work presents a 3D model of air-
flow past vibrating vocal folds, verification of the numerical
scheme used, parallel scalability tests and results of numerical sim-
ulations of incompressible airflow on a dynamic meshes consisting
of 500 K to 3.2 M cells. The scalability tests and computations were
run on a heterogeneous Linux computational cluster with 12 Intel
Xeon two-processor dual-core nodes and 17 AMD Opteron two-
processor single-core nodes.

2. Methods

2.1. Mathematical model, geometry and boundary conditions

For low Mach number flows known in human phonation, the
glottal airflow can be modeled by unsteady incompressible Na-
vier–Stokes equations. In strong conservation form suitable for fur-
ther finite volume discretization, the equations read

r � u ¼ 0
@u
@t
þr � ðuuÞ � r � mru� 1

q
rp ¼ 0;

ð1Þ

where u, p and q are fluid velocity, pressure, and density, respec-
tively, and m is kinematic viscosity.

The geometry of the model vocal folds used in this study is
based on the widely used parametric shape ‘‘M5’’, proposed by
Scherer et al. [9,54]. The ‘‘M5’’ model is piecewise linear with
rounded corners, and provides an easily parametrizable approxi-
mation of the vocal fold shape during oscillation. The 2D section
of the computational domain is depicted in Fig. 1. In real human
phonation, the vocal folds are known to exhibit convergent–diver-
gent shaping during the oscillation cycle [55]. In current simula-
tion, two elementary cases were investigated for the sake of
simplicity: convergent vocal folds (angle w = 20�) and a divergent
configuration with w = �20�. The thickness TVF = 7.3 mm of the vo-
cal folds (physiologically, the inferior–superior dimension), height
H = 5.5 mm (medial–lateral dimension, normal to the sagittal
plane) and length L = 12 mm of the vocal folds (anterior–posterior
dimension, normal to the coronal plane, not seen in Fig. 1) were set
to match average physiological values found in male subjects. The
subglottal channel length was set to T0 = 0.4 TVF, the supraglottal
channel length is T1 = 5.4 TVF. In both configurations, the vocal folds
vibrate in the medial–lateral direction symmetrically with one
degree of freedom and frequency f = 100 Hz, leaving a minimum
glottal gap gmin = 2 � 0.1 mm and maximum glottal opening
gmax = 2 � 0.9 mm.

Fig. 1. 2D (coronal) section of the computational domain with vocal folds in zero
position. The length T1 of the supraglottal channel is not in scale.
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When modeling human phonation, the boundary conditions can
have crucial effect on the solution. To mimic the real physiological
conditions, the airflow in the model is driven by constant pressure
difference between the inlet Cin and outlet Cout of the domain (i.e.
constant lung pressure and zero relative pressure at outlet). At the
fixed channel walls Cwall and moving vocal fold surfaces CVF a Neu-
mann condition @p/@n = 0 was prescribed. The boundary conditions
for the velocity field were set as follows: @u/@n = 0 at Cin, no-slip
condition u = 0 at Cwall. At CVF, the flow velocity is equal to the
velocity of the moving vocal fold surface. Due to the presence of
large vortical structures convected downstream of the glottis up
to the outlet of the computational domain and consequent back-
flow to the domain destabilizing the numerical solution, it was
necessary to introduce a stabilized outflow condition at Cout:
@u/@n = 0 when velocity direction points outward of the domain,
u = 0 otherwise. This condition does not interfere with the pre-
scribed pressure difference between inlet and outlet.

2.2. Mesh and mesh partitioning

The meshes used in the computations were constructed from an
unstructured isotropic triangular 2D mesh extruded into third
dimension. Some computations were also tested on meshes with
locally refined elements in the narrow glottal region. However,
the tests showed only minor improvements for a rather high price:
due to continuity equation, the narrow glottal region is also the
place, where the flow velocities and local Courant numbers
Co = u Dt/Dx are the highest. Thus, refining even a small number
of elements (characteristic dimension Dx) between the vocal folds
limits severely the attainable timestep Dt and causes a significant
global increase in computational cost. The detailed view on the
glottal region of the coarsest and finest mesh used in the grid-
dependence testing and simulations (see Section 3.2) is depicted
in Fig. 2.

To partition the mesh for the parallel computation, two differ-
ent algorithms were tested: scotch [56] and metis [57]. The quality
of the mesh decomposition was compared in terms of subdomain
element number (important for load balance) and number of pro-
cessor faces (influencing processor communication). The results
are summarized in Section 3.3.

2.3. Numerical solution

The numerical solution of the airflow in the glottal channel with
moving walls was implemented in OpenFOAM [58], an object-
oriented open-source set of libraries programmed in the C++
language. OpenFOAM is based on the finite volume method in
cell-centered approach on arbitrarily unstructured meshes.

The incompressible Navier–Stokes equations on a moving com-
putational mesh were solved numerically using modified PISO

algorithm [59] with an extra loop of substep iterations and variable
under-relaxation. The algorithm allows for automatic timestepping
and is designed to achieve convergence for larger time-steps (i.e.
large Courant numbers). However, the tradeoff with an increased
CPU time for the substep iteration caused that for the current prob-
lem the algorithm performed comparably to the standard PISO sol-
ver. The discretization schemes were as follows: first-order Euler
implicit for the time derivative, total variation diminishing (TVD)
scheme for the convective term, central differencing scheme
(CDS) with explicit nonorthogonal correction for the diffusion
term.

The computational domain changes in time due to vocal fold
oscillations. Since the vocal folds do not collide and close the chan-
nel completely in current simulations, it is not necessary to intro-
duce topological changes to the mesh and the mesh is simply
deformed. The coordinates of the element vertices in a new time-
step are found by solving Laplace equation for the mesh velocity
w with spatially variable diffusivity c:

r � ðcrwÞ ¼ 0; ð2Þ

with boundary conditions given by zero mesh velocity at
Cin [ Cout [ Cwall, prescribed velocity on the moving vocal fold sur-
faces CVF and zero normal derivative on the front and back walls
(here, the mesh is allowed to ‘‘slip’’ freely). The diffusivity c
decreases exponentially with distance from the vocal fold surfaces.
Due to significant element distortion and consequent loss of ele-
ment orthogonality between the moving vocal folds, one outer loop
of nonorthogonal correctors was utilized within the modified PISO
algorithm to guarantee stability of the computation.

The resulting linear system for the momentum was solved by
bi-conjugate gradient method (PBiCG) with diagonal-based incom-
plete LU (DILU) preconditioning. For the pressure predictor and
corrector steps, faster convergence was obtained using a geomet-
ric–algebraic multigrid (GAMG). The cell motion Laplace equation
was solved by diagonal incomplete-Cholesky (DIC) preconditioned
conjugate gradient method.

3. Results

3.1. Code verification

The accuracy of the code in the case of low Reynolds number
separated channel flow was verified using a widely cited bench-
mark study published electronically by Turek and Schäfer [60]. This
paper summarizes the quantitative results of 17 research groups
using various computational methods to solve a benchmark prob-
lem of cross-flow over a cylinder, particularly of a 2D unsteady
flow over a fixed circular cylinder at Re = 100 with a parabolic in-
flow velocity condition. The following global quantities are tracked
and compared between the results of all the research groups:

Fig. 2. Detailed view on the glottal region of the computational meshes: the coarsest mesh S1 (550 k elements), the finest mesh S6 (3.2 M elements).
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frequency of separation (vortex shedding) f, Strouhal number St,
maximum drag and lift coefficient cDmax and cLmax over one period
[t0, t0 + 1/f] and pressure difference Dp(t) between the front and
end point of the cylinder at t = t0 + 1/2f. The initial time t0 corre-
sponds to the state when cL is maximum, the definitions of the
Strouhal number and drag and lift coefficients are as follows:

St ¼ Df
U
; ð3Þ

cD ¼
2FD

qU2D
; cL ¼

2FL

qU2D
; ð4Þ

where D is the cylinder diameter, U the mean inflow velocity and FD

and FL are the drag and lift forces

FD ¼
Z

S
qm

@ut

@n
ny � pnx

� �
dS;

FL ¼ �
Z

S
qm

@ut

@n
nx � pny

� �
dS:

ð5Þ

Here ut denotes the tangential velocity on the cylinder surface S,
nx and ny are the components of the unit normal vector. The
numerical results of the current algorithm calculated on a triangu-
lar mesh with 380 k elements are compared in Table 1 against the
benchmark results published in [60], which contain also some
(incomplete) experimental data. The table shows a good agree-
ment with a maximum difference of about 6% against the mean
values published in the benchmark study.

3.2. Grid dependence

The dependence of the results on the computational mesh has
been tested for the convergent geometry on six isotropic grids
S1–S6, composed of 550 k to 3.2 M prismatic elements. Since no
turbulence and no boundary layer model was used in the calcula-
tions, it can be expected that the results change slightly with mesh
refinement due to capture of finer and finer scales of turbulence,
better resolution of the boundary layer and flow separation. Theo-
retically, the grid convergence would be best proved by solving
stationary Navier–Stokes equations on static geometry with non-
moving vocal folds. However, due to flow separation and Coanda
effect, even in this simplified case a stationary solution of the glot-
tal airflow is physically unstable already at low and moderate Rey-
nolds numbers. This is caused by vortex shedding and jet
reattachment to one of the channel walls, where the direction of
the jet may swap in time. Thus, the results of full unsteady simu-
lations over a time t = 0.025 s with moving vocal folds have been
compared. Table 2 summarizes the sizes of the meshes S1–S6 and
computational times needed to perform these grid-dependence
tests. These tests were run on different number and type of compu-
tational nodes, in order to load the cluster optimally.

Fig. 3 shows the pressure at a probe location 1 mm downstream
of the glottis in the mid-glottal plane during first three vocal fold
oscillation cycles. The vibration period is 0.01 s, with first maxi-
mum vocal fold approach at t1 = 0.0025 s and maximum glottis
opening at t2 = 0.0075 s. Using meshes with more than 2 M ele-
ments, the spurious oscillations smooth out and the pressure
waveforms do not show significant variations.

An important global parameter, which can be calculated from
the flow field, is the aerodynamic (drag and lift) force:

Fx ¼
Z

Cb
VF

s1jnj dS

Fy ¼
Z

Cb
VF

s2jnj dS;
ð6Þ

exerted on the vocal fold surface, where nj are the components of
the unit outer normal vector,

sij ¼ q m
@ui

@xj
þ @uj

@xi

� �
� pdij

� �
ð7Þ

is the stress tensor and dij is the Kronecker symbol. Figs. 4 and 5
compare the horizontal and vertical forces on the bottom vocal fold
calculated on the meshes S1–S6. The results computed on coarse
meshes show much more variation in the case of the horizontal
(drag) force, mainly in the opening phase of the glottis. This is the
phase where a new jet develops and where the transglottal pressure
drop, which is a dominant factor governing the drag force, is newly
established. Apparently, the coarse meshes are not sufficient to cap-
ture this phenomenon and significant error is introduced in the
opening phase.

3.3. Parallel performance

The CFD simulations were run on a computational cluster Hydra
at the Technical University of Liberec – a heterogeneous cluster
consisting of 12 Dell PowerEdge 1950 nodes (each one with two In-
tel Xeon 5140 dual-core processors, 1333 FSB, 4 MB shared L2-
cache) and 17 Sun Fire V20z nodes (two single-core AMD Opteron
252 processors per node), running Linux CentOS. The nodes are
interconnected by 1 Gbps network.

For running solvers in parallel, the OpenFOAM library uses the
domain decomposition method and OpenMPI implementation of
the MPI standard. Fig. 6 shows the decomposition of the computa-
tional domain into eight subdomains using scotch and metis li-
braries. The quality of these decompositions can be compared
using Table 3, which summarizes the ratio of minimum and max-
imum number of cells per processor (ideally 1 for best load bal-
ance), and maximum and total number of processor faces (the
less processor faces, the less interprocessor communication) for
decompositions into 2–32 subdomains. The table suggests that in
this particular case, scotch produces better decomposition in terms
of interprocessor communication, but is outperformed by metis in
terms of load balance (at least for lower number of subdomains).
However, the final computational times do not show significant
difference. As the scotch library is preferred in OpenFOAM due to
licensing reasons, it was the choice in all further computations.

Fig. 7 shows the decomposition into 16 subdomains. In this
case, the bottom left subdomain (yellow in the color version) is dis-
connected. Although this situation, which occurs both in scotch and
metis decompositions, is known to produce instabilities in certain
CFD codes, here it does not influence the computation negatively.

When running parallel CFD computations on a multicore heter-
ogeneous architecture, for good scaling it is highly important how
the computational threads are allocated on individual computa-
tional nodes, processors and processor cores. The Intel Xeon and

Table 1
Global parameters computed on the benchmark problem – results of the current study vs. results of 17 research groups published in [60].

St [1] cDmax [1] cLmax [1] Dp [Pa]

Current study 0.298 3.26 0.938 2.44
Reference data [60] (computational) 0.295–0.305 3.22–3.24 0.990–1.01 2.46–2.50
Reference data [60] (experimental) 0.284–0.290 N/A N/A N/A
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AMD Opteron nodes composing the Hydra cluster have different
architectures and manufactures, and show slightly different

performance – for a serial run on one core, one timestep of the test
computation requires 83 s on Intel processor and 87 s on AMD.
Thus, all the parallel tests were run exclusively on one kind of
architecture.

Fig. 8 summarizes the strong speedup results for various
thread-to-core allocation schemes. For the dual-processor dual-
core Intel nodes the computation scales best when only one pro-
cessor and one core per node are allocated (blue1 solid line) – the
speedup is close to linear. The results for the case of two allocated
cores on two processors of each node (red dashed line) are only
slightly worse. When all the four cores of a node are loaded, the
performance significantly drops. This is most likely caused by the
fact that the Intel Xeon 5140 dual-core processors have a shared
front side bus (FSB), which forms a bottleneck in this architecture.

On the dual-processor single-core AMD nodes, the parallel runs
in the 2–2 thread-to-core allocation scheme (red dashed line in
Fig. 8) outperform the 1–1 case for higher numbers of subdomains.
One possible explanation is that unlike the Intel Xeon symmetric
multiprocessing, where multiple processors are connected to a sin-
gle shared main memory via external Northbridge chips, multipro-
cessor AMD Opteron systems are an example of a NUMA (non-
uniform memory access) architecture: each CPU can access its
own RAM with fast access times over an on-die integrated memory
controller, and communicates with other CPUs and the I/O subsys-
tem directly using natively implemented high-bandwidth links.
This can lead to better multiprocessor scaling then in the older In-
tel Xeon systems. As a consequence, the computation run on four
nodes and eight CPUs runs faster than that on eight nodes and
eight CPUs, since the memory bandwidth is not limiting and there
is less of the slow communication between the nodes.

3.4. Results of the transient simulations

In the following, the results of two transient simulations of glot-
tal airflow are presented. The first case was the convergent vocal
fold geometry with a fixed convergence angle of w = 20� (denoted
further as CVG), computed over 20 periods of vibration (t = 0.2 s).
The second configuration with divergent vocal folds (w = �20�,
DVG) was run over 8.5 periods (t = 0.085 s). In both cases, the sim-
ulations were run with a variable timestep, adjusted automatically
by the solver to insure that the Courant–Friedrichs–Lewy (CFL)
condition is satisfied. Depending on the maximum local Courant
number (which occurs in the glottal gap and is dependent on the
glottal opening), the timestep ranged from 1 � 5 � 10�6 s on the
mesh S4 with 2.1 M elements (and a mesh with identical parame-
ters in the divergent configuration). The airflow was driven by con-
stant pressure difference Dp = 300 Pa, corresponding to soft
phonation. On 16 Intel Xeon processor cores, the computation over
20 periods of vibration required 10.2 days of wall-clock time and
160 GB of disk space to store the results for further analysis.

Table 2
Computational meshes used in calculations – number of elements, number of points, numbers of layers in z- (anterior–posterior) direction, element size in x/y direction, computer
time to simulate 0.025 s.

Mesh NElements NPoints Layers Elem. size (mm) Comp. time/loaded cores

S1 550 k 290 k 25 0.23 32 h @ 4� AMD
S2 1.1 M 580 k 32 0.18 58 h @ 4� AMD
S3 1.6 M 840 k 36 0.16 55 h @ 8� AMD
S4 2.1 M 1.1 M 40 0.15 51 h @ 8� Intel

29 h @ 16� Intel
S5 2.7 M 1.4 M 43 0.139 67 h @ 8� Intel
S6 3.2 M 1.7 M 45 0.131 95 h @ 8� Intel
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Fig. 3. Pressure at a location 1 mm downstream of the glottis calculated on meshes
S1–S6. Dashed lines indicate the time instants of maximum glottis opening (o) and
closure (C).
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Fig. 4. Drag force on the bottom vocal fold calculated on meshes S1–S6. Dashed lines
indicate the time instants of maximum glottis opening (o) and closure (C).
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Fig. 5. Lift force on the bottom vocal fold calculated on meshes S1–S6. Dashed lines
indicate the time instants of maximum glottis opening (o) and closure (C).

1 For interpretation of color in Figs. 6–16, the reader is referred to the web version
of this article.
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Fig. 9 shows examples of the velocity magnitude and pressure
fields (CVG case) at time t = 40 ms, which corresponds to 50% of
the closing phase. The same time instant is captured in Fig. 10 in
x-normal sections. The figures demonstrate how the glottal jet,
which is aligned with the anterior–posterior axis close down-
stream of the glottis, gradually loses its planar character. One of
the important features known to occur in the separated airflow
in the supraglottal region is that the jet tends to skew from the
straight direction. In some studies ([11,61]) this behavior is attrib-
uted to the Coanda effect, other authors (e.g. Zheng et al. [51])

show that jet skewing can be the result of interaction with down-
stream flow structures. In any case, it is interesting to postprocess
the calculated velocity fields and compute the jet deflection angle
during several vocal fold vibration periods.

From the simulation data, the jet deflection angle a was evalu-
ated in the mid-coronal plane. Differently to the jet deflection mea-
sure used in [43,5], it was defined as

a ¼ arctan
ymax

dx

� �
; ð8Þ

where ymax is the (vertical) distance of the jet core from the sagittal
midplane, and dx = 1 mm the (horizontal) distance of the probe line
where the maximum velocity was evaluated from the superior vo-
cal fold surface. In this way, the angle a measures the deviation of
the jet from the straight direction, rather than the direction of the
jet core velocity vector. For the cases when the jet is not curved,
both definitions coincide. The results for the convergent and diver-
gent geometries are in Fig. 11.

After a short initial transient, the jet deflection develops a clear,
approximately periodic pattern with natural inter-cycle variability.
The jet deflection is much higher for the divergent configuration. In
both cases, the jet skews most in the proximity of glottal closure.
This effect is in well agreement with the authors’ previous

Fig. 6. Decomposed domain (eight subdomains) using scotch (left) and metis (right) libraries.

Table 3
Domain decomposition: scotch vs. metis.

Subdomains Min/max cells per processor ratio Max/total processor faces

Scotch Metis Scotch Metis

2 0.988 0.999 3326/3326 3881/3881
4 0.981 0.998 6642/9859 7929/11,841
8 0.963 0.942 6378/21,177 7914/25,194

16 0.954 0.959 5384/34,569 6634/39,620
32 0.953 0.943 4946/56,953 5600/64,718

Fig. 7. Decomposed domain (16 subdomains) using scotch.

Fig. 8. Strong speedup on nodes with Intel Xeon and AMD Opteron processors at different thread-to-core allocation schemes.
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experimental findings [21], even though these were obtained on a
self-oscillating synthetic vocal fold model with different vocal fold
geometry.

The behavior of the glottal jet further downstream of the glottis
can be seen from Figs. 12 and 13, which show its contour in four
phases of vocal fold vibration: middle of the closing phase
(0.75 T), maximum glottis closure (0 T), middle of the opening
phase (0.25 T), fully open vocal folds (0.5 T). The isocontours were

calculated from instantaneous velocity fields in the 8th period of
vibration, and from the phase-averaged velocity fields

Uðx; tÞ ¼ 1
N � 1

XN�1

i¼1

uðx; t þ i TÞ; ð9Þ

where N is number of the periods calculated (CVG: N = 20, DVG:
N = 8) and T = 0.01s is the vibration period. The first period was

Fig. 9. Velocity magnitude and pressure fields (with 10 Pa isolines) in two sections, middle of the closing phase.

Fig. 10. Velocity magnitude field in x-normal sections, middle of the closing phase.
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skipped to omit the initial transient effects. The phase-averaged re-
sults show that the jet skews systematically to the bottom, with
interesting 3D effects near the side walls of the rectangular channel
– in both configurations, the jet gets thicker further from the coro-
nal midplane. In the divergent case during glottis opening, the jet is
so curved that it hits the bottom channel wall not far from the glot-
tis and splits into two parts, one of them recirculating back to the
glottal region, forming a large-scale vortex and interacting with
the newly developed jet. Further downstream of the glottis, the
jet disperses and forms complex 3D structures.

The glottal flow rate, calculated as a surface integral of the
momentum flux at the inlet boundary Cin, together with pressure
and velocity x-component at a probe located on the glottal midline
1 mm downstream of the superior vocal fold surface, are shown in
Figs. 14 and 15. The flow being modeled as incompressible, the
flow rate in any cross-section (including the narrowest cross-
section in glottis) must be identical due to continuity equation.
The flow rate waveform is only slightly skewed to the right, prac-
tically in phase with vocal fold motion, and does not differ signif-
icantly in the convergent and divergent glottal configurations.
The leakage flow present during the maximum approach of the

vocal folds is about 0.042 l/s, 5.1% of the peak flow rate. The probed
waveforms in Fig. 15 reveal that the maximum jet velocity appears
at about 62% (CVG) and 64% (DVG) of the vocal fold closing phase.

Although the current model implements forced vocal fold vibra-
tion only, it is interesting to calculate the forces acting on the vocal
fold surfaces. The x- and y-component of the aerodynamic force (6)
exerted on the bottom vocal fold is plotted in Fig. 16 for convergent
and divergent glottis. The figure shows that the vocal fold is
pressed towards the supraglottal region by an oscillating, but stea-
dily positive drag force with a mean value Fx = 0.0175 N (CVG) and
Fx = 0.0185 N (DVG). The pressure and viscous drag force compo-
nents were calculated separately, the dominant one being pressure
drag (about 20–50 times higher than viscous drag). Theoretically,
in the case of complete vocal fold closure and flow blockage,
the viscous drag would be zero and the subglottal pressure
p = 300 Pa and zero supraglottal pressure would induce a pressure
drag Fx = 0.019 N, which is close to the simulated mean value. This
means that in the current case, pressure recovery is very weak and
that there is a zone of negative pressure in the near subglottal re-
gion in the closing phase. The highest drag occurs almost in the
same phase as the maximum jet velocity, i.e. in 66% (CVG) and
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Fig. 11. Deflection of the glottal jet during first eight vocal fold oscillation cycles for
the convergent (black, solid line) and divergent (blue, dashed line) geometries.
Vertical dashed lines indicate the time instants of maximum glottis closure.

Fig. 12. Shape of the glottal jet for the convergent vocal folds in four phases of vocal fold motion. Instantaneous (top) and phase-averaged (bottom) fields – velocity
magnitude isosurfaces (at value U = 10 m/s).

Fig. 13. Shape of the glottal jet for the divergent vocal folds in four phases of vocal fold motion. Instantaneous (top) and phase-averaged (bottom) fields – velocity magnitude
isosurfaces (at value U = 10 m/s).
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Fig. 14. Glottal flow rate for the convergent (black solid line) and divergent (blue
dashed line) shape. Vertical dashed lines indicate the time instants of maximum
glottis opening (o) and closure (C).
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65% (DVG) of the vocal fold closing phase, the lowest drag at 53%
(CVG) and 71% (DVG) of the opening phase.

As expected, the lift force Fy is negative (i.e. pressing the vocal
folds apart) throughout larger part of the vibration cycle for the
convergent case and mostly positive (pushing the vocal folds to-
gether) in the divergent configuration. Again, the lift force is con-
stituted mostly of the pressure component; the amplitude of the
viscous lift is about ten times lower. The lift force is lowest shortly
before or shortly after maximum vocal fold approach (96% of the
closing phase – CVG, 5% of the opening phase – DVG) and culmi-
nates at 32% (CVG) and 38% (DVG) of the closing phase. Histori-
cally, vocal fold oscillations were explained by Bernoulli effect:
high flow velocity in glottis induces low pressure, which pushes
vocal folds together; when the flow interrupts, pressure increases
and presses the vocal folds apart. The plot of the lift force in
Fig. 16 shows that this trivial explanation can be understood as
the first approximation of the glottal physics, but that it is not en-
tirely correct. The unsteady glottal aerodynamics are much more
complex and the aerodynamic force is not necessarily in phase
with vocal fold vibration, especially when the glottis has divergent
shape.

4. Conclusions and discussion

A 3D finite volume model of glottal flow on a dynamic mesh
with forced vocal fold oscillations was developed. The model aims
for parallel resolution of glottal aerodynamics on fine 3D computa-
tional meshes. The algorithm was verified using benchmark com-
putational data on flow over a static circular cylinder. Further,
the grid dependence of the results was studied on six computa-
tional meshes composed of 550 k to 3.2 M elements.

In vocal fold and glottal flow modeling, a precise quantitative
validation is always problematic, since the direct flow field

measurements in living subjects are almost impossible and the de-
sign of physical vocal fold models brings numerous technical com-
plications. However, the current results are in good qualitative
agreement with the data published in other computational papers,
and with known physiological limits. When interpreting the data
computed by the current model, it is necessary to keep in mind
that the model geometry is simplified with regard to real larynx,
and that the flow field in the very proximity of the outlet of the do-
main Cout may be influenced by the presence of the stabilized
boundary condition for the velocity. A perfectly correct approach
would be to situate the outlet much further downstream of the
glottis. However, this would significantly increase the size of the
mesh and the required CPU power.

During vibration of the vocal folds in the current model, a small
gap is always left in between, leaving certain leakage flow where
the real vocal folds would be completely closed (at least in most
cases of the chest register). Optionally, the airflow can be artifi-
cially interrupted when the glottal gap drops below a limit value
(not done in current simulations). This is a common choice in the
body-conformal mesh-based computational models, in order to
avoid dealing with topological changes of the mesh. The numerical
instabilities often encountered on meshes with large deformations
arise from the fact that the elements can get highly distorted
(depending on the type of the elements used and on the method
for updating of the grid point coordinates). When deformed uniax-
ially, the triangle-based prismatic elements used in the current
mesh loose orthogonality in the intraglottal region and require
employing nonorthogonal correctors, increasing the computational
cost for one timestep and possibly introducing numerical errors. To
circumvent this problem, a different type of mesh is currently
tested based on unstructured hexahedral, surface-adapted block-
refined meshes with high resolution in the medial–lateral direction
and lower resolution in the inferior–superior direction. An
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alternative to the body-conformal mesh-based methods are the
immersed boundary solvers employed, e.g. in studies of Sciamarel-
la and Quéré [41] and Luo et al. [46], Zheng et al. [43], Seo and Mit-
tal [52], where a fixed Carthesian grid is used and the movement of
the fluid–solid boundary is modeled.

The results of the 3D simulations show that the supraglottal
flow dynamics are governed by complex interaction of a planar
jet, channel boundaries and large-scale coherent vortices slowly
propagating downstream. From practical reasons, 2D simplified
flow models are still widely used in phonation modeling. The cur-
rent results demonstrate that the 2D approximations can hold rea-
sonably in the proximity of the glottis, where the flow field is
forced to be mostly two-dimensional by the channel geometry.
Thus, the reduction to 2D geometry, e.g. in models of the flow-in-
duced vibrations of the vocal folds can spare much of the compu-
tational cost while not introducing significant error, especially if
the flow separation point is predicted accurately. However, the
2D flow models substantially depart from reality further down-
stream of the flow separation point, where complex 3D vortex
structures develop from the shear layer of the glottal jet. When
the supraglottal aeroacoustics are of interest, a full 3D model
should be used.

The current study also summarizes the results of parallel scala-
bility tests run on Intel Xeon 5140 and AMD Opteron 252 nodes of
a small computational cluster. The tests prove nearly linear scaling
up to 16 cores, and show that the difference between the UMA
architecture of the older Intel Xeon systems and the NUMA archi-
tecture of the AMDs leads to different requirements on the thread-
to-core allocation schemes: while on the Intel nodes, the optimal
configuration is to allocate only one thread per computational
node, the AMD nodes are not much sensitive and in certain cases
perform better when both processors are fully loaded. This conclu-
sion is not valid universally, in the newer Intel Xeon systems (i.e.
Intel Nehalem architectures) the shared FSB was replaced by a
point-to-point processor link called QPI (QuickPath Interconnect)
and the memory access shifted to NUMA, too. The current work in-
tends to be a first step to massively parallel glottal flow computa-
tions on large clusters and supercomputers, which could provide
new insight into the aerodynamics of human voice production.
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Abstract The aeroacoustic mechanisms in human voice
production are complex coupled processes, which are still

not fully understood. Here, a hybrid numerical approach
is presented to analyze the sound generation in human
voice production. First, the fluid flow is solved using a

parallel finite volume CFD solver on a fine computa-
tional mesh covering the larynx. The CFD simulations
are run for four geometrical configurations: both with

and without false vocal folds, and with fixed conver-
gent or convergent-divergent motion of the medial vocal
fold surface. Subsequently, the aeroacoustic sources and
propagation of the sound waves are calculated using

Lighthill’s analogy or acoustic perturbation equations
on a coarse mesh covering the larynx, vocal tract and
radiation region near the mouth. Aeroacoustic sound

sources are investigated in the time and frequency do-
main to determine their precise origin and correlation
with the flow field. The acoustic wave propagation from

the larynx and vocal tract into the free field is solved
by the finite element method. Two different vocal tract
shapes are considered and modeled according to MRI vo-
cal tract data of the vowels /i/ and /u/. The spectra of

the radiated sound evaluated from the acoustic simula-
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Doleǰskova 5, 182 00 Prague 8, Czech Republic

Zörner S., Hüppe A.
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tion show good agreement with the formant frequencies
known from human subjects.
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CFD · human voice · biomechanics · vocal folds ·
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1 Introduction

In everyday life, people are surrounded by a variety
of sources generating disruptive noise, which can even

be hazardous to health if certain sound pressure levels
are exceeded. Two major sources of noise are mechani-
cal vibration (e.g., vehicle engines, industrial machines

and mechanisms) and turbulent airflow (airplanes, jet
engines, aerodynamic vehicle noise, ventilators or air
conditioning systems). However, some sources of flow-

induced sound are desirable – this is the case when
considering wind musical instruments or the human
voice.

Human voice production is a process involving flow-

induced vibration of the vocal folds, which are multi-
layered soft tissue structures located in the larynx. A
detailed overview of human voice production mecha-

nisms from the physiological and fluid-mechanical point
of view is given in the works of Titze (2006) and Mittal
et al (2013), respectively. Here it is sufficient to state

that the sound in the human larynx is generated by a
complex interaction between a pulsating air jet, induced
by expiration from lungs and formed by the vibrating
vocal folds, and supraglottal turbulent structures. In a

first approximation, the vocal tract acts as a filter of the
acoustic pressure perturbations generated in the larynx,
forming different vowels depending on its shape. Despite

all efforts to date, the full details of the sound pro-
duction mechanisms are yet to be entirely understood.
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One way to analyze voice generation is to model the
fundamental physical phenomena mathematically using
partial differential equations and solve them numerically
with the assistance of simulation tools. An extensive

review of numerical models of human phonation can be
found in (Alipour et al 2011).

In the field of aeroacoustics in the human vocal tract,
the computational methods gain even more importance,
since direct flow and acoustic measurements within the
vocal tract are invasive and therefore hardly possible.

One approach to computational aeroacoustics is the
direct solution of the compressible Navier-Stokes equa-
tions, which capture both fluid dynamic and acoustic

phenomena. This approach was used, e.g., in the studies
of Zhao et al (2002) and Zhang et al (2002), where the
compressible Navier-Stokes equations were solved on an

axisymmetric 2D geometry. To characterize the different
sources, the analogy of Ffowcs-Williams-Hawkings was
used. The authors concluded that the main source is of
a dipolar kind, induced by the net force exerted by the

surface of the vocal folds onto the fluid.

However, direct numerical simulation of aeroacoustic

problems has specific drawbacks. Firstly, the aerody-
namic and acoustic pressure fields have dramatically
different length scales, with differences easily reaching
the orders of 103–105. This leads to very different re-

quirements on the grid element size for the fluid-dynamic
and acoustic fields. Moreover, most of the sound genera-
tion processes are located close to the flow constriction

formed by the vocal folds (called glottis), and so con-
siderable computational power would be wasted when
solving the fluid-dynamic fields in the whole vocal tract.

This is why the hybrid methods, solving the flow and
acoustic fields separately, represent a viable option in
computational aeroacoustics.

A hybrid aeroacoustic approach for the simulation
of voice production was used, e.g., in the work of Bae
and Moon (2008), where the perturbed compressible

equations were solved on a 2D geometry with acoustic
sources from incompressible Navier-Stokes equations.
Fully three-way fluid-solid-acoustic coupling was pre-
sented by Link et al (2009), who used Lighthill’s acoustic

analogy to calculate the acoustics. A recent study of Seo
and Mittal (2011) followed by Tian et al (2014) employs
the immersed boundary method for incompressible low-

Mach number flow coupled to a finite element solver
for the viscoelastic tissue and a hydrodynamic-acoustic
splitting technique and linearized perturbed compress-

ible equations to compute the acoustic field.

The vibration of the real human vocal folds is flow-
induced. However, the fully coupled fluid-structure sim-

ulations, e.g., (Link et al 2009; Seo and Mittal 2011;
Feistauer et al 2013) always suffer from a lack of accu-

rate geometrical and material properties of the living
tissues. This is due to the fact that the parameters
are highly subject-specific, and also because most of
the vocal fold tissue measurements, e.g., (Zörner et al

2010; Kelleher et al 2013), are still hardly applicable
in vivo to precisely determine the vocal fold material
parameters during abduction. As shown in the paper of

Zörner et al (2013), the full fluid-structure interaction
solution can be approximated by prescribed vocal fold
motion, provided that the boundary conditions are set

properly. In this way, the problem is circumvented and
also considerable computational resources are spared.
This approach is also adopted in the current study.

For the present paper, a CFD model of flow past the

vibrating vocal folds, modeled by incompressible Navier-
Stokes equations and solved numerically in parallel on a
fine 3D computational mesh covering the larynx, yields

the fluid dynamical data. Further, two variants of acous-
tic analogies for the computation of flow-induced sound
generated in the larynx are presented. From the CFD

results, aeroacoustic source terms are calculated using
Lighthill’s acoustics analogy and a perturbation-based
approach. The propagation of the sound waves is then
calculated using the finite element method on a coarser

3D mesh also comprising the vocal tract and acoustic
radiation region near the mouth. This enables the inves-
tigation of the impact of different geometries and vocal

fold vibration patterns.

2 CFD model of the glottal flow

2.1 Mathematical model

The airflow through the vocal folds is modeled by the

Navier-Stokes equations on a time-dependent 3D geom-
etry. Since the flow velocities found in typical human
phonation are usually below Ma = 0.2, the incompress-

ible Navier-Stokes equations in strong conservation form
are used, given by

∇ · u = 0,

∂

∂t
u +∇ · (uu)− ν∆u +

1

ρ0
∇p = 0.

(1)

Here u denotes flow velocity, p fluid dynamic pres-
sure, ρ0 is air density and ν kinematic viscosity. The

boundary conditions imposed on the pressure and ve-
locity fields were chosen to approximate the real phys-
iological conditions: the airflow in the model is driven

by a constant pressure difference between the inlet and
the outlet of the domain (i.e., constant lung pressure
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and zero relative pressure at the outlet). The pressure
condition at the inlet is applied on the total pressure

p0 = p+
1

2
ρ (u · u) . (2)

At the outlet, the fluid-dynamic pressure p = 0 is
prescribed and on the channel walls ∂p/∂n = 0. The
boundary conditions for the velocity field were set as

follows: ∂u/∂n = 0 at the inlet, where n is the unit
outer normal, and no-slip condition u = 0 on the fixed
walls. On the vocal fold surfaces, the flow velocity is

calculated according to the velocity of the moving vocal
fold. Due to the presence of large vortical structures
convected downstream of the glottis up to the outlet of
the computational domain and consequent backflow to

the domain destabilizing the numerical solution, it was
necessary to introduce a stabilized outflow condition
at the outlet of the domain: ∂u/∂n = 0 if the velocity

direction points outward from the domain and u = 0
otherwise.

2.2 Geometry

The computational domain for the fluid flow consists of a
short straight subglottal region of length T0 = 2.8 mm,
the vocal folds of length TV F = 7.2 mm, optionally

ventricles and false vocal folds (FVFs, also called ven-
tricular folds), and a supraglottal region of total length
T1 = 40 mm (see Fig. 1). Note that for practical reasons
the larynx is not oriented consistently with respect to its

physiological position, i.e. the laryngeal channel ”length”
is actually aligned with the inferior-superior direction.
The height (medial-lateral dimension) of the laryngeal

channel is 2 ∗H0 = 12.0 mm. To avoid geometrical com-
plexities, the cross-section of the glottal channel in the
current model is rectangular with thickness of 12 mm –

the shape does not change along the anterior-posterior
axis.

The geometry of the model vocal folds used in this
study is specified according to the parametric vocal fold
shape description “M5” proposed by Scherer et al (2001).

The “M5” model is piecewise linear with rounded cor-
ners; as compared to real vocal fold geometry, the model
is considerably simplified (Šidlof et al 2008). However, it
is widely used since it provides an easily parameterizable

2D approximation of the vocal fold surface geometry,
the major variable being the medial surface convergence
angle ψ (defined usually as positive for divergent vocal

folds, and as negative for convergent configuration).

Regarding the geometry of the false vocal folds, it

is more difficult to find relevant quantitative data in
the literature. In the current model, the FVFs were

Fig. 1: Geometric model of the human larynx in coronal

section. Model without (black) and with (blue) FVFs.
The length of the supraglottal channel is not to scale.

approximated by a shape described by Agarwal et al

(2003), where two large datasets obtained by lamina-
graphic measurements of living subjects were processed,
parametrized and quantified. According to the data pub-

lished in this paper, the radius of the ventricle was set
to DV S/2 = 1.25 mm, the radius of the false vocal fold
to DFV F /2 = 6.3 mm and the FVF superior surface

divergence angle to ϕ = 110◦. The height (medial-lateral
span) within the ventricle is 2 ∗HV S = 16 mm, the gap
between the false vocal folds 2 ∗HFV F = 6 mm.

During the CFD simulation, the vocal folds oscillate,
thus deforming the computational domain. The kine-

matics of the vocal folds were programmed to allow for
two-degrees-of-freedom, convergent-divergent motion of
each of the vocal folds, with prescribed sinusoidal dis-

placement of the inferior and superior vocal fold margins
in the medial-lateral direction

w1(t) = A1 sin(2πft+ ξ)

w2(t) = A2 sin(2πft) , (3)

where f is the frequency of vibration and ξ the phase

difference. The coordinates (3) determine uniquely the
glottal half-gap g and the medial surface convergence
angle ψ (see Fig. 1). During oscillation, the inferior,

medial and superior vocal fold surfaces remain straight,
and the connecting radii correspond exactly to the “M5”
shape definition of Scherer et al (2001), so that the
shape is smooth without sharp edges. In this way, the

basic convergent-divergent motion of the real vocal folds
is mimicked, whilst still keeping the kinematic model
simple.

In order to assess the influence of the individual

geometric and kinematic parameters, four configurations
were used for the CFD simulations (see Tab. 1). In all
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Table 1: Overview of the parameters of the geometric
configurations C1, C1F, C2 and C2F: presence of the false

vocal folds, amplitudes A1, A2 and phase difference ξ be-
tween the inferior and superior vocal fold margin, medial
surface convergence angle ψ, minimum and maximum

glottal half-gap g (see also Fig. 1 and eqn. (3)).

C1 C1F C2 C2F

FVFs no yes no yes
A1 0.4 mm 0.4 mm 0.3 mm 0.3 mm
A2 0.4 mm 0.4 mm 0.3 mm 0.3 mm
ξ 0 0 π/2 π/2

ψ −20◦ −20◦ −24◦ . . . 24◦ −24◦ . . . 24◦

gmin 0.1 mm 0.1 mm 0.2 mm 0.2 mm
gmax 0.9 mm 0.9 mm 0.72 mm 0.72 mm

cases, the vibration of the upper and lower vocal folds

was symmetric with respect to the medial plane.

In simulations C1 and C1F, the vocal folds move with
a single degree of freedom and a fixed convergence angle
ψ = −20◦. In C2 and C2F, the motion of the model

captures the basic kinematic features of the real vocal
folds. Based on the values listed by Titze (2006) and the
data measured by Boessenecker et al (2007) using high-

speed imaging of excised human larynges, the phase
shift between the inferior and superior margin of the
vocal folds was set to π/2. Due to the stability problems
caused by severe mesh deformation, the amplitudes A1

and A2 of the inferior and superior vocal fold margin
were set lower than in C1 and C1F. Physiologically, this
corresponds to insufficient glottal closure. The letter ’F’

in the acronym denotes the presence or absence of the
false vocal folds.

2.3 CFD mesh

The computational domain and the mesh are depicted in

Fig. 2 (for configuration C1F). The mesh is unstructured
triangular and isotropic in the coronal plane, extruded
in a structured way to the third dimension. The grid was

generated using a free mesh generator gmsh (Geuzaine
and Remacle 2009), with element characteristic length
0.15 mm in the coronal plane and 0.3 mm in the medial-
lateral direction for the undeformed mesh. For the par-

allel CFD simulations, the mesh is partitioned using
the scotch algorithm (Chevalier and Pellegrini 2008).
More details on mesh generation and partitioning can

be found in previous work of the author (Šidlof et al
2013).

(a)

(b) (c)

Fig. 2: (a) Full view of the CFD computational domain

and undeformed mesh composed of 2.4M prismatic ele-
ments for case C1F. (b) Maximum closure and (c) max-
imum opening phases within the vocal fold vibration

cycle.

2.4 Implementation and numerical solution

The numerical solution of the airflow in the glottal
channel with moving walls was implemented in Open-

FOAM, an object-oriented open-source set of libraries
programmed in the C++ language. OpenFOAM is based
on the finite volume method in collocated cell-centered

approach on arbitrarily unstructured meshes. The incom-
pressible Navier-Stokes equations on a moving compu-
tational mesh were solved numerically using a modified

PISO algorithm (Ferziger and Peric 2002). In contrast
to the standard PISO algorithm, it has a substep itera-
tion loop: multiple cycles over the same timestep with

the last iteration results (optionally under-relaxed) used
as an initial guess for the next substep iteration. The
current simulation used two substep iterations with the
under-relaxation factor α = 1 (i.e., no under-relaxation).

The discretization schemes were as follows: first-order
implicit Euler for the time derivative, total variation
diminishing (TVD) scheme with a limiter function

Φ(r) = max(0,min(2r, 1)) (4)

for the convective term, and central differencing scheme
(CDS) with nonorthogonal correction for the diffusion
term. The timestep ∆t is adjusted automatically dur-

ing the transient solution so that the maximum local
Courant number is kept below a predefined limit. The
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Courant number on unstructured 3D meshes is calcu-
lated as

Co =
1

2

∑
f |Φf |
∆V

∆t , (5)

where Φf = Af (uf · nf ) is the velocity flux normal to

face f with surface Af of the cell with volume ∆V .

The computational domain changes in time due to

vocal fold oscillations. Since the vocal folds do not collide
and close the channel completely in current simulations,
it is not necessary to introduce topological changes to

the mesh, instead it is simply deformed. The coordinates
of the element vertices in a new timestep are found by
solving an auxiliary Laplace equation

∇ · (γ∇w) = 0 (6)

for the mesh velocity w with spatially variable diffusiv-
ity γ. Boundary conditions are set to w = 0 at the inlet,
outlet, top and bottom walls, prescribed mesh velocity
on the moving vocal fold surfaces and ∂w/∂n = 0 on the

lateral walls where the mesh is allowed to “slip” freely.
Two strategies for the distribution of the diffusivity γ
were tested: γ = const and γ decreasing exponentially

with distance from the vocal fold surfaces. The former
approach was used in the simulations, the latter caused
grid connectivity errors in certain cases. Due to signifi-

cant element distortion and consequent loss of element
orthogonality between the moving vocal folds, one outer
loop of nonorthogonal correctors was utilized within
the modified PISO algorithm to guarantee stability of

the computation. The nonorthogonal correction strat-
egy within the current finite volume discretization is
described in detail by Jasak (1996). Unlike the discretiza-

tion of the temporal, convective and diffusive terms,
the nonorthogonal correctors are treated explicitly. In
test simulations with static vocal folds, the nonorthogo-

nal correctors were not needed. The resulting implicit
scheme allowed the use of a higher Courant number limit
Co < 5. With the moving grid, the numerical scheme
acquires explicit character and the timestep has to be

limited so that the CFL condition Co < 1 is satisfied.

The resulting linear system for momentum was solved
using the bi-conjugate gradient method with diagonal-
based incomplete LU preconditioning. For the pressure
predictor and corrector steps, faster convergence was

obtained using a geometric multigrid solver, using an
OpenFOAM-specific cell agglomeration algorithm and
a conjugate gradient-type method for solution of the

coarsest level matrix. The Laplace equation (6) for the
mesh motion was discretized using central differences

and solved using the diagonal incomplete-Cholesky pre-
conditioned conjugate gradient method. The auxiliary
problem (6) must be solved for each timestep. In the
current simulation setup, the solution of the Laplace

equation caused a computational overhead of about 10 %
for the case C1 and C1F, and 20 % for C2 and C2F.

Before running the CFD simulations for the aeroa-

coustic computations, the accuracy of the code was
verified on a benchmark case of 2D unsteady separated
cylinder cross-flow at low Reynolds numbers. The maxi-

mum differences found in the frequency of vortex shed-
ding, Strouhal number and maximum and minimum
drag and lift coefficients were about 6% in comparison
to the mean benchmark values (Šidlof et al 2013).

For parallelization of the CFD simulations, Open-
FOAM employs the domain decomposition method. The
strong and weak scaling tests were performed on a

shared-memory parallel supercomputer SGI Altix UV
100. The parallel scaling results, published and discussed
in detail in (Šidlof et al 2013a), show a strong speedup of

about 28x on 40 computational cores, which makes the
current CFD simulations on computational meshes with
about 2.5 M elements feasible on this small parallel su-
percomputer. The weak parallel efficiency (with a fixed

job-per-core size of 120 k elements) showed a drop to
50% on 50 cores. As pointed out by Rivera et al (2011),
the MPI communication routines in OpenFOAM may

cause an important overhead for a higher number of
MPI tasks, when the multigrid solver is used. However,
this is only one possible explanation, as the parallel

performance analysis and optimization for massive par-
alellization in OpenFOAM is still a matter of intense
ongoing research.

2.5 CFD results

Figures. 3–7 show the results of the CFD simulations in
four geometrical configurations C1, C1F, C2 and C2F (see

Tab. 1). In all cases, the initial conditions, boundary con-
ditions for pressure and velocity and also the frequency
of vibration f = 100 Hz are identical. The airflow is

driven by a constant pressure difference ∆p0 = 360 Pa
between the inlet and the outlet (where p0 is the total
pressure (2)), corresponding to soft phonation. Contrary

to prescribed flow velocity, which is often used as a
boundary condition at the inlet, a pressure gradient
assures a natural development of the flow which ensures
that appearing frequencies can be traced back to the

vocal fold vibration and are not directly induced by
inflow conditions (Zörner et al 2013).

The grid dependence was analyzed in the previous

study (Šidlof et al 2013) on six isotropic meshes com-
posed of 550 k to 3.2 M elements. The grid sensitivity
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(C1)

(C1F)

(C2)

(C2F)

Fig. 3: Flow field in the mid-coronal section in the 19th period of vibration, middle of the vocal fold closing phase,

simulations C1, C1F, C2 and C2F. Velocity magnitude (left), vorticity magnitude contours (right).

was tested for a local value of pressure shortly down-
stream of the glottis, and for two integral quantities:
drag and lift forces exerted by the airflow on the vocal
folds. It has been shown that for this type of simulation

a mesh consisting of approximately 2.4 M elements is
sufficient.

For the purpose of subsequent aeroacoustic compu-
tations, a CFD simulation over at least 20 periods of

vocal fold vibration (t = 0.2 s) was needed to obtain suf-
ficient resolution in the sound spectra. The simulation
run required about 4600 core-hours and a disk space of

about 160 GB to store the velocity, pressure and mesh
displacement fields in 20 ∗ 100 = 2000 timesteps.

The flow field in a mid-coronal section is illustrated in
Fig. 3, which shows the velocity magnitude and vorticity

magnitude contours for all configurations. The time
instant t = 0.18 s corresponds to the middle of the
closing phase in the 19th period of vibration, close to
the phase when the glottal jet is most intensive. The

regions of high vorticity are located mainly on the medial
surfaces of the vocal folds, in the shear layer of the
jet and in the place where the jet interacts with the

supraglottal channel wall. It can be seen that within
the divergent phase of the vocal fold motion in C2 and

C2F, the shear layer of the jet is wider and induces less
vorticity than in C1 and C1F.

In all simulations, the jet is deflected to one side
of the channel during most of the vocal fold oscillation

period. As remarked by Mittal et al (2013), this should
not be hastily attributed to the Coanda effect (as is quite
often the case in the voice biomechanics community).
The direction of the pulsating glottal jet is actually

affected by a variety of complex phenomena, some of
which are discussed further. The jet deflection angle was
evaluated by locating the maximum of the mid-coronal

velocity profile taken at x = 1 mm downstream of the
glottis and plotted in Fig. 4.

The jet deflection angle is higher in C1F than in
C1, reaching up to −75◦ near the maximum vocal fold

closure. In the case of fixed vocal fold convergence angle
(C1 and C1F), the jet deflection angle is generally biased
downwards. In C2F, the jet flaps during the oscillation
period and the jet deflection angle oscillates between

positive and negative values.

According to our understanding and analysis of the
results, the deflection angle is influenced by three major
effects. First, by interaction with recirculating flows,

which play a dominant role particularly when the glottal
jet momentum is low, i.e. near glottal closure. This
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Fig. 4: Glottal jet deflection angle within four periods of
vocal fold vibration for the four cases C1, C1F, C2 and

C2F. Vertical dashed lines indicate the time instants of
maximum glottis opening (o) and closure (C).

behavior was also observed in the PIV measurements on

two different synthetic vocal fold models of Pickup and
Thomson (2009) and Šidlof et al (2011). The constriction
formed by the false vocal folds and the additional volume

of the ventricle induce different backflow and vortex
patterns, which deflect the jet significantly more in C1F
than in the case C1 with a straight supraglottal channel.

The large-scale supraglottal vortices and recirculat-
ing flows in the simulations C2/C2F with convergent-

divergent motion are very different from those in the
configurations C1/C1F. Thus, the influence of the false
vocal folds on the jet deflection angle for this type of

vocal fold kinematics is different from the previous two
simulations. Again, the jet skews most near the glottal
closure in C2. However, in the case with false vocal folds

(C2F), the jet deflection angle is generally lower than
in C2 and its maximum and minimum lie in the middle
of the closing phase and in about 3/4 of the opening
phase, respectively.

Second, the jet also skews as a result of supraglottal

pressure distribution, which is affected by the presence
or absence of the false vocal folds. When the vocal
folds are divergent (C2 and C2F), the jet separates and

deflects already on the medial surfaces due to adverse
pressure gradient. As the grid resolution is not sufficient
to capture the intraglottal jet shear layer and vortex

structures, in this case the jet skewing may be attributed
to the Coanda effect.

Fig. 5 shows the pressure distribution along glottal
midline. The pressure drop within the glottis in the
presence of the FVFs (C1F) compared to case C1 is

lower due to the slightly lower flow rate, as can be seen
in Fig. 6. The pressure distribution in cases C2/C2F

is different, since in this time instant the glottis has a
divergent shape and the minimum glottal gap is smaller.
Here, the pressure minimum is located further from the
superior margin x = 0 and the pressure drop is lower

in C2F, since the flow rate in the middle of the closing
phase is slightly higher than in C2.

The time history of the flow rate in Fig. 6 reveals
that the false vocal folds in the current simulations
cause a slight decrease in peak flow rate in C1/C1F and

slight increase of the minimum flow rate in C2/C2F. The
effect of the FVFs on the transglottal flow resistance
and flow rate has already been investigated in several
studies. Most of them (Zheng et al 2009; Li et al 2007)

show that the presence of the ventricular folds tends to
decrease flow resistance and increase flow rate. However,
there are also works which have found the contrary

(Alipour et al 2007). As pointed out by Bailly et al
(2008), the effect of the FVFs can be highly sensitive to
the geometry, particularly to the ratio

η =
2 g

2 HFV F
(7)

between the true vocal fold gap and false vocal fold
gap (see Fig. 1). Agarwal (2004) demonstrated that a

noticeable decrease in translaryngeal flow resistance can
be seen for η = 2 . . . 6 and the results of Li et al (2007)
show that the influence of FVFs is already insignificant
above η > 1.5. In the current simulations, the FVF gap

is higher, yielding η = 3.3 . . . 30.

Fig. 6 also shows that the flow rate in cases C2/C2F
has lower amplitude compared to C1/C1F, and the min-
imum is at about 30 % of the peak value. This is caused
by the settings of the vocal fold motion kinematic model
(see also Tab. 1). The convergent-divergent motion in-

duces a kink in the flow rate waveform at the end of the
closing phase.

The geometry of the current simplified model is rect-
angular. Fig. 7 demonstrates in a mid-sagittal section the
transition of the velocity field, which has planar charac-

teristics in the subglottal region and shortly downstream
of the glottis, to a complex fully 3D flow field further in
the supraglottal region. The jet in the case C1F seems
to be shorter than in C1, but only due to the fact that it

skews more and leaves the visualization plane earlier. In
fact, the current numerical simulations suggest that the
false vocal folds do not have a significant effect on the

jet length. The jet in C2F is bent in the transverse plane,
making it appear split in two in the sagittal section.
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Fig. 5: Pressure distribution along glottal midline for

the four simulations, middle of the closing phase (t =
180 ms).

Fig. 6: Flow rate within glottis for the four cases C1,
C1F, C2, C2F. Vertical dashed lines indicate the time
instants of maximum glottis opening (o) and closure

(C).

3 Aeroacoustics

3.1 Geometry of the vocal tract and computational
procedure

The geometric model used for the aeroacoustic simu-

lation consists of the larynx, the vocal tract and an
acoustic propagation region in which the radiated sound
is monitored (see Fig. 9a). The vocal tract model is at-
tached to the larynx and consists of multiple frustums

concatenated one after another. The number of frustums
and their radii determine the resulting sound radiating
from the artificial mouth. The cross sections (so-called

area functions) were taken from works of Story et al
(1996), who acquired 3D vocal tract shapes of particular

Fig. 7: Velocity magnitude in the mid-sagittal section for
the four simulations C1, C1F, C2 and C2F, 19th period
of vibration, middle of the closing phase.

vowels and consonants by means of magnetic resonance
imaging (MRI). Thereby, 18 vocal tract configurations

were discussed, each being divided into single segments
with a length of about 3.97 mm. Two of these shapes are
used in this work, representing the vowels /i/ (“heed”)

and /u/ (“who”). The vocal tract for /i/ consists of
44 segments and for /u/ of 46 segments, resulting in a
length of approximately 17.5 cm and 18.25 cm, respec-
tively. The area of the vocal tract segments as a function

of distance from the larynx for both models is plotted
in Fig. 8. As the vocal tracts are attached to the outflow
of the CFD domain, the rectangular flow domain is an

additional volume to the measured data of Story et al
(1996). Therefore, an error is introduced as the first frus-
tum is positioned 40 mm (T1) downstream of the glottis –

its actual location. The geometric difference has an effect
on the acoustics and will be discussed in Sec. 3.5. The
transition from the rectangular outflow to the circular
inlet of the vocal tract is made by a volume, which has a

square base and gradually changes to a circle along the
center axis. At the end of the vocal tract, the mouth,
an acoustic propagation region (2.5× 2.5× 2.5cm3) is

added to capture the jump of acoustic impedance due
to the transition from the relatively small volume of the
vocal tract to an open domain.

The acoustic domain consists of three subdomains
(Fig. 9a). The first subdomain is the acoustic source
region, where the fluid simulation is performed and in

which the flow induced sources are computed. Directly
attached to it is the vocal tract, which acts as an acoustic
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Fig. 8: Area of vocal tract segment as a function of
distance from the larynx model.

filter, followed by an acoustic propagation region. As the

finite element method is nodal based and OpenFOAM
is cell-centered, the data is interpolated onto the nodes
using VTK (The Visualization Toolkit, Schroeder and
Martin (2004)). The grid size used in the flow simulation

(characteristic length 0.15 mm) is unnecessarily small for
computation of acoustic wave propagation. Therefore,
to preserve acoustic energy, the acoustic sources are

conservatively interpolated (see Kaltenbacher (2007))
onto a coarser grid. The mesh is composed of hexahedral
elements with a characteristic length of 0.2 mm (see

Fig. 9b) and gradually coarsens from the source region
to the propagation region to a characteristic length of
1.3 mm. According to Kaltenbacher (2007), this element
size leads to a correct frequency resolution of up to

12 kHz – assuming that 20 linear finite elements per wave
length are required to adequately resolve the acoustic
wave. Once the acoustic sources are determined, the

sound propagation is computed on the whole acoustic
domain, consisting of the larynx (fluid flow – source
region), the vocal tract and the propagation regions.

For the acoustic simulation a timestep value of 10−5 s
has proven to be sufficient for the considered frequency
range of up to 3.5 kHz.

In the following sections two approaches towards hy-
brid aeroacoustic computations are presented: Lighthill’s

analogy and a perturbation-based approach. Within this
setup it is possible to utilize hybrid schemes, since we
assume minor back reaction of the acoustic field onto

the flow field. This has the advantage that the vocal
tract may be varied while the sources based on the flow
field remain the same. Therefore, we only need one flow
simulation to determine the source terms and are able to

perform multiple acoustic simulations, each carried out
on different vocal tract geometries. To solve the partial
differential equations, the finite element method (FEM)

is employed in both Lighthill’s and perturbation-based
approach. These methods are all implemented in our

in-house research code CFS++, which was used for the
following aeroacoustic simulations.
For a better overview, the case names C1 . . .C2F are
given a suffix to characterize which kind of acoustic

simulation is being referred to: i and u for vocal tract /i/
and /u/, respectively, and PE and LH for perturbation
equations and the Lighthill approach, respectively. For

example case C1F u PE would be the acoustic simula-
tion for the case C1F with vocal tract /u/ utilizing the
perturbation equations.

All channel walls are considered to be hard reflecting
and perfectly matched layers (PML) are located at the
inflow (1 cm in front of the glottis) and surrounding the
propagation region (see Fig. 9a) to avoid backscattering

of acoustic waves – according references are made for
each aeroacoustic method. The PML is 5 mm thick at
the inlet and 6 mm thick in normal direction to the

propagation region.
To solving the resulting algebraic system of equations

we utilize the direct sparse solver library PARDISO

(Schenk and Gärtner. 2004). PARDISO is a direct solver
which is perfectly suited for the simple wave equation
since the resulting matrix of the linear system only
needs to be factorized once per simulation. However,

computational costs are not an issue for the acoustic
equations, since the mesh is considerably coarser than
for the CFD and the equations are linear.

3.2 Lighthill’s analogy

The Lighthill approach (Lighthill 1952) reformulates the
compressible Navier-Stokes equations into an inhomoge-
neous wave equation

1

c2
∂2

∂t2
p′ −∆p′ =

∂2

∂xi∂xj
Tij (8)

with the speed of sound c, acoustic pressure p′ and the
Lighthill tensor

Tij = ρuiui︸ ︷︷ ︸
Reynolds stress

− τij︸︷︷︸
Viscous stress

+
(
p′ − c2ρ′

)
δij︸ ︷︷ ︸

Heat conduction

(9)

which acts as a source term for the wave equation. In (9),
τij is the stress tensor, ρ′ the acoustic density and δij the

Kronecker delta. For high Reynolds numbers the viscous
stress and stresses caused by heat conduction terms may
be neglected (Lighthill 1952), since in regions of ambient

temperature the contribution of heat conduction is of
the same order as the viscous term. This leads to the
approximation

Tij ≈ ρuiuj . (10)
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(a) Larynx, vocal tract, propagation region, perfectly
matched layer (PML) regions

(b) PML region at inflow and comparison of the fine CFD
grid and coarse acoustic grid

Fig. 9: Geometry and mesh for the acoustic simulation.

Lighthill’s derivation assumes a scenario in which the

source region is surrounded by a large volume of fluid
at rest. Therefore the computed pressure has to be re-
garded as a superposition of acoustic and hydrodynamic
pressure inside the source region. Only for monitoring

points far away from the turbulent flow can the obtained
pressure be regarded as acoustic.

For the perfectly matched layers (see Fig. 9a) the

formulation as introduced by Kaltenbacher et al (2013)
is applied. For further details and numerical implemen-
tation, we refer to Kaltenbacher (2007).

The Newmark scheme is employed to solve the second
derivative in time. In order to employ the FEM to
discretize the space derivatives, the boundary value

problem (8) is required in a weak formulation. To achieve
this, equation (8) is multiplied by an appropriate test
function and is integrated over the whole domain Ω. The

necessary test function ψ is chosen from the Sobolev
space

H1 :=
{
ψ(.) ∈ L2(Ω)

∣∣ ∂ψ(x)/∂xi ∈ L2(Ω), ∀x ∈ Ω
}

(11)

with L2 the space of square integrable functions. The
variational formulation is then given as

∫

Ω

1

c2
∂2p′

∂t2
ψ dx−

∫

Ω

∆p′ψ dx

=

∫

Ω

∇ · (∇ ·T)ψ dx .

Applying Green’s integral theorem on the second

derivatives in space results in

∫

Ω

1

c2
∂2

∂t2
p′ψ dx+

∫

Ω

∇p′ · ∇ψ dx

= −
∫

Ω

(∇ ·T) · (∇ψ) dx .

An advantage of the FEM with regard to Lighthill’s

analogy, is the order reduction of the spatial derivative
of the Lighthill tensor due to the integration by parts.
As we assume hard reflecting walls (∂p′/∂n = 0) at the
vocal tract and larynx, the boundary integral arising

from the integration by parts is zero.

The infinite-dimensional space (11) is replaced by
finite-dimensional subspace Vh ⊂ H1 and a basis {ϕ1, . . . , ϕN}
of Vh is selected, with N the number of FE nodes in the

computational domain. Thereby, the unknown pressure
is approximated by

p′(t, x) ≈ p′h(t, x) =

N∑

i=1

p′i(t)ϕi(x) . (12)

Verification for the presented method was published

by Kaltenbacher et al (2010), in which simulation and
experimental results of the acoustic field induced by flow
around a cylinder are compared. Additionally, they ex-

amine the acoustics of co-rotating vortex pairs, for which
an analytic solution exists. Both verification examples
were in good agreement.

3.3 Perturbation equation

In contrast to Lighthill’s (LH) approach, the perturba-
tion equation (PE) approach takes mean flow effects into
account. This system of PDEs can be derived directly
from the governing equations of fluid dynamics based

on conservation of mass, momentum and energy as well
as the state equations of the fluid. The fundamental
idea is to introduce a splitting of the compressible field

variables, pressure pc, velocity uc and density ρc into
mean and fluctuating parts. For pressure and velocity
this reads as

pc = p+ p′ ; uc = u + u′ . (13)
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It is essential for the validity of this ansatz that the
perturbation quantities are much lower than the mean
quantities (i.e. p′ << p). A direct application of (13) to
the governing equations of fluid dynamics leads to the

linearized Euler equations (LEE) as used in Bailly and
Juvé (2000). Although the mean components of the flow
field are excluded from the solution, the perturbation

quantities cannot be regarded as acoustic quantities.
Therefore, the splitting is pushed one step further by
formally separating hydrodynamic and acoustic quanti-

ties. For the velocity field, this splitting is based on the
fact that the incompressible part of the velocity field
is purely solenoidal ∇ · uv = 0, whereas the acoustic
components are irrotational ∇ × ua = 0. Thereby we

obtain

uc = u + u′ = u + uv + ua . (14)

A similar ansatz can be applied for the other field
variables. Based on the assumptions of incompressible
homentropic CFD data, this approach leads to a system

of partial differential equations describing the aeroacous-
tic field in terms of acoustic pressure pa and acoustic
particle velocity ua as

∂

∂t
pa + ρc2∇ · ua +∇ · (paū) = − ∂

∂t
p− ū · ∇p,

∂

∂t
ua + (ua · ∇)ū + (ū · ∇)ua +

1

ρ
∇pa = 0.

(15)

Here, the right hand side of the first equation in (15)
is determined with the help of the CFD results, which
provides the incompressible variables p and, by time

averaging, the mean flow field u.
This approach of splitting the perturbation quan-

tities was initially used by Ewert and Schröder (2003)

to derive the Acoustic Perturbation Equations (APE),
which can be given in different variations for specific flow
situations. The system (15) is closely related to the APE-
2 system and the detailed derivation can be found in

Hüppe (2014) and Hüppe and Kaltenbacher (2012a), in
which also a stabilized finite element scheme is provided,
which enables efficient computations in the time domain.

Thereby, the first order time derivative is discretized by
the trapezoidal rule. To avoid reflections from the do-
main boundary, we use a perfectly matched layer (PML)

formulation given in (Hüppe and Kaltenbacher 2012b)
which is valid under the assumption of vanishing mean
flow inside the damping layer.

3.4 Acoustic Sources

McGowan (1988) investigated the sound generation
mechanisms of phonation from a fluid mechanical point

of view. He introduced the vorticity-velocity interaction
force, which is identical to the Lamb vector L apart from
the density constant (see eqn. (16)). To derive a relation-
ship between this force and sound production, McGowan

stated, based on Powell (1964), that the derivative of
the Lighthill tensor T may be approximated by the
divergence of the Lamb vector,

∂2Tij

∂xi∂xj
≈ ρ∇ · L = ρ∇ · ((∇× u)× u) . (16)

We use this approach to investigate the sound sources
and compare them to the source terms given by the
perturbation equation in (15).

Applying the Fast Fourier Transform (FFT) we ana-
lyze all source terms for the fundamental frequency
(100 Hz) producing tonal sound and a frequency of

1425 Hz inside the broadband noise region of the spec-
trum. Isosurfaces of the sources for both frequencies
are displayed in Fig. 10. For each approach the results
are normed to their maximum value. The plot of the

source terms indicates that the dominant source of the
fundamental frequency is clearly found inside the glottis
and the highest amplitudes are found in a thin layer

right above the surface of the vocal folds. These are
induced by the net force acting onto the surface of the
vocal folds, also found by Zhao et al (2002). This effect

is especially visible when considering the divergence of
the Lamb vector, as the isosurface for the value 0.4 is
found directly on the surface of the vocal folds. Also
a thin region of acoustic sources can be found down-

stream on the top and bottom of the supraglottal wall.
Considering (16), these source regions can be explained
by high velocity gradients in the vicinity of the wall,

which arise due to a large scale vortex deflecting the jet
in combination with the no-slip boundary condition.

For the non harmonic frequency 1425 Hz, we display

the acoustic sources in Fig. 10c and Fig. 10d. In this case,
the sources are concentrated in the vortical decay region.
In the case of the divergence of the Lamb vector the
shear layer of the jet stream originating from the glottis

also generates visible acoustic sources – an isosurface
value decreased by one order of magnitude was necessary
for proper visualization. In both cases, the sound sources

are caused by vortices in the supraglottal region, as can
be deduced by comparison to the flow field (Fig. 3).
Fig. 10 also shows that they are more than one order

of magnitude lower than the sources inside the glottis.
This conclusion is consistent with the findings of Zhao
et al (2002).

As a comparison between the cases C1, C1F, C2
and C2F, the acoustic sources for the PE equation are
depicted in the time domain by contour surfaces in
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(a) Divergence of the Lamb vector at 100 Hz

(b) PE source terms at 100 Hz

(c) Divergence of the Lamb vector at 1425 Hz with
the isosurface at 3 · 10−4

(d) PE source terms at 1425 Hz with the isosurface
at 1.6 · 10−3

Fig. 10: Acoustic sources for case C1, comparing the

two approaches in frequency domain at the fundamental
frequency of 100 Hz and a non-harmonic frequency of
1425 Hz. (Results have been normed to their maximum
value)

Fig. 11 for the time instant 180 ms, which is the same
time as for the vorticity plots in Fig. 3. In all four
figures the source term has been normalized to the

maximum amplitude of C2 PE, which had the highest
value. For the cases C1 PE and C1F PE, the pattern
is very similar. They show the highest value at the

glottis outflow and smaller values of acoustic sources
are additionally found in the turbulent region of the
jet. As for C2 PE and C2F PE, source terms with high
amplitudes are present along the length of the whole

glottis region. In contrast to C1 PE and C1F PE, contour
surfaces with lower threshold are only found in the first
half of the supraglottal region. This can be explained

by the vorticity plot in Fig. 3, which suggests a much
lower vorticity magnitude for C2 PE C2F PE case and

also reveals that the jet does not impinge as far as in
C1 and C1F. Correlation between vortices and source
distribution can clearly be seen when comparing Fig. 11
and Fig. 3.

(C1)

(C1F)

(C2)

(C2F)

Fig. 11: Acoustic PE sources in the time domain at time
instant 180 ms, middle of the vocal fold closing phase
for simulations C1, C1F, C2 and C2F.

The impact and further analysis of the four cases on
the acoustics is discussed in the next section.

3.5 Acoustic results

Inside the flow domain, as stated by Lighthill (1952), the
Lighthill’s analogy does not distinguish between acoustic
and hydrodynamic fluctuation quantities. Therefore, as

expected, for a monitoring point “Mic 1” inside the flow
domain 3.99 cm downstream of the glottis (see Fig. 9b)
this analogy gives a much higher sound pressure level

(SPL) inside the flow region than for the PE, as can
be seen in Fig. 12. The two aeroacoustic approaches
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show a discrepancy over the whole frequency range.
Calculations performed with the wave equation have
significantly higher SPL, up to 20 dB for the fundamen-
tal frequency of 100 Hz. Furthermore, the envelope of

the higher harmonic frequencies is different: for the fre-
quency range of 0.5–2.5 kHz the wave equation stagnates
at about 70–80 dB, whereas for the perturbation equa-

tion the SPL rises from about 55 dB–75 dB in the range
of 0.5–1.3 kHz and then drops down to 50 dB at 2.5 kHz.
As a result, higher harmonics are masked by broadband

noise in the Lighthill’s analogy, but harmonics up to
700 Hz are visible for the PE.

As previously mentioned, the described differences
in the obtained SPLs can be explained by the fact that
the pressure computed using the Lighthill tensor as the
acoustic source is superimposed by hydrodynamic quan-

tities inside the source region. Thereby an interpretation
of the SPL with respect to acoustics is hard to establish.
This is not the case for the perturbation equations as

flow and acoustic components of the field are separated
right from the beginning of the derivation thus avoiding
these effects.
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Fig. 12: Acoustic pressure at “Mic 1” for the simulations
C1 u LH and C1 u PE

.

The sound spectrum evaluated at “Mic 2”, positioned
1 cm from the mouth (approx. 23 cm from the glottis) in

the propagation region is given in Fig. 13 for the /i/ and
/u/ vowels. The computed formant frequencies (local
maxima of the spectral envelope, distinctive attributes

of the individual vowels) are summarized in Tab. 2, and
compared to the formant frequencies of the natural
speech published by Story et al (1996). For both vowels
the formants show a small deviation to natural speech,

which can be explained by the additional volume of the
CFD domain (see Sec. 3.1).

Fig. 13 also demonstrates the degree of agreement
between the Lighthill’s and PE approach. All formants

Table 2: First three formants from natural speech as
given by Story et al (1996) and simulated by our repro-

duced vocal tract for all CFD cases. Natural speech is
denoted by superscript “N”, the simulated version by
“S” (Lighthill’s analogy and PE are identical).

/i/N /i/S /u/N /u/S

F1 333 Hz 292 Hz 389 Hz 270 Hz
F2 2332 Hz 2538 Hz 987 Hz 1000 Hz
F3 2986 Hz 2749 Hz 2299 Hz 2484 Hz
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(a) Acoustic pressure for vocal tract /i/
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(b) Acoustic pressure for vocal tract /u/

Fig. 13: Acoustic sound spectra at a monitoring point
“Mic 2” downstream of the mouth for both vocal tract
models, comparing Lighthill’s acoustic analogy and the

perturbation equations. Black vertical lines indicate the
formants.

are identical in frequency and for all non harmonic
frequencies the amplitudes are in good agreement. Nev-
ertheless, the spectra show different amplitudes of the
fundamental frequency 100 Hz and its harmonics. The

higher amplitudes can be explained by the acoustic field
at the monitoring point “Mic 1”, which is inside the
flow field. Especially the second harmonic frequency has

a 30 dB higher value for the Lighthill approach. Hydro-
dynamic fluctuating pressure superimposes the acoustic
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pressure, which also leads to the increased results also
at the second monitoring point “Mic 2”. As a result, all
the following acoustic simulations are performed by the
PE.

To assess the acoustic impact of the FVFs, we will
focus on the results of the simulation domain repre-
senting the vocal tract /u/ at the recording point “Mic

2”. In Fig. 14 the observed frequency spectra are con-
trasted with the simulation without false vocal folds,
distinguishing themselves only by the harmonics. With-

out FVFs, harmonics dominate other frequencies up to
1 kHz, whereas with FVFs they are clearly visible over
the whole illustrated frequency range. This phenomena
is noticeable when analyzing the acoustic sources in

Fig. 15, in which they are plotted in the coronal plane
at one of the harmonics (2.6 kHz). The figure reveals
that by including the FVFs a significantly larger source

region is generated, which is higher in amplitude. Com-
paring C2 u PE and C2F u PE the inclusion of the false
vocal folds has the same effect on the amount of pro-

nounced harmonics, but mainly found below 1.3 kHz.
However, for C1F u PE the increase in amplitude of
the harmonics, holds for the whole examined frequency
range.

The set of simulations also allows comparison of
the cases with different vocal fold motion, C1F u PE
and C2F u PE. Fig. 16 depicts the FFT of the acoustic

signal at the monitoring point “Mic 2”. Harmonic fre-
quency only differs about 2–3 dB except at 300 Hz where
C2F u PE is 8 dB higher. Above 800 Hz the harmonics

in C2F u PE are not distinguishable from non harmon-
ics, whereas in C1F u PE harmonics are still identifiable.
However, non harmonic frequencies in C2F u PE are
up to 10 dB lower in amplitude compared to the case

C1F u PE – the same holds, when comparing C1 u PE
with C2 u PE. The reason for this can be found by ana-
lyzing the sources in Fig. 11 and the vorticity in Fig. 3.

The fundamental frequency, as shown earlier, has the
origin inside the glottis and, as Fig. 11 indicates, these
source terms are pronounced for both cases. In contrast,

non harmonic acoustic frequencies are suppressed for the
C2F u PE case. These frequency components are created
due to turbulence, as shown earlier (see Fig. 10), and
compared to the C1 and C1F cases, the vorticity exhibits

significantly lower magnitudes (see Fig. 3), hence the
suppressed frequencies.

4 Conclusions

We have developed an aeroacoustic model of human
voice production. The CFD model, based on unsteady

incompressible Navier-Stokes equations in 3D, is one-
way coupled with an aeroacoustic solver, CFS++. The
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(a) Acoustic pressure of C1 u PE and C1F u PE

0

10

20

30

40

50

60

70

100 200 300 500 2000100 1000

S
P
L

Frequency

C2_u_PE
C2F_u_PE

(b) Acoustic pressure of C2 u PE and C2F u PE

Fig. 14: Acoustic sound spectra calculated by the per-
turbation equations at a monitoring point “Mic 2” for
the vocal tract model /u/. Harmonics are emphasized
with the symbol � (without FVFS) and • (with FVFs).

flow field is solved on a time-dependent computational
domain, deformed by the vibration of the vocal folds.

To resolve the fine scales of turbulence of the highly
unsteady and separated airflow within the 3D vocal fold

channel, a sufficiently fine computational grid has to be
used, resulting in relatively high computational demands.
The CFD simulations were run in parallel on a small

shared-memory SGI Altix UV supercomputer, using the
domain decomposition method and SGI implementation
of the MPI standard.

The CFD simulations were performed in four differ-

ent geometrical configurations, allowing us to assess the
influence of the false focal folds and of the convergent-
divergent motion of the vocal folds. The jet formed in
the glottis is affected by a combination of supraglottal

pressure distribution and recirculation flow patterns.
The effect of the false vocal folds on the flow rate and
on the jet deflection angle was shown to be ambiguous

for the two types of vocal fold motion. When the vocal
fold medial surface exhibits convergent-divergent shap-
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(a) Acoustic sources for the simulation C1 u PE

(b) Acoustic sources for the simulation C1F u PE

(c) Acoustic sources for the simulation C2 u PE

(d) Acoustic sources for the simulation C2F u PE

Fig. 15: Acoustic sources in the frequency domain of the
acoustic perturbation equation at 2.6 kHz. Normed to
the maximum value found for the C2F u PE.

ing, the intraglottal pressure profile is different with
impact on the jet shear layer, which is wider during
the divergent phase, produces less vorticity and thereby

suppresses higher acoustical frequencies.

Concerning acoustics, two acoustic field calculations

were tested: Lighthill’s analogy and the linearized acous-
tic perturbation equations. As expected from the theo-
retical analysis, the Lighthill’s analogy showed a 20 dB
overestimation of SPL inside the source region, which

may be related to the fact that pressure computed by
Lighthill’s wave equation must be seen as a superpo-
sition of acoustic and hydrodynamic pressure. For a

recording point in the acoustic propagation region good
agreement between these two approaches was achieved.
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Fig. 16: Acoustic sound spectra at a monitoring point
“Mic 2”, comparing C1F u PE and C2F u PE. Black ver-
tical lines indicate the formants.

The simulated formant frequencies for the /i/ and /u/
vowels compared well with the formant frequencies mea-
sured on human subjects. Furthermore, the simulations
suggest that the false vocal folds induce an amplifica-

tion of higher harmonics in the radiated acoustic field.
When convergent-divergent VF vibration was compared
to the oscillation with fixed convergence angle of the me-

dial surface, a reduction of the non harmonic frequency
content was found.

The current model contains numerous simplifications
with respect to the complex physiology of human voice
production. However, we have shown that a reduced

model, well balanced with respect to modeling complex-
ity and computational cost, can contribute to a bet-
ter understanding of the aeroacoustic sound generation

mechanisms in phonation.
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4.4 PIV measurements of flow in physical vocal fold models

4.4.1 Overview and context

The numerical modeling of airflow in human vocal folds has always been complemented by at-
tempts to investigate the glottal flow and pressure fields experimentally. However, due to the inac-
cessibility of the vocal folds, direct in vivo flow measurements are mostly restrained to monitoring
the instantaneous flow rate at lips and nostrils by means of the Rothenberg mask (Hertegard and
Gauffin, 1992). To obtain deeper understanding of the laryngeal fluid dynamics, flow measure-
ments can be performed either using excised animal model larynges – usually canine (Alipour
and Scherer, 2006, Khosla et al., 2008, Alipour and Finnegan, 2013), or excised human larynges
(Alipour et al., 1996b, Tsai et al., 2009). A thorough overview of the measurements using excised
larynges can be found in (Dollinger et al., 2011). Although the excised larynx measurements are the
closest approximation to the real physiological situation, this approach brings numerous complica-
tions. The tissues have to be treated carefully, with quick post-mortem measurements preferable
compared to freezing and rethawing procedures, which usually influence the mechanical properties
and thus the vibration of the vocal folds. The real larynges have very complicated geometry, which
is highly subject-specific. Moreover, due to ethical concerns and related regulations the access to
animal and especially human excised larynges is very limited, and the measurements have to be
performed in close cooperation with persons skilled in pathology.

The second way of experimental investigation of flow in human vocal folds is the usage of
physical vocal fold models. These models are usually further from the real laryngeal physiology,
but the geometry and material properties are better defined and the measurements more repeatable.
The models can be also upscaled while retaining dynamic similarity with the real vocal folds (i. e.
by using a fluid with higher viscosity), which can improve the spatial resolution e. g. when using
global imaging methods or discrete pressure measurements. The list of physical models of vocal
folds is immense, a thorough review paper on this topic was published by Kniesburges et al. (2011).
If we restrict ourselves to studies using laser visualization and velocity field measuring techniques,
they can be divided into three categories: works using models, where the vocal folds do not oscillate
(Shinwari et al., 2003, Erath and Plesniak, 2006a,b, Kucinschi et al., 2006a), models with forced
vocal fold oscillation using rotating cams or driven stepper motors (Triep et al., 2005, Kucinschi
et al., 2006b, Krane et al., 2007, Triep and Brücker, 2010) and self-oscillating synthetic models
fabricated from soft silicon or polyurethane mixtures (Neubauer et al., 2007, Becker et al., 2009,
Drechsel and Thomson, 2008).

4.4.2 Author’s contributions to flow field measurements in vocal fold synthetic mod-
els

The author’s own PIV measurements of the supraglottal velocity fields using physical models of
vocal folds are summarized in two papers reprinted in the following section. The first paper, pub-
lished in Acta Technica (journal without impact factor) reports on coherent structures downstream
of a life-sized polyurethane model with latex cover layer, developed in the Institute of Thermome-
chanics. The vocal folds were attached to a transparent vocal tract model, where the flow field was
measured by PIV and further analyzed by Proper Orthogonal Decomposition (POD).
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The second paper reprinted from Experiments & Fluids describes the mechanical vibration,
acoustic and flow field measurements obtained using a 4:1 scaled synthetic self-oscillating vocal
fold model, developed by the author himself in cooperation with Olivier Doaré and Olivier Cadot
from École Nationale Supérieure de Techniques Avancées, Paris. The phase-locked flow field mea-
surements with high spatial resolution were used to quantify the position of the flow separation
point during vocal fold oscillation.
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Reprints

• J. Horáček, P. Šidlof, V. Uruba, J. Veselý, V. Radolf, and V. Bula. Coherent structures in the
flow inside a model of the human vocal tract with self-oscillating vocal folds. Acta Technica,
55:327–343, 2010

• P. Šidlof, O. Doaré, O. Cadot, and A. Chaigne. Measurement of flow separation in a human
vocal folds model. Experiments in Fluids, 51(1):123–136, 2011
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Coherent structures in the flow
inside amodel of the human vocal
tract with self-oscillating vocal folds1

Jaromír Horáček2,3, Petr Šidlof2, Václav Uruba2,
Jan Veselý2, Vojtěch Radolf2, Vítězslav Bula2

Abstract. The measurement of the airflow in a specially developed 1 : 1 scaled complex
physical model of the voice production is described. This model consists of simplified models
of the trachea, the self-oscillating vocal folds and the vocal tract with acoustical spaces that
correspond to the vowel [a:]. The measurement set-up enabled to use the Particle Image
Velocimetry (PIV) method for description of the airflow-pattern and synchronous vocal fold
vibration visualization, acoustic and pressure measurements. The results are presented for
the subglottal pressure and airflow rates in the range of normal human phonation. Especially,
Coanda effect of the glottal jet and coherent structures showing large eddies in the glottal
region of the vocal tract are studied.

Key words. Biomechanics of voice, voice production modeling, PIV method, coherent
structures.

1. Introduction

Voice production is a complex physiological process, which involves sev-
eral basic factors like airflow coming from the lungs, vocal-folds vibration and
acoustic resonances of the cavities of the human vocal tract [1]. The airflow
is given by the air pressure in lungs. Primary pressure fluctuations arise in
the human larynx as a result of the flow induced vocal folds vibration. The
acoustic resonant spaces, formed by the air cavities upstream the vocal folds,
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modify the sound and codetermine its final quality. The self-oscillating vocal
folds, excited by the airflow, generate a primary laryngeal tone whose funda-
mental frequency corresponds to the vibration frequency of the vocal folds. In
the airways above the vocal folds, i.e. in the vocal tract, the acoustic resonant
phenomena modify the spectrum of the primary laryngeal tone. However, an
exact physical mechanism changing the airflow energy into the acoustic energy
in the glottis is not properly known yet.
Biomechanical modeling of the voice production is based on general physical

principles of fundamental disciplines of mechanics (vibration and dynamics of
compliant bodies, fluid dynamics and acoustics). The computational modeling
can be carried out only approximately. The mathematical models must be
verified experimentally, partly by a clinical in vivo investigation but mostly
on physical models in vitro. This is especially important when some physical
quantities or parameters are neglected in the theoretical solution, such as the
fluid viscosity, turbulence or interaction of the vocal tract acoustics with the
vibration of the vocal folds.
Because the investigation of the airflow pattern in the glottis region in vivo

is problematic, the measurements of the flow characteristics and regimes are
provided on various physical models. A number of experiments were performed
for flows in 2D rigid in vitro models of the glottis (see e.g. [2]–[4]), where mainly
static pressure measurements were carried out for different geometries of the
glottal region. Such experiments concentrated on the effects of the channel
asymmetry and shape (convergent, liplike and divergent). Later, similar studies
were provided with vibrating replicas that mimicked the vocal folds motion like
a rigid body [5]–[7].
Recently, Particle Image Velocimetry (PIV) technique enabled new possibili-

ties in such studies [8]–[17]. The unsteady respiratory airflow during inspiration
and expiration in a 3D complex model of the human airway cavities created
from CT images including the vocal and nasal tracts, larynx, trachea and lungs
was studied in [8]; no vocal fold vibrations exist in this case.
PIV studies [9]–[11] of the 3D water flows behind a driven 3 : 1 scaled-up

model of the opening and closing glottis took into account the influence of
the ventricular folds and irregularity of the glottal closure. Similar PIV mea-
surements in [12] were focused on Coanda effect in the jet of the airflow in a
scaled-up driven model of the vocal folds modeled by a moving rigid body. The
airflow-structure-acoustic interaction on a 4 : 1 scaled-up model of the glottis
shaped by one self-oscillating vocal fold with two-degrees of freedom while the
other vocal fold was unmovable was studied in [13] and [14].
Sophisticated and more realistic 1 : 1 scaled experiments were performed by

Neubauer et al. [15] studying the coherent structures in a free air jet near
self-oscillating vocal folds. Influence of a vocal folds asymmetry on skewing of
the glottal free jet was studied by Pickup & Thomson [16] using self-oscillating
vocal folds made of two-layer silicon rubber modeling the vocal fold body and
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cover. Becker et al. [17] modeled a full fluid-structure-acoustic interaction in a
test rig using self-oscillating polyurethane model of the vocal folds and taking
into account influence of a simplified vocal tract model on the air jet focusing
on Coanda effect.
The present study describes the developed 1 : 1 scaled complex physical

model of the voice production in humans that consists of the trachea, the self-
oscillating vocal folds and the vocal tract with acoustical spaces corresponding
to the vowel [a:]. The time-resolved PIV method was used for instantaneous
velocity field evaluation. The vibrating vocal folds during oscillation were
recorded by a high-speed camera in the same instants as the airflow veloc-
ity patterns. The results are presented for measurements performed within a
physiological range of mean airflow rate, subglottal pressure and fundamental
frequency of the vocal folds vibrations.

2. Measurement set-up

The scheme of the all instrumentation and of the test rig is shown in Fig. 1.
The airflow was coming from a pressure vessel (PV-17) joint to a central com-
pressor. Prior to the measurement, the storage tank (ST-2) was filled with
the smoke particles coming from the generator DANTEC High Volume Liq-
uid Seeding Generator 10F03 (GEN-1), or for tracing particles the cigarette
smoke was used instead of the generator. Then the corresponding valve was
closed. The mean airflow rate in the main measurement line was controlled
by the digital flow controller AALBORG DFC4600 (DFC-3 and PC1-4) and
measured by the float flow meter (FM-20). Before entering the glottal region of
the model with the mounted vocal folds (VF-6), the subglottal pressure in the
model of the trachea (SUB-18) was measured by the special dynamic semicon-
ductor pressure transducers IT AS CR (PT-5) mounted on the channel wall.
The trachea was modeled by a Plexiglas tube (length 23 cm and inner diame-
ter 25.5 mm). The PIV laser sheet (LAS-PIV-7) was focused on a part of the
vocal tact model (VT-19), which was observed by the PIV high-speed camera
(CAM-PIV-11). The self-oscillating vocal folds were synchronously recorded by
the other high-speed PIV camera (CAM-IM-12). The microphone of the sound
level meter B&K 2239 (B&K SLM-13) was installed in the distance of 30 cm
from the outlet of the vocal tract model. The time signals from the pressure
transducers and microphone were measured by the B&K measurement system
Pulse 10 with Controller Module MPE 7537 A (PULSE-14) controlled by a
computer (PC-15). The computer (PC4-21) was used for recording the vocal
folds model vibrations by the high-speed camera.
The time-resolved PIV method was used for instantaneous velocity field

evaluation. The measuring system DANTEC consists of PIV Laser Unit New
Wave Research Pegasus (Nd:YLF, cylindrical optics, double head, wavelength
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Fig. 1. Scheme of the measurement set-up

527 nm, frequency up to 10 kHz, shot energy 10 mJ for 1 kHz) (LAS UNIT-9),
two high-speed CCD cameras NanoSense MkIII Nikon AF micro Nikkor 60 mm,
aperture f/5.6, focused at distance cca 15 cm, with maximal resolution 1280×
×1024 pixels and corresponding maximal frequency 500 double-frames per sec-
ond, Cooler Thermo Electron corporation NESCAB MERLIN M33 (COOL-8),
DANTEC IDTX-Streaming timing HUB (HUB-10). The camera memory 4 GB
represents 1635 full resolution double-frames. The maximal frequency of the
camera is limited by data rate so that it could be augmented by reducing
the resolution. In the experiments, we used reduced resolution with maximal
possible frequency, and 1000 consecutive snapshots were acquired. The main
computer Dell Precision PIV S690 with 8 core Xeon 3.73 GHz and 4GB RAM
(PC3-16) controlled the complete PIV system. The software Dynamics Stu-
dio ver. 3 was used for both data acquisition and velocity-fields evaluation by
application of the adaptive correlation method.

3. Vocal folds and vocal tract models

The shape and dimensions of the vocal folds model are shown in Fig. 2.
The vocal folds skin was made of a latex thin cover layer filled by a compound
prepared from polyurethane elastomer VytaFlexTM consisted of parts A and B
and the softener So-Flex mixed in the ratio 1 : 1 : 3. The vocal folds model was
joined to the model of the subglottal spaces.
A simplified 2D Plexiglas model of the human vocal tract was developed

from the 3D finite element models designed from magnetic resonance images
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Fig. 2. Schemes of the models; upper picture: the vocal folds mounted
in a supporting frame, lower picture: the vocal tract for vowel [a:]
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of the subject during phonation [18]. To ensure their correspondence, the
2D and 3D models have the same areas in the cross-sections along the vocal
tract. The shape of the 2D vocal tract model for the vowel [a:] is sketched
in Fig. 2. The model begins with a simple model of the laryngeal cavity near
the ventricular folds and ends at the lips modeling the mouth cavity. This 2D
model covered by another two plane-parallel Plexiglas walls enabled the airflow
visualization by the PIV method.
The photos in Fig. 3 show the measurement set-up including a detail of the

voice producing model consisted of the subglottal, the vocal folds and the vocal
tract parts.

4. Identification of coherent structures
by orthogonal decomposition method

The Proper Orthogonal Decomposition (POD) method was introduced in
the context of turbulence by Lumley [19] as an objective definition of what
was previously called big eddies and which is now widely known as coherent
structures. Convergence of the series of eigenmodes is very fast in the flows
in which large coherent structures contain a major fraction of the total kinetic
energy, e.g. the pseudo-periodical vortex streets in wakes.
The Bi-Orthogonal Decomposition (BOD) method represents an extension

of the POD method. While POD analyzes data in spatial domain, the BOD
performs spatiotemporal decomposition. Aubry et al. [20] presented the BOD
as a deterministic analysis tool for complex spatiotemporal signals. First,
a complete decomposition in two-dimensional space and time was performed.
These decompositions were based on two-point temporal and spatial velocity
correlations. A set of orthogonal spatial (topos) and temporal (chronos) eigen-
modes are to be computed allowing the expansion of the velocity field. The
BOD method analyzes a deterministic space–time signal (e.g. velocity) u(x, t),
which is decomposed as follows:

u(x, t) =
N∑

k=1

λk ϕk(x)ψk(t) . (1)

The bar denotes complex conjugate, ϕk(x) are spatial eigenfunctions so-
called toposes, ψk(t) are temporal eigenfunctions so-called chronoses, λk are
the common eigenvalues and N is number of the PIV snapshots.
Global flow energy can be written as

EG =
N∑

k=1

λ2k , (2)
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Fig. 3. Measurement set-up; upper picture: general view, lower picture: detail of the model
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and a cumulative sum of energy showing the relative importance of each topos
is given by

Ek =
k∑

j=1

λ2j

/
EG , k = 1, 2, . . . , N . (3)

It should be noticed that the BOD introduces a time–space separation in
the velocity field expansion. While the classic orthogonal decomposition POD
is based on full two-point space–time correlations and entails space and time-
dependent eigenmodes, BOD is closer to analytical and numerical studies where
the velocity field is naturally expanded over products of spatial functions and
temporal functions.
Detailed description of the POD and BOD methods and a mathematical

background is given e.g. in paper [21].

5. Results

The results are presented here for the mean airflow rate Qmean = 0.25 l/s,
the fundamental frequency of the vocal folds self-oscillation F0 = 158 Hz, the
time difference between two laser-pulses ∆t = 6 µs and the laser frequency
flas = 1582 Hz.
The microphone and subglottal pressure signals are shown in Fig. 4 together

with the spectrum of the microphone signal and the glottal gap width evaluated
from the series of the images of the vibrating vocal folds in the cross-section
plane where the flow visualization by PIV was performed. The signals are not
perfectly periodic, because the vocal fold vibrations were not exactly repeat-
able in each oscillation cycle and the sampling frequency of the high-speed
camera was not sufficient due to the limits of the frequency range of the PIV
system. The fundamental frequency of the acoustic and pressure signals was
F0 = 158 Hz with many higher harmonics, and the sound pressure level (SPL)
measured at the distance 30 cm in front of the lips model was 75.9 dB. In addi-
tion to the formant frequencies at about F1 ∼= 650 Hz, F2 ∼= 1 kHz, F3 ∼= 3 kHz
and F4 ∼= 4 kHz detected in the microphone spectrum, which approximately
agree with the computed values of the formant frequencies, some other para-
sitic resonant frequencies of an unknown origin can be seen in the spectrum
near 1.5 and 2.5 kHz.
It should be noted that the beginning and end of the closing and opening

phases of the glottis motion were not observed at the exactly identical times
along the vocal folds model. This could emphasize 3D effects in the flow in the
vocal tract.
The airflow velocity patterns evaluated from the PIV measurement in the

laryngeal and epiglottis part of the vocal tract model during one vocal fold
oscillation period are shown in Fig. 5. The denoted images (i = 1–11) and
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a)

b)

c)

d)

Fig. 4. Measured signals; a) microphone signal (radiated sound from the vocal tract),
b) subglottal pressure measured by the pressure transducer in the model of the trachea,
c) changes of glottal gap width measured at the middle cross-section of the vibrating

vocal folds, d) FFT spectrum of the microphone signal
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Continued .

Fig. 5. Airflow velocities measured near the glottal region and vibration of the
vocal folds model in i = 1–11 time instants during one oscillation cycle; the air
flows from the right to the left and the absolute values of the velocity vectors
are highlighted by a gray intensity scaling; the vibrating vocal folds are shown

on the right side of each picture

130 CHAPTER 4. APPLICATION: HUMAN VOICE BIOMECHANICS



FLOW INSIDE A MODEL OF HUMAN VOCAL TRACT 337

4.4. PIV MEASUREMENTS OF FLOW IN PHYSICAL VOCAL FOLD MODELS 131



338 J. HORÁČEK ET AL.

Fig. 6. First four toposes; the air flows from right to left
and the absolute values of the topos vectors are highlighted

by a gray intensity scaling
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Fig. 7. Cumulative energy of the flow

time instants exactly correspond to the sampling frequency of the glottal gap
width as shown in Fig. 4. The images i = 1–11 of the vibrating vocal folds
recorded at the same time instants are added to the right-hand side of each
airflow velocity pattern. A small circle on each image denotes the position of
the point with the maximum value of the airflow velocity evaluated at each
time instant. The maximum airflow velocities about 90 m/s are observed in
the jet near the vocal folds outlet during the maximum glottis opening (see the
images i = 1 and i = 11 in Fig. 5). The flow is asymmetric; the jet is skewed
and predominantly attached to the upper wall of the channel resembling the
Coanda effect.
The coherent structures evaluated in the flow field are shown in Fig. 6,

where first four toposes ϕk(x, y) (k = 1, 2, 3, 4) are presented using a streamline
display pattern. The corresponding cumulative flow energy Ek for individual
modes (k = 1, 2, . . . , 1000) and first four chronoses ψk(t) associated with the
toposes (k = 1, 2, 3, 4) are shown in Figs. 7 and 8, respectively.
The first six orthogonal spatial eigenmodes (toposes ϕk(x, y), k = 1, 2, . . . , 6)

represent about 90 % of total kinetic energy (see Fig. 7). This means that a few
lower order, high-energy modes could capture principal properties of the entire
flow. The first topos (k = 1) contains nearly 75 % of the flow energy and
represents more or less the mean flow. The second topos (k = 2) having about
8 % of energy forms a strong jet detecting the Coanda effect when the jet can
attach randomly the upper or lower wall of the channel. The third topos (k = 3)
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with about 3.8 % of flow energy represents a strong large vortex situated on
the left side from the model of the ventricular folds sitting at the upper wall
in the epilaryngeal part of the vocal tract model. The vortex dimensions are
comparable with the height (cross-section) of the channel (see, the streamline
pattern for k = 3 in Fig. 6). Just before entering the model of the mouth cavity
in the narrowest part of the vocal tract model the large vortices disappear and
the flow is getting nearly uniform. The topos k = 4 containing about 1.5 % of
the total flow energy shows formation of the smaller vortices.
The direction of the each term of the velocity vector in the sum in (1) is

given by the topos multiplied by the corresponding chronos, which can have ei-
ther positive or negative instantaneous value. The first chronos shown in Fig. 8
has only positive values and the positive constant mean value characterizes the
pulsating mean flow velocity magnitude. The second chronos can be charac-
terized as a time process with strong fundamental vibration frequency F0 and
higher harmonics. The higher toposes are characterized by the higher level of
the random component and the stronger higher harmonics.
Large eddies of a size comparable with the channel height were clearly no-

ticeable in the airflow velocity patterns in the model of the mouth cavity. The
first topos measured in this part of the vocal tract that contains about 87 % of
the flow energy is shown in Fig. 9. The airflow was here permanently attached
to one wall of the channel forming the Coanda effect in the jet coming from the
narrow epilaryngeal part. It should be noted that for the flow visualization in
the mouth cavity model another setting of the experiment had to be arranged
due to limited dimensions of the field of view, which can be measured by the
used PIV system.

6. Conclusion

The results of the PIV measurements of the airflow in the human vocal tract
model and analyses of the coherent flow structures show large vortices with
dimensions comparable with the channel cross-section above the ventricular
folds and Coanda effect with the flapping air jet coming from the vibrating
glottis. The vortices disappear in the narrowest epilaryngeal part of the vocal
tract where the flow is uniform. Considerable 3D effects of the glottal flow
were observed in the vocal tract, especially near the vibrating vocal folds and
for higher airflow rates. Large eddies of a size comparable with the channel
height were observed in the model of the mouth cavity.
The results are qualitatively in a good agreement with the recent experi-

mental studies of unsteady flows near the oscillating glottis, focused, however,
mainly on the flapping jet where no vocal tract forming the shape of the channel
was modeled.
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Fig. 8. First four chronoses in time and frequency domain
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Fig. 9. First topos in the mouth cavity model; the air flows from right to left and
the absolute values of the topos vectors are highlighted by a gray intensity scaling
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Antoine Chaigne

Received: 10 February 2010 / Revised: 18 November 2010 / Accepted: 14 December 2010 / Published online: 7 January 2011

� Springer-Verlag 2011

Abstract The paper provides experimental data on flow

separation from a model of the human vocal folds. Data

were measured on a four times scaled physical model,

where one vocal fold was fixed and the other oscillated due

to fluid–structure interaction. The vocal folds were fabri-

cated from silicone rubber and placed on elastic support in

the wall of a transparent wind tunnel. A PIV system was

used to visualize the flow fields immediately downstream

of the glottis and to measure the velocity fields. From the

visualizations, the position of the flow separation point was

evaluated using a semiautomatic procedure and plotted for

different airflow velocities. The separation point position

was quantified relative to the orifice width separately for

the left and right vocal folds to account for flow asym-

metry. The results indicate that the flow separation point

remains close to the narrowest cross-section during most of

the vocal fold vibration cycle, but moves significantly

further downstream shortly prior to and after glottal

closure.

1 Introduction

Human voice is created by expiring air from the lungs

through a narrow constriction called the glottis. This con-

striction is formed by the vocal folds, located in the larynx.

The vocal folds (also called the vocal cords) are two

symmetric soft tissue structures fixed between the thyroid

cartilage and arytenoid cartilages. Basically they are

composed of the thyroarytenoid muscle and ligament

covered by mucosa. Under certain conditions (subglottal

pressure, glottal width, longitudinal tissue tension), the

vocal folds can start to oscillate and in regular phonation

close the channel periodically, thus creating disturbances of

the pressure field. These pressure disturbances are further

filtered by the vocal tract, radiated from the mouth, and

perceived as voice.

The concept of fluid–structure–acoustic interaction

between the airflow, elastic vocal folds, and sub- and

supraglottal acoustic spaces relies on knowledge of aero-

dynamics in the larynx. However, due to periodic closure

of the glottal channel during vocal fold vibration and

inherent unsteadiness of the airflow, the aerodynamic

effects in the larynx are very complex. In spite of the

progress in fundamental research of human voice produc-

tion during recent years, some features of the glottal flow

are not yet fully understood, one of them being flow

separation from the vocal fold surfaces.

From the fluid-mechanical point of view, the human

larynx can be seen as a nearly planar nozzle with time-

varying clearance. In the convergent part, the airflow

accelerates. Near the narrowest cross-section, airflow sep-

arates due to adverse pressure gradient and forms a jet (see

Fig. 1). Although flow separation in divergent ducts has

been intensively studied, usable criteria predicting flow

separation are known only for simple cases. Fox and Kline

(1962) published performance maps for straight and coni-

cal diffusers: in these cases, the most important factors are

the area ratio, divergence angle, and inlet boundary layer

blockage. Generally, the authors show that the boundary

layer does not separate and the flow remains attached to
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both walls only for low divergence half-angles (less than

10o for short diffusers, less than 1o for long ones). As the

divergence angle increases, the flow shifts to transitory stall

and further to bistable stall, when the flow separates from

one wall only. For even higher divergence angles and

diffuser lengths, there is jet flow, where the mainstream

almost ignores the walls and passes at nearly constant area.

For the much more complex case of flow past human

vocal folds, however, there are no general criteria pre-

dicting where exactly the flow separation takes place, as

this can be influenced by many factors: interaction of the

jet with supraglottal turbulent and vortical structures; flow

interruption during glottal closure and formation of the new

jet when the glottis reopens; whether the boundary layer

has enough time to develop, etc. Yet, the information on

the flow separation position is essential, e.g., in simplified

computational models of phonation, where the airflow is

usually modeled by Bernoulli or Euler equations. These

models, still widely used due to their computational effi-

ciency, require prior knowledge of the separation point

position to obtain realistic pressure distributions along the

vocal folds.

In the field of voice production research, the importance

of the flow separation point movement was assessed the-

oretically in the paper of Krane and Wei (2006). Zhang

(2008) showed in his sensitivity study that the flow sepa-

ration location has significant impact on the eigenmode-

coupling effect of the flow-induced stiffness, which he

regards as a primary mechanism of phonation onset. He

concludes that the high sensitivity to the flow separation

location indicates to the need for phonation models to be

capable of accurate prediction of flow separation.

In the simplified computational models of phonation, the

position of the separation point is either fixed to the

superior margin of the vocal folds (Story and Titze 1995;

Horáček et al. 2005; Zanartu et al. 2007; Zhang et al.

2007) or supposed to move along the divergent part of the

glottis. In this case, its position is usually specified using a

semiempirical criterion, which states that the jet separates

at the position where the channel cross-section A reaches

A=Amin ¼ FSC; ð1Þ

where Amin is the minimum glottal cross-section (see

Fig. 1) and FSC is a constant which can be called ‘‘flow

separation coefficient’’. In different published papers, var-

ious values of FSC are used: Deverge et al. (2003) sets

FSC = 1.2 (based on the pioneer work of Pelorson et al.

(1994) and private communication with Liljencrants), the

model of Lucero (1998) assumes FSC = 1.1. In their

comparative study, Decker and Thomson (2007) tested

different values of the flow separation coefficient:

FSC = 1.2 and FSC = 1.47 (according to finite volume

computations of Alipour et al. (1996) and Alipour and

Scherer (2004)). Recently, Cisonni et al. (2008) published

data on the flow separation point coefficient computed by

inverse simplified flow models. According to their results,

the coefficient remains almost constant with a value

FSC = 1.08 when a Poiseuille model is employed, or

oscillates in the range FSC = 1.02–1.07 when a Bernoulli

model is used.

It appears that a criterion for flow separation position

expressed by Eq. (1) approximately holds for steady or

quasi-steady flow, but its validity for intrinsically unsteady

pulsating flow past vibrating vocal folds is questionable.

Vilain et al. (2004) discusses this issue and proposes to

solve the glottal flow alternatively by Thwaites’ method

within the boundary layer. This is done by Hirtum et al.

(2005), whose simplified Navier–Stokes solver predicts

FSC = 1.2–1.75.

The next controversial issue is that the criterion (1)

implicitly assumes that the glottal flow is symmetric with

regard to glottal mid-plane and that it separates at the same

location on the right and left vocal folds. However, many

of the recent works on glottal airflow dynamics, both

computational and experimental, show that in reality the

behavior of the glottal jet is more complex and strongly

asymmetric. During vocal fold vibration, the location

where the airflow separates might move down- and

upstream considerably.

Hofmans et al. (2003), solving the Navier–Stokes

equations by the ‘‘viscous vortex blob’’ method, obtained

FSC = 1.2 for a narrow glottis and FSC = 1.4–1.6 for

widely abducted vocal folds. The finite volume computa-

tions of Alipour and Scherer (2004) yielded FSC = 1.1–

1.9. Thomson et al. (2005) were among the first to include

fluid–structure interaction in a FEM model and compared

the computational results with experiments on a true-scale

rubber physical model, but did not investigate flow sepa-

ration. The paper of Suh and Frankel (2007), who solved

the Favre-filtered compressible Navier–Stokes equations in

3D by finite element method, was focused on flow–acoustic

Fig. 1 Symmetric airflow in the glottis (idealization). Physiological

orientation—flow in the inferior-to-superior direction
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interaction. Tao et al. (2007), using the Flotran solver

coupled to a 2-mass model programmed in ANSYS APDL,

pointed out that the asymmetry of the driving force on the

vocal folds and their displacement asymmetry can reach

11%. Recently, Sciamarella and Quéré (2008) analyzed the

flow past vibrating rigid vocal folds using a multigrid finite

difference method and showed that the mobility of the flow

separation point is nontrivial and only rarely quasi-static.

The flow separation coefficient, which was evaluated,

ranged between FSC = 1.0–1.3.

Before the laser flow measurement methods were

available, the experimental papers on glottal aerodynam-

ics, e.g., Barney et al. (1999) and Alipour and Scherer

(2006), used hot-wire anemometry to measure flow

velocity, or discrete pressure taps to obtain pressure dis-

tributions (Scherer et al. 2001). Neither of these methods

provides sufficient spatial resolution to evaluate the

position of the flow separation point. Shinwari et al.

(2003), using a 7.5 times scaled plexiglass static model

with vocal folds in different configurations, measured

pressure distributions and obtained, among others, some

quantitative data on flow separation in terms of distance

from the minimal cross-section. For various transglottal

pressures, the separation point was at 0.23 cm on the

vocal fold, where the flow was attached, and at 0.02 cm

on the opposite one.

With the development of laser flow visualization tech-

niques and PIV, the possibilities of flow field measure-

ments extended considerably. First, glottal flow

visualizations and PIV measurements were published by

Triep et al. (2005), who used a three times scaled hydro-

dynamic setup, and Erath and Plesniak (2006a, b) on a

static 7.5 times life-size vocal fold model. Kucinschi et al.

(2006) confronted his Fluent computations with pressure

and flow rate measurements on a mechanically driven

physical model, but did not assess velocity fields. Li et al.

(2006) used a similar technique (with a static physical

model) and tried to evaluate the flow separation points,

although only qualitatively. Like Triep et al. (2005), Krane

et al. (2007) made measurements on an externally driven

model of the human glottis in a water channel, which

operated at lower frequencies.

An extensive PIV data set on glottal flow was published

by Neubauer et al. (2007), who used a life-sized model of

Thomson et al. (2005) and quasi-phase-locked PIV to

measure near-field flow structures. The paper provides

detailed data on jet core velocity, jet inclination angle, and

also on the flow separation point, however only qualita-

tively. The paper of Becker et al. (2009) is focused on

elucidation of the mechanisms of sound production in the

larynx. The authors used a synthetic life-sized self-oscil-

lating vocal fold model. Their results demonstrate the

existence of the Coanda effect in phonation. Erath and

Plesniak (2010) published a study on asymmetric flow

features in the glottis. Using an externally driven 7.5 times

life-sized model precisely mimicking vocal fold oscilla-

tion, they quantify jet skewing in the divergent part of the

glottis and deduce implications of flow asymmetries on

sound production. In a recent paper, Triep and Brücker

(2010) used an improved experimental setup equipped with

time-resolved PIV to show that the supraglottal flow field is

highly 3D. Their results also show that the presence of the

ventricular folds decreases the pressure loss and stabilizes

the jet during the divergent phase.

In spite of the considerable amount of data published on

supraglottal velocity fields, there seems to be a lack of

measurements with sufficient resolution to draw systematic

conclusions regarding airflow separation in human phona-

tion. This paper presents an experimental study providing

quantitative data on the position of the flow separation

point during vocal fold vibration. The glottal airflow in a

physical self-oscillating vocal fold model was visualized

using a phase-locked PIV system. The location of the flow

separation point was evaluated from the visualizations by a

semiautomatic procedure.

2 Methods

2.1 Vocal fold model

A new physical model of human vocal folds was designed

for the current study. The model was proposed as a vocal-

fold-shaped element vibrating in a rectangular channel.

Unlike most of the physical models reported in previous

works, in this case, the vocal fold vibration was flow-

induced, not externally forced. The shape of the vocal folds

that has been most widely used in mathematical and

physical modeling of human voice seems to be model

‘‘M5’’, proposed by Scherer et al. (2001, 2002) and used,

among others, in theoretical and experimental studies by

him, Thomson et al. (2005), or Erath and Plesniak (2006a).

The geometry of the ‘‘M5’’ model is piecewise linear with

rounded corners. It is based on data from X-ray databases

and provides an easily parametrizable approximation of the

vocal fold shape during oscillation. In this work, the

authors decided to specify the shape of the model vocal

folds according to their own measurements of excised

female human larynges in prephonatory position. The

description of the methods used and a detailed quantitative

specification of the vocal fold shape measured can be found

in Šidlof et al. (2008). The shape was described by a

piecewise cubic spline. Unlike the ‘‘M5’’ model, the shape

is not composed of straight segments, but changes the

curvature continuously. In the region where flow separation

takes place (in the divergent part, downstream of the
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narrowest cross-section), the radius of curvature is

approximately 5.4 mm (which scales to 1.35 mm lifesize).

The model vocal folds were cast using RTV-II type

69199 two-compound silicone rubber. In the configuration

presented here, the upper vocal fold was fixed to the

channel wall in order to avoid asymmetric modes of

vibration and situations where the vocal folds vibrate with

significantly different amplitudes or even dissimilar fre-

quencies. The second silicone vocal fold, glued on a light

rigid support, was mounted on four flat springs into the

wall of the channel. The prephonatory adduction of the

vocal folds can be set precisely by two adjusting screws.

The physical dimensions of the real human larynx are

very small, making the design of a life-sized physical

model a very difficult issue. In order to perform high-res-

olution measurements on a mechanical model with well-

defined properties, the physical model was scaled up by a

factor of four. Table 1 summarizes the important dimen-

sional and dimensionless parameters of the real larynx and

the physical model, particularly the Reynolds and Strouhal

numbers

Re ¼ U0L

m
; St ¼ fL

U0

ð2Þ

based on the mean subglottal velocity U0, kinematic vis-

cosity m, fundamental frequency of vibration f and vocal

fold thickness L (see Fig. 2).

The elasticity of the vocal folds is modeled mainly by

the stiffness of the flat springs. As shown in Fig. 4, each

spring was clamped to a rigid beam on one side and

screwed to the rigid support of the vocal fold on the other.

The dimensions (85 9 10 9 0.5 mm) and material (brass

alloy, Young modulus 100 GPa) of the springs were

designed so that the first natural frequency of the system

matched the desired scaled frequency. After fabrication,

the force-deflection curve of the springs was measured.

Within the operational limits, the response was roughly

linear (slightly hardening under heavier loads), with stiff-

ness about 200 N/m per one spring. The stiffness of the

silicone rubber itself would be too large to allow self-

sustained oscillation with the desired frequency and plays

important role during vocal fold collisions only.

The elastic support gives the vocal fold three degrees of

freedom. The first is the ‘‘heaving’’ (10) mode of vibration,

where the vocal fold translates along the y-axis (see Fig. 2

for orientation of the coordinate system). In the second,

‘‘rocking’’ (11) mode, the mass rotates about the z-axis.

The elastic support itself does not block the third, unde-

sired, ‘‘torsional’’ (20) mode, where the vocal fold rotates

about the x-axis. Frequency analysis of the impulse

response shows that the natural frequency of the largely

dominant heaving mode is 11.0 Hz. The second highest

peak in the spectrum (about 20 dB lower than the first one)

at 21.9 Hz belongs to the torsional mode. The high-speed

camera recordings of flow-induced vibration revealed,

however, that the torsional mode is suppressed by colli-

sions against the opposite vocal fold and most likely also

by the aerodynamic damping, since this mode did not occur

even for vibration without collisions at low flow rates. The

rocking mode manifests as an indistinct peak at 38 Hz. As

a result, the flow-induced vibration occurs slightly above

the first natural frequency and has mostly the character of

the first (10) mode.

2.2 Experimental setup

The vocal fold model was mounted in a plexiglass wind

tunnel. A centrifugal fan regulated by a frequency inverter

drives the flow through a honeycomb screen into a long

circular channel intended to suppress the inlet turbulence

(see Figs. 3, 4). Further, the channel cross-section contracts

smoothly by factor f & 6 into a rectangular 100� 40 mm

inlet of the measuring section with the vocal folds.

Downstream of the vocal folds, the channel continues

40 cm to simulate the vocal tract and terminates freely into

ambient air.

To allow free motion of the vocal fold, there has to be a

small gap between the vocal fold and the channel walls.

The leakage flow at the inferior margin (left edge in Fig. 3)

Table 1 Comparison of the relevant dimensional and dimensionless

parameters: mean subglottal velocity U0, channel height H0, vocal

fold thickness L, oscillation/vortex shedding frequency f, transglottal

pressure Dp, Reynolds and Strouhal number Re and St

Real larynx Physical model

U0 (m/s) 1–10 1.4–2.5

H0 (mm) 10–20 40

L (mm) 10 40

f (Hz) 100–400 10–14

Dp (Pa) 200–2,000 50–250

Re 600–6,000 3,000–6,000

St 0.1–1 0.2–0.3

Fig. 2 Overview of the important dimensional parameters: channel

height H0, inlet flow velocity U0, characteristic length (vocal fold

thickness) L and frequency f, mass m and stiffness k
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was blocked by a thin membrane. Since the mean supra-

glottal pressure in the model was close to atmospheric

pressure, the leakage at the superior margin was not

important. The airflow along the side walls, which could

not be completely avoided, did not significantly influence

the supraglottal velocity fields measured in the channel

mid-plane.

The setup was equipped with accelerometers (Brüel&

Kjær 4507C), mounted below the apex and leading edge of

the vocal fold to record vocal fold vibration. The frequency

spectra of the acceleration signal were used to detect the

frequency of vibration of the vocal fold. To capture the

subglottal pressure including the DC part of the signal,

dynamic pressure transducers (Validyne DP15TL, steel

membrane 0.125 PSI FS) were used. Two microphones

(G.R.A.S. 1/8’’ condenser microphone type 4138 mounted

flush with the wall, G.R.A.S. 1/2’’ prepolarized free field

microphone type 40BE located at the channel exit) recorded

the supraglottal dynamic pressure and the radiated acoustic

pressure. To measure the mean flow in the channel, an

ultrasonic gas flowmeter (GE Panametric GC 868) was fixed

near the downstream end of the circular channel. The dia-

gram in Fig. 3 shows the locations and wiring of transducers

used. The important dimensions are summarized in Fig. 4.

The PIV system consisted of a Nd:YAG laser (New

Wave Research Solo III, maximum repetition rate 15 Hz,

120 mJ), laser unit, and the PIV camera and unit (La

Vision Imager PRO, 1,600 9 1,200 pix, max. 15 frames/s).

The flow was seeded from an olive oil atomizer upstream

of the honeycomb screen. The camera lens (Canon macro

TV zoom), fixed 1.5 cm from the plexiglass wall, had a

field of view of about 60 9 45 mm, providing spatial

Fig. 3 Diagram of the experimental setup used for the measurements

of vocal fold vibration and for visualization of the supraglottal flow.

1 Rietschle Thomas centrifugal fan (2,200 W, Dpmax ¼ 29 mbar;

Qmax ¼ 2; 770 m3=h). 2 Omron Sysdrive 3G3MV frequency inverter

(380 V, 0–60 Hz). 3 GE Panametric GC 868 ultrasonic gas flowmeter.

4 Validyne DP15TL dynamic pressure transducer (steel membrane

0.125 PSI FS). 5 Validyne CD23 amplifier. 6, 7 Brüel&Kjær 4507C

accelerometers. 8 Brüel&Kjær Nexus conditioning amplifier type

2692 (frequency bandpass 1 Hz–1 kHz). 9 G.R.A.S. 1/800 condenser

microphone type 4138, G.R.A.S. preamplifier type 26AJ. 10 G.R.A.S.

1/200 prepolarized free field microphone type 40BE, G.R.A.S.

preamplifier type 26AJ. 11 Brüel&Kjær Nexus conditioning amplifier

type 2690. 12 New Wave Research PIV laser SOLO 3–15. 13 New

Wave Research SOLO III laser unit. 14 LaVision Imager PRO camera

unit. 15 PC-2proc Intel Xeon, software Davis v7. 16 Philips PM5715

TTL/pulse generator. 17 National Instruments NI DAQPad-6015 data

acquisition card. 18 PC-software NI LabView v7.1. 19 LaVision

Imager PRO camera (1,600 9 1,200 pixel, Canon macro TV zoom

lens). 20 Kimo water manometer (precision 0.5 mm H2O (5 Pa))

Fig. 4 Schematic of the vocal fold model and important dimensions

of the wind tunnel (in millimeters)
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resolution of the raw camera frames of 0.037 mm/pix. The

PIV settings were as follows: delay between pulses 20 ls,

interrogation area 32 9 32 pix, 50% overlap. In order to

remove the laser sheet reflections on the vocal fold surface,

the raw images were preprocessed using sliding back-

ground image subtraction. The postprocessing options

consisted of multi-pass correlation, peak validation, med-

ian filtering and smoothing.

The laser and camera were triggered by a rectified signal

from one of the accelerometers. Hence, the system was

phase-locked with the vocal fold vibration to measure the

velocity fields at precisely defined phases of the oscillation

cycle. Due to the low repetition frequency of the laser

system (15 Hz), only one pulse could be generated per one

oscillation cycle. The phase difference between the laser

and vocal fold oscillation was set in such a way that during

40 subsequent periods of vibration, 40 camera frames were

recorded, covering the whole oscillation cycle. The setup

of the optics allowed recording the 2D flow field imme-

diately downstream of the glottis. Due to oil particle

deposition on the walls, frequent cleaning was necessary

between experimental runs to preserve sufficient image

sharpness.

2.3 Determination of the flow separation point

from the recorded camera frames

Traditionally, the term ‘‘flow separation point’’ used in

simplified models of glottal flow assumes that the glottal

flow is symmetric with regard to the glottis midline, as

depicted in Fig. 1. In this case, it is sufficient to quantify

the separation point position by the glottal area at the

critical place. However, flow visualizations and PIV mea-

surements on physical models, as well as computational

flow simulations based on finite element or finite volume

codes, show that this is rarely the case: the glottal jet tends

to attach to one of the vocal fold surfaces and significantly

skews from the glottis midline position (see Fig. 5 for a

schematic representation of the flow pattern).

Such asymmetric flow was observed in measurements

presented in this paper, too. Therefore, it was necessary to

introduce a suitable coordinate system to describe the

position of the ‘‘left’’ and ‘‘right’’ separation point inde-

pendently, still allowing to correlate the new results to

previously used criteria for flow separation.

First, the narrowest cross-section was located (defined

by the left and right VF apex in Fig. 6). The line is not

necessarily perpendicular to the channel, because during

vibration the apex of the vocal fold moves slightly in the

horizontal direction (that is, in the inferior–superior

direction in physiological orientation). Then, the ‘‘left’’ and

‘‘right’’ flow separation coefficients FSCL and FSCR can be

defined simply as the distance of the respective flow

separation point from the axis divided by half of the orifice

width:

FSCL ¼
wL

d=2
; FSCR ¼

wR

d=2
: ð3Þ

Such a description is a generalization of the sym-

metrical definition (1). If the vocal fold vibration and

supraglottal velocity field were perfectly symmetrical

with regard to the glottal axis, the definitions would be

equivalent.

In principle, the position of the flow separation point

may be evaluated from the vector fields calculated by the

PIV method. However, in the PIV velocity field, a single

vector is computed typically from a 32 9 32 pixel

‘‘interrogation’’ area, which means that the resolution of

the vector field is much lower than the resolution of the

original image. Moreover, the vector represents a statistical

mean of particle velocities within the interrogation area.

Fig. 5 Asymmetric flow in the glottis. Physiological orientation—

flow in the inferior-to-superior direction

Fig. 6 Definition of the flow separation coefficient. Experimental

configuration—flow direction from the left to the right
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Consequently, the vector fields tend to smooth out small-

scale turbulent effects and large velocity gradients.

However, when the optical setup is properly focused and

the glottal area well illuminated by the laser sheet, it is

possible to exploit directly the raw camera double-frames,

which provide more detailed information on the small-

scale flow features, although not quantitative. When the

two camera frames are played consecutively in image

analysis software, the boundary between the fast moving

particles within the glottal jet and almost immobile parti-

cles in the supraglottal area becomes clearly evident.

Figure 7 shows the raw camera frame and the computed

PIV velocity field. The still figure cannot display the

motion of the particles used to locate the separation points,

but provides a basic insight into what flow scales are lost in

the PIV field. Using this technique, it is possible to discern

the glottal jet contour and the position of the flow separa-

tion point with an accuracy on the order of 0.1 mm. Even

when taking into account the possible error introduced by

the partly subjective character of the method, the uncer-

tainty of the position of the flow separation point is well

below 0.5 mm (0.12 mm lifesize). In the rare cases where

the glottal jet was not clearly recognizable, the position of

the separation point was not recorded and the value was

rejected.

Technically, the evaluation procedure of the flow sepa-

ration point was as follows (performed using high-speed

camera image analysis software Olympus i-SPEED 2):

• the images were calibrated using the known height of

the channel

• for each phase of the vocal fold oscillation, the position

of the ‘‘left’’ and ‘‘right’’ flow separation point and of

the vocal fold apex was located manually,

• the coordinates of the four points were recorded by the

software and the left and right flow separation coeffi-

cients were calculated automatically according to

Eq. (3).

3 Results

3.1 Dynamic and acoustic measurements

Although it was not the primary objective of this study to

measure the dynamic response of the structure to flow

excitation and the sound signal, these results help under-

stand the dynamic and acoustic properties of the system.

The vibration of the vocal fold is shown in Fig. 8. The

figure depicts nine phases of an oscillation cycle from

measurement 012, a case of regular vocal fold vibration

with a collision in each cycle. The third phase (top right) is

in the maximum glottis opening. The eighth phase (bottom,

in the middle) was taken in the middle of the of the contact

period, where the vocal folds approached most. This phase

also reveals the maximum deformation of the vocal folds.

Figures 9 and 10 show the waveforms and spectra of the

vocal fold acceleration, subglottal pressure, supraglottal

pressure, and radiated acoustic pressure. The mechanical

vibration for the lower flow rate (Fig. 9) is nearly sinu-

soidal. The non-harmonic spectral frequency of 78.5 Hz,

significant also in the spectrum of the subglottal pressure,

corresponds probably to subglottal acoustic resonance. In

the waveforms of the microphone signals, strong broad-

band noise is present, caused by turbulence in the supra-

glottal region.

The accelerometer waveform for Re = 5,400 (Fig. 10)

clearly shows the vocal fold collisions, which are visible as

peaks on the positive half-waves. The acoustic signals are

well correlated with the vocal fold motion and have a

Fig. 7 Raw image recorded by the PIV camera (first frame of the

double-frame) showing the positions of seeding particles (top). When

played consecutively with the second frame, the glottal jet contours

and the position where the jet separates from the vocal fold surface

are clearly visible. Instantaneous vector velocity field computed by

PIV (bottom). Measurement 012 (Re = 5,400), regular vocal fold

vibration with a collision in each cycle. Frequency of vibration

13.2 Hz
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periodic structure with harmonic frequencies in their

spectra. The subglottal pressure appears to include less

noise, but this is probably caused by the fact that unlike

measuring microphones, the dynamic pressure transducer

used was unable to capture high-frequency components. It

is apparent that in the configuration used, the best signal to

trigger the PIV system is the acceleration, which has best

periodicity and signal-to-noise ratio.

3.2 Flow visualizations and PIV measurements

Figure 11 shows a typical velocity field downstream of the

glottis evaluated by the PIV method. The vocal folds in the

left part of the figure were masked out to show better their

contours and to remove meaningless vectors. The vector

plot reveals the glottal jet, which separates from the vocal

fold surfaces and enters into the supraglottal domain. The

jet is skewed to the right in this particular case. This ten-

dency was observed throughout all the measurement sets,

supporting the assumption that the Coanda effect is present

in human phonation. In some of the measurements, the

direction of the jet axis switched occasionally. However,

the jet skewed preferentially to the right as in this case,

probably due to slight asymmetry in the geometry of the

left and right vocal folds, and possibly also due to the fact

that the left (upper) vocal fold was fixed, while the right

(bottom) one vibrated. In the region between the right

vocal fold surface and the jet, a large recirculation vortex

can be seen.

The flow visualizations (accompanied by acoustic and

dynamic measurements) were performed systematically for

increasing flow rates. These ranged from the lowest pos-

sible airflow able to induce self-sustained vocal fold

oscillations up to the highest values realistic in human

phonation.

3.3 Position of the flow separation point

The essence of this work is quantification of the flow

separation point locations during vocal fold vibration, as

explained in Sect. 2.3. During phonation, the glottal

velocity field is not perfectly periodic and the location of

the flow separation point in a specific phase can vary over

subsequent cycles of vibration. Due to the highly arduous

procedure of evaluation of the separation point, it is

impossible to provide proper statistical information.

However, it is important to asses the fluctuation of the flow

separation point position at least in one case. For this

purpose, four measurements recorded at identical condi-

tions (Reynolds number Re = 5,400, vocal fold vibrations

with collisions) were analyzed. In order to superimpose the

results of these measurements, where the frequency of

Fig. 8 Flow-induced vibration of the vocal fold—nine phases of an oscillation cycle. Measurement 012 (Re = 5,400), regular vocal fold

vibration with a collision in each cycle. Frequency of vibration 13.2 Hz

130 Exp Fluids (2011) 51:123–136

123

Author's personal copy

146 CHAPTER 4. APPLICATION: HUMAN VOICE BIOMECHANICS



vibration varied slightly (\0:1 Hz) and the double-frames

were not taken in exactly identical phases, it was necessary

to extract in each case precisely one period, align the four

measurements, interpolate and resample the data.

The results in Fig. 12 show that during most of the

vibration cycle, the flow separation coefficients have low

variation. Near glottal closure, the data are much more

scattered. This is caused by the fact that when the vocal

folds collide and the jet is interrupted, the flow is highly

nonstationary and the decaying or evolving jet is more

susceptible to interactions with turbulent structures. In

certain measurements, it was even observed that the jet

changes direction over subsequent cycles and attaches to

the left or right vocal fold in a random way.

In the following, the results of flow separation point

measurements for three flow rates are presented. Figure 13

summarizes the results for Re = 3,500, flow rate

Q ¼ 5:5 L/s, transglottal pressure difference Dp ¼ 45 Pa,

frequency of vibration f ¼ 10:9 Hz (corresponding to Q ¼
1:4 L/s;Dp ¼ 720 Pa and f ¼ 173 Hz lifesize). As can be

seen from the orifice width plot in the right, in this case, the

vocal folds did not collide throughout the oscillation cycle.

Such vocal fold vibration can be observed in certain types

of breathy phonation.

Fig. 9 Waveforms (left) and

frequency spectra (right) of the

acceleration, subglottal

pressure, supraglottal pressure

and pressure radiated at the

channel exit. Measurement 002

(Re = 3,500), vocal fold

vibration without a collisions.

Frequency of vibration 11.7 Hz
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Figure 13 also shows the development of the left and

right flow separation coefficients during 40 phases of the

vocal fold oscillation cycle. The opening and closing

phases are separated by dashed lines. The vocal folds

approximate the most between frames #5–7, where the

opening phase begins (see the orifice width plot in Fig. 13).

In a large part of the oscillation period, both left and right

flow separation coefficients stay between 1.0 and 1.5. Near

glottal closure and reopening, however, the FSCR sharply

increases up to about 5.5. This is a quantification of an

effect, which can be seen almost universally in all mea-

surements—when the glottal gap gets very narrow, the jet

weakens and tends to attach to one of the vocal fold sur-

faces (in this case, the right one). Since the airflow sepa-

rates very far from the narrowest cross-section, the

separation coefficients reach much higher values than

usually assumed.

The effect is even more prominent in cases where the

vocal folds collide and the glottal gap closes. Figure 14

shows the flow separation coefficients and orifice width for

Re ¼ 5; 400;Q ¼ 8:58 L/s;Dp ¼ 150 Pa and f ¼ 13:4 Hz

(which correspond to Q ¼ 2:1 L/s;Dp ¼ 2; 400 Pa and f ¼
214 Hz lifesize). Again, when the glottis is wide open, the

flow separation coefficient is close to 1.1, increases to

Fig. 10 Waveforms (left) and

frequency spectra (right) of the

acceleration, subglottal

pressure, supraglottal pressure

and pressure radiated at the

channel exit. Measurement 012

(Re = 5,400), regular vocal fold

vibration with a collision in

each cycle. Frequency of

vibration 13.2 Hz
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about 1.5 in the middle of the opening/closing phases, and

sharply rises up to 20 near vocal fold contact. The jet was

attached mostly to the right vocal fold, but the left separation

coefficient near the glottis opening increased up to values

around 5, as in previous cases. Figure 15 proves that the

increase in the FSC near glottal closure is not caused by the

fact, that the glottal gap d (denominator in equation 3) is small:

the distance of the flow separation point from the vocal fold

apex itself increases, too. This shows that the airflow separates

further downstream, than when the glottis is wide open.

For the case shown in Fig. 16 (Re ¼ 6; 600;

Q ¼ 10:4 L/s;Dp ¼ 230 Pa; f ¼ 13:8 Hz, corresponding to

Q ¼ 2:6 L/s;Dp ¼ 3; 600 Pa and f ¼ 220 Hz lifesize),

FSCR has a plateau at 1.12 and shortly before glottal

closure sharply rises up to 20. The FSCL data are more

scattered, but show similar behavior.

The physical model vibrated well for a broad range of

higher airflow velocities, also. The quantified data on flow

separation showed very similar behavior even for these

high velocities. Nevertheless, since these flow rates are

beyond the physiologically relevant limits, the results are

not shown here.

4 Discussion and conclusions

The main objective of this paper was to provide experi-

mental quantitative data on glottal aerodynamics and

namely on the position of the flow separation point during

phonation. A physical, four times scaled vocal fold model

was designed to perform the measurements. The geometry

of the vocal folds was based on measurement of excised

human larynges in phonation position and is slightly dif-

ferent from the ‘‘M5’’ approximation commonly used in

modeling studies.

The authors believe that in order to get representative

experimental data on the aerodynamics of human phona-

tion using physical models, it is desirable that the model be

self-oscillating, rather than externally driven. However, the

requirement of a self-excited system brings numerous

complications and technical limitations. First of all, the

physical model does not provide enough free parameters

(e.g., the subglottal velocity U0) to be set independently,

and thus, it cannot be ensured that the dynamic similarity

of the model and the real larynx is perfect. In current

measurements, nevertheless, the pertinent Reynolds and

Strouhal numbers lie within the bounds encountered in

human phonation.

From the same reason, the flow-induced vibration of the

vocal fold model is not precisely identical with that found

in the real larynx. The convergent–divergent shaping of the

glottis is not mimicked by the model to the extent that can

be reached in externally driven models: the current model

vibrates dominantly in the 10 mode and it mostly resembles

the ‘‘convergent’’ M5 geometry. Therefore, the results are

relevant e.g., for glottal opening or for situations close to

breathy voice, where the subglottal pressure is not high,

prephonatory glottal diameter nonzero and where there is

strong reason to believe that the glottal shape changes from

divergent to convergent shortly before closing. However,

considering that the shape of the medial surface of the real

vocal folds during vibrations can be more complex (not

strictly straight convergent or straight divergent as in the

M5 model), the authors assume that the results on flow

Fig. 11 Typical instantaneous flow velocity field downstream of the

glottis. Measurement 002d (Re = 3,500, without glottal closure),

middle of the closing phase

Fig. 12 Fluctuation of the left and right flow separation coefficients and of the orifice width. Measurements 012s-w (Re = 5,400, with glottal

closure). Dashed lines delimit the boundaries of vocal fold vibration phases (opening phase, closing and closed phase)
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Fig. 14 Measurement 012v (Re = 5,400, with glottal closure), one oscillation cycle. Left and right flow separation coefficient, orifice width

Fig. 15 Measurement 012v

(Re = 5,400, with glottal

closure), one oscillation cycle.

Distance of the left and right
flow separation point from the

vocal fold apex

Fig. 13 Measurement 002c (Re = 3,500, without glottal closure), one oscillation cycle. Left and right flow separation coefficient, orifice width

Fig. 16 Measurement 017c (Re = 6,600, with glottal closure), one oscillation cycle. Left and right flow separation coefficient, orifice width
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separation locations measured using the model with a

curved shape can have certain relevance to the other cases

of phonation, too.

It should be also noted that the flow rates in the model

are rather high relative to values known from human

phonation and the duration of the phase when the vocal

folds are closed (which is usually quantified by the closed

quotient, CQ) lies in the lower bound of values encountered

during loud speech. Nevertheless, the experience from

other self-oscillating physical models (Pelorson et al. 1994;

Thomson et al. 2005; Becker et al. 2009) shows that it is

difficult to design a system behaving identically to the real

vocal larynx, and even using approximate physical models,

important and relevant results can be obtained.

The physical model was equipped with accelerometers

monitoring vocal fold vibration. To measure the dynamic

pressures and acoustic signals in the sub- and supraglottal

spaces, pressure transducers and microphones were

mounted in the setup. A PIV system synchronized with the

vocal fold vibration was used to visualize the supraglottal

airflow and to evaluate the position of the flow separation

points along the vocal fold surfaces during their vibration.

The airflow in the glottis can be to first approximation

considered as two-dimensional: one may assume that the

flow velocity does not change significantly along the length

of the vocal folds (i.e., along the anterior–posterior axis z,

see Fig. 2) in the very proximity of the glottis. This is not

true further downstream, where turbulent structures domi-

nate the flow field. The vorticity, aligned originally along

the z-axis, interacts with the velocity field and creates

inevitably a 3D velocity field. But when focused on the

flow separation from the vocal fold surface, it is possible to

draw meaningful data from PIV measurements in the

coronal (x–y) plane.

In simplified glottal flow models based on Bernoulli or

Euler equations where flow separation is taken into

account, the position of the flow separation point is com-

monly considered as constant with respect to the narrowest

cross-section. This implicitly assumes that the airflow is

symmetric and separates at the same location from the left

and right vocal fold. In current work, a modified criterion

for flow separation (left and right flow separation coeffi-

cient—FSC), generalizing the classical criterion, was pro-

posed. The results suggest that the usage of the classical

flow separation criterion with constant values ranging

between 1.1 and 1.5 is quite plausible, at least for the part

of the oscillation cycle where the vocal folds are not too

close together. Shortly before and after glottis closure,

however, the aerodynamic effects are apparently much

more complex and the criterion does not hold any more.

The measured values of FSC demonstrate a general trend:

shortly prior to and after glottal closure, either of the

coefficients sharply increases, i.e., the glottal jet separates

much further downstream of the narrowest cross-section.

This is consistent with the qualitative results of Neubauer

et al. (2007), who observed that during glottis opening, the

jet is attached to the VF wall and strongly curved.

In a perfectly symmetrical glottal channel, the supra-

glottal flow field is bistable: the glottal jet does not remain

symmetric, but tends to attach to either side of the channel.

In the experiments, one of the directions was always

preferential, although not exclusively. It seems that this

was caused by minor asymmetries of the geometry, rather

than by the fact that one of the model vocal folds was

static. The same behavior was observed in the study of

Erath and Plesniak (2010), who showed that even minor

geometric irregularities cause the jet to skew to one of the

directions with a high probability.

The physiological analogy to the current experimental

setup would be unilateral vocal fold paralysis. The fact

that one of the vocal folds in the model does not vibrate

limits to certain extent the applicability of the results to

real phonation. The current study is focused primarily on

glottal aerodynamics and specifically dynamics of the

glottal jet, which should not be largely different from the

situation in the real larynx. Moreover, there have been

even more dissimilar arrangements successfully used in

experimental studies with synthetic and excised larynges,

e.g., the hemilarynx configuration (one vocal fold collid-

ing against symmetry plane). As long as a physical model

representing all the important qualities of the real human

larynx at once is not available, it is worth using approx-

imative models that inevitably differ from reality in cer-

tain aspects.

The techniques used in this study for determining the

location of flow separation were relatively laborious and

time-consuming and required perfect adjustment of the

experimental setup, in particular clean and well-focused

optics. As some of the measurements did not provide suf-

ficient contrast and resolution, only three measurements

were evaluated. Even though these do not represent a

comprehensive statistical data set, the authors believe that

the results provide important new quantitative information,

which cannot be found in the current literature.

In subsequent studies, several construction details and

measurement techniques could be further improved. The

state-of-the-art of the current PIV laser and camera systems,

for instance, would allow a time-resolved measurement.

The current experimental setup does not contain a model

of ventricular folds. It can be speculated what the influence

of the ventricular folds on the position of the flow sepa-

ration point is: depending on their distance from the vocal

folds, they might both straighten the glottal flow axially or

make it skew laterally even more. The authors believe it is

a good starting point to obtain experimental data not biased

by the presence of the ventricular folds. However, in the
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future, it would be appropriate to perform a parametric

study with various ventricular fold shapes and locations

and determine their effect on supraglottal aerodynamics.

With these modifications, the experimental setup could

provide even more systematic and precise data on airflow

separation and help to enlighten some of the fundamental

aspects of human phonation.
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Chapter 5

Application: Flutter instability of
airfoils with two degrees of freedom

5.1 Introduction

A second application of fluid dynamics on moving geometries, where the author has been active
in recent years, is the external aviation aerodynamics, namely investigation of the flutter instability
of airfoils. Flutter is a dynamic instability of an elastic structure coupled to airflow, caused by the
interaction between elastic, inertial and aerodynamic forces. In simple words, flutter may occur at
certain flow velocities and structural natural vibration frequencies, when the energy is transferred
from the airflow to the structure and the internal damping is not able to absorb it. This can lead to
vibration of an aircraft component with exponentially increasing amplitudes and catastrophic conse-
quences. Thus, the aircraft components (wings, flaps and ailerions, stabilators, elevons and rudders)
must be designed and tested not only to sustain dynamic loads induced by mechanical accelerations
and air turbulence during take-off, cruise and landing, but also to ensure that within design flight
conditions, the aircraft components may never encounter dynamic flow-induced instability.

There are more types of aeroelastic instabilities – e. g. coupled-mode flutter, panel flutter, stall
flutter, buffeting or galloping. In general, flutter instability is a complex nonlinear phenomenon
which is not yet fully understood in all the aspects. In current days, the flight flutter testing is per-
formed at a number of discrete test points arranged in increasing order of dynamic pressure and
airflow velocity. The number of these test points required to clear the flutter envelope of an air-
plane is quite high - for example about 500 for the F-14 fighter plane, or 260 for the Gulfstream
II civil airplane (Kehoe, 1995). In between the test points, the data is interpolated, which might
be questionable considering the high nonlinearity of the flutter phenomena. In exceptionally rough
weather conditions or in some cases of gross human error during aircraft service, the airplane may
still encounter the instable regime during flight. This is why the aircraft disasters caused by flutter-
induced structural disintegration are not limited to the early days of aviation (e. g. the Cody Float-
plane Verona airliner crash in 1919, Lockheed L-188 Electra flight 542 crash in 1959, or Northwest
Orient Airlines Flight 710 disaster in 1960, all of them killing everyone aboard), but also to recent
history. A notable example is the 1997 Maryland airshow accident, where a F117 stealth jet fighter
crashed before the eyes of the spectators after a part of its left wing broke off the fuselage due to
elevon-wing flutter caused by missing fasteners.
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The research of the author concentrates on the classical and stall flutter of airfoils with two
degrees of freedom. In order to understand the classical flutter, it is useful to derive the linearized
analytical equations describing the coupled-mode flutter instability. This is done in the following
section.

5.2 Classical theory of airfoil aeroelastic instability

The fundamental principles of the static (divergence-type) and dynamic (flutter-type) instability
of aeroelastic systems can be shown on an example of a 2D airfoil supported by a linear spring
with stiffness ky and a torsional spring with torsional stiffness kα (see Fig.5.1). The airfoil has two
degrees of freedom (DOF) - vertical shift (plunge) with a coordinate y, and rotation (pitch) about the
elastic axis EA, measured by the angle of attack α , and is subject to airflow with freestream velocity
U . The horizontal motion of the airfoil is blocked. This 2DOF kinematic model is a commonly used
approximation of a real 3D aircraft wing or stabilator, with the pitch and plunge DOF representing
the torsion and bending of the lifting surface, respectively.

Figure 5.1: Approximation of an airfoil by a model with two degrees of freedom. The elastic axis
(EA) is constrained to move only vertically.

When interested in the onset of the flutter-type instability, one might restrain the analysis to
small angles, α � 1. Then, the equations of motion of the system take a simple form

m ÿ+Sα α̈ + ky y = Ly

Sα ÿ+ Iα α̈ + kα α = M , (5.1)

where m, Sα and Iα is the mass, static moment and moment of inertia of the airfoil with respect to
the elastic axis. Ly is the vertical component of the total aerodynamic force and M the moment of
the aerodynamic forces with respect to the elastic axis. The calculation of the latter two depends on
the aerodynamic theory used. In full generality, they are given by the integration of the stress tensor
T or stress vector τ = T ·n over the surface of the airfoil Γ
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Ly =
∫

Γ

τ2 dS =
∫

Γ

2

∑
j=1

T2 j n j dS ,

M =
∫

Γ

2

∑
j,k=1

ε3 jkτ j xk dS =
∫

Γ

2

∑
j,k,l=1

ε3 jkT jl nl xk dS =

=
∫

Γ

2

∑
l=1

(
T1l nl x2−T2l nl x1

)
dS , (5.2)

with n the unit outer normal vector to the airfoil surface and εi jk the Levi-Civita symbol. The stress
tensor T is a function of the unsteady pressure and velocity fields p(t,x) and u(t,x) according to
the constitutive relation for the Newtonian fluids

Ti j =−p δi j +µ

(
∂ui

∂x j
+

∂u j

∂xi

)
, (5.3)

where δi j stands for the Kronecker delta, and µ the dynamic fluid viscosity. Equations (5.2, 5.3) can
be used in a full numerical simulation of the Navier-Stokes equations in 2D or 3D, which, however,
does not give an analytical expression for the critical flow velocity, and which can be highly compu-
tationally expensive. For the purpose of the flutter onset prediction, a linearized aerodynamic force
and moment approximation

Ly = CL q S

M = Ly e+CMAC q S c (5.4)

might be used (Dowel, 1978). Here CL =CL0 +
∂CL
∂α

α is the Taylor expansion of the coefficient for
small angles α , q = ρU2/2 is the dynamic pressure, ρ the air density, e is the distance of the elastic
axis from the aerodynamic axis (point on the airfoil, with respect to which the aerodynamic forces
have zero moment), and c and S the airfoil chord and surface, respectively. CL0 , CMAC and ∂CL

∂α
are

dimensionless constants dependent on the airfoil shape and character of the airflow (subsonic or
supersonic). For symmetric airfoils in incompressible airflow, CL0 =CMAC = 0. Equation (5.1) then
reads

m ÿ+Sα α̈ + ky y−q S
∂CL

∂α
α = 0

Sα ÿ+ Iα α̈ + kα α−q S e
∂CL

∂α
α = 0 , (5.5)
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which is a second-order system of ordinary differential equations for the generalized coordinates y
and α . Unlike eqations (5.1) with a general form of aerodynamic forces, equations (5.5) are now
linear. For the stability analysis we will assume a solution

V(t) = V0 eω t , V(t) =
(

y(t)
α(t)

)
, V0 =

(
y0
α0

)
(5.6)

and analyze the real and imaginary parts of the complex frequency ω . Substituting (5.6) into (5.5)
and rearranging into matrix form yields

(
m ω2 + ky Sα ω2−q S ∂CL

∂α

Sα ω2 Iα ω2 + kα −q S e ∂CL
∂α

)(
y0
α0

)
eω t = 0 . (5.7)

For the existence of nontrivial solution of (5.7) it is necessary that the determinant of the matrix
is zero. Introducing notation

A ≡ m Iα −S2
α (5.8)

B ≡ m
(

kα −q S e
∂CL

∂α

)
+ ky Iα +Sα q S

∂CL

∂α
(5.9)

C ≡ ky

(
kα −q S e

∂CL

∂α

)
(5.10)

one can write the equation for the determinant

A ω
4 +B ω

2 +C = 0 . (5.11)

Solving (5.11) yields

ω
2 =
−B±

√
B2−4 AC
2 A

(5.12)

where the signs of the coefficients A,B,C determine the character of the solution. A is positive for
any mass distribution in the airfoil. It can be shown (Dowel, 1978) that C is also positive for all the
relevant conditions. The coefficient B can be both positive and negative. Then we can consider two
cases:

1. B> 0

If B2−4 AC > 0, ω2 is real and negative and thus ω is pure imaginary, which corresponds to
stable oscillations. When B2−4AC< 0, however, ω2 is complex and at least one root ω will
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have a positive real part. The oscillation of the airfoil is an exponentially growing harmonic
function. This type of instability is called flutter. The condition

B2−4 AC = 0 (5.13)

thus represents the boundary between the stable and unstable oscillations and can be used to
calculate the explicit value of the critical dynamic pressure qF and velocity UF for the onset
of the flutter-type instability.

2. B< 0

For q = 0 (zero flow velocity U = 0) the coefficient B is positive. It turns negative only for
sufficiently big values of q. However, since A > 0,C > 0, the condition (5.13) would be
satisfied prior to this, and so these cases do not have to be considered.

It should be noted that the results presented above are relevant only for the largely simplified
approximation of the aerodynamic forces (5.4), which is approximately valid for a flat plate or
slender symmetric airfoil under potential airflow and low angles of attack. The aerodynamic force
and moment are functions of the angle of attack α only, do not account for viscosity, turbulence,
flow separation or history effects.

There is a number of aerodynamic theories of various complexity, which can be used for better
approximation of the aerodynamic forces. One possibility is to use the quasi-1D Euler equations for
the flow. For the purpose of stability boundary evaluation (assuming small angles of attack α � 1
and deflections y� 1 and the same form of solution (5.6) as previously), equations (5.1) can be
rewritten in matrix form with the right-hand side formulated in terms of added aerodynamic mass,
stiffness and damping matrices M2, K2 and B2 (see e. g. Horáček et al. (1997)):

M V̈+KV = ρ
(
M2 V̈+B2 V̇+K2 V

)
(5.14)

M and K are the structural mass and stiffness matrices formed from coefficients in equation (5.1).
Rearranging (5.14) into the space of 4×4 matrices yields

(
I O
O M−ρ M2

)(
V̇
V̈

)
=

(
O I

K−ρ K2 −ρ B2

)(
V
V̇

)
, (5.15)

where I and O are identity and zero matrices, respectively. By left-multiplying (5.15) by the inverse
matrix (M−ρ M2)

−1 we get

(
V̇
V̈

)
= A

(
V
V̇

)
, A=

(
O I

(M−ρ M2)
−1 (K−ρ K2) −ρ (M−ρ M2)

−1 B2 .

)
(5.16)
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Assuming a harmonic solution (5.6) and substituting into (5.16) yields and eigenvalue problem

(A−ω I)




y0
α0

ω y0
ω α0


= 0 . (5.17)

The added aerodynamic mass, damping and stiffness matrices M2, B2 and K2 are functions of
the freestream velocity U and vanish for U = 0. Evaluating the eigenvalues ω of (5.17) for increas-
ing values of the flow velocity U and analyzing whether the real part of the complex frequency ω

is positive or negative then determines whether the system is in the stable region and where are the
stability boundaries, i. e. critical flow velocities for flutter onset. An example of a flutter boundary
evaluation by one of the author’s own codes is plotted in Fig. 5.2. In this example, it can be seen
that the critical flow velocity lies close to U = 1.5 m/s. For a supercritical velocity U = 1.6 m/s,
exponentially growing oscillations with a frequency of 95.48 Hz will occur.
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U = 1.5 m/s : f = {−32.66+91.39 i, −32.66−91.39 i, −0.59+96.07 i, −0.59−96.07 i}
U = 1.6 m/s : f = {−35.43+90.42 i, −35.43−90.42 i, 1.68+95.48 i, 1.68−95.48 i}

Figure 5.2: Real and imaginary parts of the complex eigenfrequency f = ω

2π
for the increasing flow

velocity U .

As already mentioned, the most complex approach to flutter prediction is the full numerical sim-
ulation of the 2D or 3D Navier-Stokes equations coupled to the structural equations of motion, i. e.
numerical solution of nonlinear partial differential equations on a computational domain deformed
in time due to airfoil motion and evaluation of the aerodynamic forces by (5.2). This approach does
not permit analysis in frequency domain for fast stability boundary computation. However, it allows
predicting also different types of aeroelastic instabilities, e. g. the stall flutter occurring when the
airflow separates from the airfoil surfaces at high angles of attack.
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5.3 Author’s contributions to computational and experimental inves-
tigation of airfoil flutter

The results of author’s research of flow-induced instability of airfoils are given in the following
two reprints. The work was done within a project which started in 2013 in close cooperation be-
tween the Technical University of Liberec and Institute of Thermomechanics of the Academy of
Sciences of the Czech Republic. The first paper, published in the proceedings of the conference
Experimental Fluid Mechanics 2013 (EPJ Web of Conferences, 2014) describes the two-degree-of-
freedom NACA0015 airfoil model, which has been redesigned, equipped with sensors, mounted
into a wind-tunnel and tuned to exhibit self-oscillations within a certain range of inflow velocities.
The paper also summarizes the first results of the dynamic measurements of flow-induced airfoil
vibrations.

After the stability boundaries for the flutter-type instability were mapped, a new set of mea-
surements was realized. This time, the experimental setup was complemented by an interferometric
system for the measurements of the unsteady flow field, fully synchronized with the dynamic and
pressure measurements. The methodology for the evaluation of the interferometric images and the
results of this set of measurements are reported in the second paper, presented in a symposium
on Fluid-structure interaction in Anaheim, CA, USA and published in proceedings of the ASME
Pressure Vessels & Piping 2014 Conference.
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Reprints

• P. Šidlof, M. Štěpán, V. Vlček, V. Řidký, D. Šimurda, and J. Horáček. Flow past a self-
oscillating airfoil with two degrees of freedom: measurements and simulations. EPJ Web of
Conferences, 67:02108, 2014a

• P. Šidlof, V. Vlček, M. Štěpán, J. Horáček, M. Luxa, D. Šimurda, and J. Kozánek. Wind tunnel
measurements of flow-induced vibration of a NACA0015 airfoil model. In Proceedings of the
ASME 2014 PVP Conference - symposium Fluid-structure interaction, Anaheim, CA, USA,
2014b
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Abstract. The paper focuses on investigation of the unsteady subsonic airflow past an elastically supported 
airfoil for subcritical flow velocities and during the onset of the flutter instability. A physical model of the 
NACA0015 airfoil has been designed and manufactured, allowing motion with two degrees of freedom: 
pitching (rotation about the elastic axis) and plunging (vertical motion). The structural mass and stiffness 
matrix can be tuned to certain extent, so that the natural frequencies of the two modes approach as needed. The 
model was placed in the measuring section of the wind tunnel in the aerodynamic laboratory of the Institute of 
Thermomechanics in Nový Knín, and subjected to low Mach number airflow up to the flow velocities when 
self-oscillation reach amplitudes dangerous for the structural integrity of the model. The motion of the airfoil 
was registered by a high-speed camera, with synchronous measurement of the mechanic vibration and discrete 
pressure sensors on the surface of the airfoil. The results of the measurements are presented together with 
numerical simulation results, based on a finite volume CFD model of airflow past a vibrating airfoil.  

1 Introduction  
In aerospace engineering, fluid-structure interaction can 
play a very important and potentially dangerous role: 
under certain circumstances, the coupling between flow 
and structure may lead to unstable exponentially 
increasing oscillations. The classical example is the 
flutter instability of airfoils, which occurs for systems 
with two degrees of freedom when the critical flow 
velocity is surpassed [1]. The consequent large-amplitude 
oscillations can result in destruction of the elastic part 
due to low-cycle fatigue [2], with possibly catastrophic 
consequences. Thus, the importance of theoretical and 
experimental analysis of the aeroelastic phenomena in 
these applications cannot be placed in doubt.  

The purpose of this study is the research of the flow-
induced vibration of airfoils using interferometry and 
CFD. The current paper presents the results of first wind-
tunnel measurements of a newly reconstructed model of a 
NACA0015 airfoil with two degrees of freedom (DOF) – 
pitching (rotation about the elastic axis) and plunging 
(vertical translational motion). The results are compared 
to numerical simulations of airflow past an airfoil, whose 
motion is prescribed based on the kinematic data 
identified from the measurements. 

2 State-of-the-art  
The majority of experimental works dealing with 2-DOF 
vibration of airfoils is still limited to the simplified case 
of forced (externally excited) vibration [3–13]. The 
standard method for the measurement of the flow field in 
the proximity of the vibrating profile is the Particle Image 
Velocimetry (PIV), complemented with local pressure 
measurements using pressure probes. The usage of 
interferometric or schlieren methods has not yet been 
published in this specific context, although these methods 
are well suited especially for the case of higher subsonic, 
transonic and supersonic velocities where the PIV 
method is hardly applicable. Moreover, the 
interferometric measurements can provide pressure field 
data for the calculation of the forces and moments acting 
on the airfoil. The drawback of the interferometric 
approach – the assumption of the isentropic flow in the 
calculation of the pressure field – can be minimized by 
concurrent pneumatic measurements used to calculate 
correction factors. 

The interferometric images provide results, whose 
precision is proportional to the test section width and 
flow velocity (the number of interferometric fringes 
increases linearly with the light path length, and also with 
the Mach number). The PIV and interferometric methods 
can be seen as complementary, since with the increasing 
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Mach number the difficulties of a typical PIV setup 
generally grow, but the applicability of the 
interferometric method is not influenced and the 
precision of the results evaluated from the fringes 
increases. 

3 Experimental setup 

3.1 Physical design 

The experimental setup, which can be seen in figure 1, 
builds on previous experience obtained in the Institute of 
Thermomechanics in the years 2006-2012, when self-
oscillating models of the NACA0015 and DCA18% 
airfoils with two degrees of freedom were designed and 
the methodology of the measurements developed [14–
16].  

Figure 1. Overall view of the experimental setup.  The 
illuminated measuring section with the airfoil (a), Prandtl tube 
(b), high-speed camera (c) and its controlling PC (d), and the 
deflection sensor (e).

A model of a symmetric NACA0015 airfoil with a 
chord length of 65 mm and width of 80 mm was placed in 
a 80x210 mm test section of a vacuum wind tunnel in the
laboratory of the Institute of Thermomechanics in Nový 
Knín. The supporting frame of the airfoil allows two 
degrees of freedom – vertical shift (plunge) and rotation 
about elastic axis (pitch), which is located at 1/3 of the 
chord length (see figure 2). The translation stiffness is 
realized by adjustable flat springs, the torsional stiffness 
comes from a thin torsion bar inside the profile. For 
higher flow velocities and pitching amplitudes, this bar is 
highly dynamically loaded and prone to destruction.

Figure 2. Side view of the measuring section with the airfoil 
and its support with two degrees of freedom (vertical shift –
plunge, and rotation about the elastic axis – pitch).

During first preliminary measurements, the torsion 
bar underwent rupture due to excessively high pitching 
amplitudes, destroying also the cables and some of the 
sensors inside the airfoil. Certain parts of the model had 
to be remanufactured, and the guiding mechanism was 
also slightly improved. The total mass of the dynamic 
system can now be tuned by mounting additional masses 
onto the moving frame. In this way, the eigenfrequency 
of the plunging mode can be shifted apart from the 
torsional mode eigenfrequency. From the theoretical 
point of view, this should postpone the flutter onset to 
higher flow velocities.  

Prior to wind tunnel measurements, the natural 
frequencies and damping ratios of the system with 
various values of additional masses attached was 
measured and identified in laboratory [17]. For the 
system with all three additional masses of m = 350 g, the 
eigenfrequency of the translational mode is 17.7 Hz, 
about 2-3 Hz lower than without the additional masses. 
The natural frequency of the rotational mode is 24.8 Hz
and should not depend on the additional masses. 

3.2 Sensors and wiring 

The airfoil is equipped with six miniature pressure 
transducers Freescale MPXH6115 mounted flush with the 
airfoil surface – three on the top surface, three on the 
bottom. Due to damage of the model during previous 
measurements, only two sensors (V1h and V2h, both on 
the top surface) remained functional. The signal from the 
transducers, which have built-in preamplifiers, leads off 
the measuring section by a flexible bundle of wires 
designed for high mechanical loads.

Figure 3. Schematic of the airfoil model and sensor wiring. In 
the real setup, the high-speed camera (SpeedCAM X3) is 
oriented perpendicularly to the figure plane.

The vertical deflection of the airfoil is measured by a 
Larm MSL50 optical length gauge (see figure 3). The 
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dynamic range of this sensor was found to be insufficient 
for very high amplitudes (the limit arises from exceeding 
the maximum allowed linear velocity), and so an 
additional strain gauge bridge was mounted on the 
bottom flat spring and calibrated to provide a redundant 
signal of  the vertical deflection. 

The measuring section of the wind tunnel is equipped 
by a Prandtl tube, measuring the static pressure p1 and 
total pressure p0. The Prandtl tube is connected to a 
pressure scanner wired to a PC, which registers the 
pressures and evaluates the Mach number using relation 
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Here κ = cp/cv is the heat capacity ratio, for ideal 
diatomic gas equal to 7/5. The flow velocity can be then 
calculated as

,TRκMau 	        (2) 

where 1KkgJ1.287 �

	R is the specific gas constant 
for dry air and T is the absolute local static temperature
calculated from the ambient temperature T0 as
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The signals from the airfoil pressure transducers, 
strain gauge bridge and optical length gauge sensor are 
digitized, monitored online and stored by a Dewetron 
software system. 

In standard configuration, the flow field around the 
airfoil is measured by Mach-Zehnder interferometer and a 
high-speed camera. Due to technical issues, the 
interferometer was not mounted during this set of 
measurements. To monitor the airfoil motion (the vertical 
deflection is measured by the length gauge, but for the 
pitch angle there is currently no sensor installed on the 
model), a high-speed camera (NanoSense MKIII, 
maximum resolution 1280x1024 pixels @1000 Hz) and a 
special light source were mounted in the perpendicular 
direction, using the same optical access as the 
interferometric setup. The camera is triggered from the 
Dewesoft module, which ensures perfect synchronisation 
of the pressure and deflection measurements with the 
high-speed camera frames. The region of interest was set 
to a rectangle 756x700 pixel to spare disk storage and to 
save time during the transfer of data from the camera to 
the PC, which was the most time-consuming operation 
during the measurement. 

4 Numerical model 
The CFD model is described in detail in [18]; here it is 
sufficient to state that the model is based on cell-centred
finite volume discretization of incompressible Navier-
Stokes equations solved on a moving mesh. Two variants 
of the model are used: a fully 3D model, and a much 

computationally cheaper 2D model used for fast testing 
and preliminary analysis. The numerical code uses the 
OpenFOAM package, which is available as a free open-
source software under the GNU general public licence.
The motion of the airfoil is prescribed as a 2-DOF 
harmonic oscillation, with kinematic data identified from 
the experimental results. 

Most of the CFD simulations were run in parallel on a 
SGI Altix UV 100 shared-memory supercomputer of the 
Supercomputing Centre of the Czech Technical 
University in Prague. This shared-memory machine is 
built on the cache coherent non uniform memory access 
(cc-NUMA) architecture and offers 12 6-core Intel Xeon 
Nehalem processors, with 8 GB per core RAM. The 
nodes are interconnected by the SGI NUMAlink 5 
interconnects, providing low latency and 15 GB/s
bandwidth through two 7.5 GB unidirectional links. The 
OpenFOAM library is compiled using standard gcc, and 
the parallel solvers run via SGI MPT implementation of 
the MPI standard.

5 Results 

5.1 Evaluation of the airfoil motion from the 
high-speed camera images 

The measurement was performed for 32 cases: four 
configurations of additional masses and various values of 
inlet flow velocities. In all cases, first the airfoil was 
forced an initial deflection of y = 3 mm. Once the flow 
velocity in the wind tunnel was adjusted as needed, the 
high-speed camera started recording and shortly 
afterwards the airfoil was released.    

During the 32 measurements, altogether more than 
30 000 frames were recorded by the high-speed camera. 
The position of the airfoil in all these frames (vertical 
shift and pitch angle) were evaluated after the wind 
tunnel measurements using the positions of three key 
points (see figure 4), which were tracked automatically 
using Olympus i-Speed Advanced software suite. On a 
standard laptop, the software was able to process about 
10 frames per second. 

Figure 4. Points tracked automatically by the Olympus i-Speed 
software. 

Figures 5, 6 show the time history of the pitch angle 
(positive nose-up) and vertical deflection (positive 
upwards) for two cases selected out of the 32 
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measurements, both in configuration #4, with all 
additional masses attached (m = 350 g). Figure 5 
demonstrates a case where the flow velocity is 
subcritical. From the initial deflection (y = 3 mm, 
pitch = 2º), the vertical displacement oscillates with 
exponential attenuation to zero. As the two modes are 
coupled (the elastic axis is not located in the centre of 
gravity), a short transient in the pitching mode is excited, 
too. 
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Figure 5. Vertical deflection (blue) and pitch (red) of the airfoil 
in time, configuration #4. Measurement 2792-09, Ma = 0.1: 
subcritical flow velocity. 

The offset of the vertical deflection waveform does 
not have physical meaning; it is caused by an arbitrary 
position of the coordinate system origin when processing 
the camera frames. The offset of the pitch waveform 
(dark red) of about 2º corresponds to a real initial 
inclination of the airfoil, caused by imperfect adjustment 
of the torsion bar. 

When the flow velocity is increased (measurements 
2792-13, 2792-26..31 – not shown here), the behaviour of 
the system remains qualitatively the same, but the 
damping factor decreases due to negative damping 
contribution from the aerodynamic damping matrix. A
measurement at a supercritical flow velocity, when the 
flutter instability is present, is demonstrated in figure 6. 
In this case, the real part of the complex frequency is not 
negative any more, and within the validity of a linear 
approximation the amplitudes of the oscillations would 
exponentially grow until system destruction. Due to 
nonlinearities of the system (both mechanical and 
aerodynamic), the amplitudes eventually stabilize at a 
finite value.

To visualize the amplitudes and phase differences 
between the two modes, the airfoil motion can be also 
displayed in phase plane. Tab. 1 reports the phase plots of 
all the cases measured, with vertical displacement y on
the bottom axis and pitch angle on the left axis. In the 
cases where the system reached the flutter instability, the 
frequency and amplitudes of both modes are listed in the 
table, too. For configurations #1, 2 and 3, no 
measurements were performed beyond the lowest flow 
velocity able to trigger the flutter instability in order not 
to destroy the model: it was not known a priori, whether 
the vibration amplitude stabilizes due to system 

nonlinearities earlier, than the torsion bar breaks. The last 
measurements in configuration #4, however, recorded the 
system behaviour at several supercritical flow velocities 
up to Ma = 0.2.  

In general, from the data given in Tab. 1 it can be 
concluded that the current model behaves in a predictable 
way, consistent with the classical theory of 2-DOF 
aeroelastic systems. The flutter instability occurs at 
certain critical flow velocity, with a frequency in between 
the natural frequencies of the mechanical system (in our 
case somewhat closer to the frequency of the translational 
mode). When additional mass is applied to the frame, 
increasing the corresponding translational natural 
frequency and widening the gap between the two 
frequencies, the flutter instability is postponed to higher 
flow velocities. The effect is, however, not very distinct: 
the critical flow velocity for configuration #1 (m = 0 g) is 
Ma = 0.145, for configuration #4 (m = 350 g) flutter 
occurs at Ma = 0.160. When the flow velocity is 
increased beyond the critical value, the oscillation 
amplitudes grow significantly (from 7.1º / 0.81 mm at 
Ma = 0.16 to 17.9º / 4.27 mm at Ma = 0.2 for cfg. #4),
with a very slight increase in the flutter frequency 
(18.6 Hz to 18.9 Hz).   
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Figure 6. Vertical deflection (blue) and pitch (red) of the airfoil 
in time, configuration #4. Measurement 2792-32, Ma = 0.2: 
supercritical flow velocity – flutter. 
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a  Corresponding author: petr.sidlof@tul.cz

Table 1. Plots of the airfoil motion in phase plane for different configurations (additional masses m) and Mach numbers Ma. For 
supercritical flow velocities, frequency and amplitudes of both modes are included. 
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Ma [-] configuration #1 (m=0 g) configuration #2 (m=70 g) configuration #3 (m=210 g) configuration #4 (m=350 g)
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5.2 Pressure measured on the airfoil surface 

In the current set of measurements, due to technical 
complications it was unfortunately not possible to install 
the interferometric setup. Thus, the only measurements of 
the flow field are the signals from the discrete pressure 
sensors mounted on the surface of the oscillating airfoil. 
The relatively cheap MPXH6115 miniature pressure 
sensors provided unexpectedly good and accurate signals: 
prior to wind tunnel measurements, they were verified 
against a high-end Kulite XCQ-080 pressure transducer, 
with no significant discrepancy in amplitude and phase 
up to at least 1 kHz.

The time history of the pressure from these two 
sensors is shown in figure 7 for two cases, both in the 
flutter regime. The ambient atmospheric pressure was 
98.32 kPa. As can be seen from comparison with 
figure 6, the maximum static pressure occurs very close 
to the time instant of minimum pitch angle, and vice 
versa. The amplitude of the static pressure oscillations is 
significantly higher for sensor V1h, located closer to the 
airfoil leading edge. The minimum static pressure 
registered in measurement #2792-25 (Ma = 0.155) is 
about –4.3 kPa rel., in measurement #2792-32 (Ma = 0.2) 
about –8.1 kPa rel.  

Figure 7. Static pressure measured at two pressure probes 
installed flush with the airfoil surface during flutter.  
Top: measurement 2792-25 (configuration #3, Ma = 0.155) 
Bottom: measurement 2792-32 (configuration #4, Ma = 0.2) 
──── signal V1h (12 mm from leading edge, 18% of chord) 
─ ─ ─ signal V2h (31 mm from leading edge, 47% of chord) 

5.3 Numerical simulation results 

The numerical simulations were run using the simplified 
2D model, with the airfoil kinematic data and inlet Mach 
numbers matching values of measurements #2792-25 and 
#2792-32. The frequencies and amplitudes of the 
oscillation modes are listed in Tab. 1. For #2792-25, the 
phase lag of the pitching mode behind the plunging mode 
was identified to 1.182 π, in #2792-32 it was 1.134 π. 
Figure 8 shows the simulated pressure field for a time 
instant approximately in the middle of the 6th period of 
vibration, where the vertical deflection of the airfoil 
passes through zero position (cf. figure 9).

  
Figure 8. Simulated pressure field for the case 2792-32 
(Ma = 0.2), t = 0.2875 s (6th period). Pressure isolines by 
100 Pa. Zero level corresponds to atmospheric pressure. 

The pitching angle being 9.85º, the highest pressure 
(about 4 kPa) is located on the bottom surface near the 
leading edge.  On the top surface, the airflow separates 
and forms a highly turbulent separation region, with 
vortex structures forming zones of very low pressure. As 
the simulation is performed in 2D, the vortex dynamics 
are completely different from the real 3D case. In 
particular, the vortex structures cannot interact and 
change orientation, and thus disperse with a much slower 
rate than they would in 3D. This is a known drawback of 
the 2D simulations; the predictions of the 2D model in 
the separation region must be interpreted cautiously. 

The time history of the pressure in two probes (V1h, 
V2h), located at the places where the pressure transducers 
are mounted on the physical model, are shown in 
figure 10. These results can be directly compared to the 
values measured in the wind tunnel and displayed in 
figure 7. As expected, the pressure maxima correspond to 
the time instants of minimum pitching angle (cf. figure 9
for the simulation #2792-32). 
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angle ( ─ ─ ─ ) in the numerical simulation #2792-32 
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Figure 10. Simulated static pressure at two probes on the top 
surface of the airfoil, cases 2792-25 (Ma = 0.155) and 2792-32 
(Ma = 0.2). 
──── probe V1h (12 mm from leading edge, 18% of chord) 
─ ─ ─ probe V2h (31 mm from leading edge, 47% of chord) 

In both simulations, the waveform of pressure probe 
V1h (in 18% of the chord length) compares very well to 
the measurement, only with the minimum values slightly 
lower and more influenced by pressure disturbances than 
the measured data. The pressure probe V2h is located at 
47% chord. During almost half of the oscillation period 
(when pitching angles are positive), the probe already lies 
in the separation region. Thus, the pressure predictions of 
the numerical model are negatively influenced by the fact 
that the 2D simulation overestimates the turbulent 
pressure fluctuations, as discussed earlier. However, 
during negative pitching angles the V2h signal still 
compares well with the experiments.

6 Conclusions 
Based on the previous experience and measurements of 
the authors, a physical model of a NACA0015 airfoil 
with two degrees of freedom has been modified and 
repaired, equipped with sensors and measured in a wind
tunnel at various values of subcritical and supercritical 
flow velocities. The mechanical vibration and static 
pressure at two discrete locations of the upper airfoil 
surface were measured, with synchronous high-speed 
imaging of the airfoil motion. The stability boundaries for 
different values of additional masses (i.e., different 
eigenfrequencies of the plunging mode) have been 
identified, and the post-flutter behaviour of the system 
analysed. The results served well as a frame of reference 
for subsequent set of measurements, where an 
interferometric system was mounted. However, the 
interferometric data has not yet been processed and 
evaluated. 

The measured signals from the pressure sensors have 
also been used as validation data for a concurrently 

developed CFD model of airflow past an oscillating 
airfoil. The results of the numerical simulations match 
well in the regions of attached flow. However, at high 
angles of attack when the airflow separates, the 2D CFD 
predictions strongly overestimate the turbulent pressure 
fluctuations. In this separated flow regime, both 
numerical simulations and interpretation of the 
interferometric data remain a challenging goal for the 
future. 
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ABSTRACT 

The paper reports on interferometric measurements of 

flow over a NACA0015 airfoil model during flutter limit cycle 

oscillations. The airfoil model is fixed on an elastic support 

allowing motion with two degrees of freedom – pitch and 

plunge. The structural mass and stiffness matrices can be tuned 

to certain extent, so that the eigenfrequencies of the two modes 

approach as needed. The model is equipped with dynamic 

pressure probes and sensors measuring the airfoil vertical 

position. The flow field around the airfoil was measured by 

Mach-Zehnder interferometer and registered using a high-speed 

camera synchronously with the mechanical vibration and 

pressure measurements. The Mach number of the incident 

airflow was gradually increased and the response of the 

aeroelastic system to initial impulse measured, until the flutter 

instability onset occurred. Flutter boundaries were evaluated for 

various additional masses attached (i.e., for various plunging 

mode eigenfrequencies), and post-critical behavior of the 

system investigated. The interferograms recorded by the high-

speed camera were postprocessed, yielding pressure distribution 

around the airfoil during its vibration and an estimate of the 

total aerodynamic force and energy transfer from the airflow to 

the structure. 

NOMENCLATURE 

n index of refraction 

λ wave length of the interferometer light source 

L test section width 

K Gladston-Dale constant 

ρ local air density 

p0 Total pressure 

p1 Static pressure 

Ma Mach number 

κ Heat capacity ratio 

cp, cv Heat capacity at constant pressure / volume 

R Specific gas constant 

T Absolute local static temperature 

T0 Ambient temperature 

m Additional mass on the airfoil frame 
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INTRODUCTION 

Fluid-structure interaction affects an increasing number of 

technical applications – stability of suspension bridges, towers, 

smokestacks and skyscrapers, vibration of steam turbine blades, 

flow in heat exchangers and nuclear reactors, or wind turbine 

blade, airfoil and helicopter rotor blade vibration. The coupling 

between the flow and the structure may lead to large-amplitude 

oscillations and result in destruction of the elastic part due to 

low-cycle fatigue. In aerospace engineering, fluid-structure 

interaction can play a very important and potentially dangerous 

role: under certain circumstances, the coupling between flow 

and structure may lead to unstable exponentially increasing 

oscillations. The classical example is the flutter instability of 

airfoils, which occurs for systems with two degrees of freedom 

when the critical flow velocity is surpassed [1].  

The flutter instability, its boundaries and the aeroelastic 

response of a two-degree-of freedom (DOF) airfoil can be 

modeled and explained by simplified aeroelastic equations, 

where a linear mass-spring system is coupled to potential flow 

[2]. In more complex flow regimes, e. g. limit cycle oscillations 

with high angle of attack or stall flutter with massive flow 

separation, the simplified models cannot predict flow field 

accurately, and the airflow has to be modeled by Navier-Stokes 

equations. Turbulent flow has a three-dimensional character and 

so 3D simulations are preferable, but in a number of cases, two-

dimensional models are still applied from practical reasons. 

Many experimental works dealing with the 2-DOF 

vibration of airfoils, e.g. [3-7] are limited to the simplified case 

of forced, externally excited vibration. Poirel et al. [8] reports 

on self-sustained oscillations of a NACA0012 airfoil in pure 

pitch, Razak et al. [9] investigated flutter and stall flutter of a 

self-excited airfoil with pitch and plunge DOF.  

The standard methods for the measurement of the flow 

field in the proximity of the vibrating profile are Hot-Wire 

Anemometry (HWA) and Particle Image Velocimetry (PIV), 

complemented with local pressure measurements using pressure 

probes. The usage of interferometric or Schlieren methods for 

unsteady airflow past vibrating structures is rather scarce, 

although these methods are well suited especially for the case of 

moderate and higher subsonic velocities, and also transonic and 

supersonic velocities where the PIV method is hardly 

applicable. The drawback of the interferometric approach – the 

assumption of isentropic flow in the calculation of the pressure 

field – can be minimized by concurrent pneumatic 

measurements used to calculate correction factors. 

The interferometric images provide results, whose 

precision is proportional to the test section width and flow 

velocity: the number of interferometric fringes increases 

linearly with the light path length, and also with the Mach 

number. The PIV and interferometric methods can be seen as 

complementary, since with the increasing Mach number the 

difficulties of a typical PIV setup generally grow, but the 

applicability of the interferometric method is not influenced and 

the precision of the results evaluated from the fringes increases.  

The purpose of this study is the research of flow-induced 

vibration of airfoils and measurement of the unsteady flow field 

around the airfoil using interferometric methods. The current 

paper presents the results of wind-tunnel measurements of 

flutter of a NACA0015 pitch-plunge airfoil. 

DYNAMIC MODEL OF THE PITCH-PLUNGE AIRFOIL 

The experimental setup builds on previous experience 

obtained in the Institute of Thermomechanics in the years 2006-

2012, when self-oscillating models of the NACA0015 and 

DCA18% airfoils with two degrees of freedom were designed 

and the methodology of the measurements developed [10, 11]. 

For the wind tunnel measurements, a model of a 

symmetric NACA0015 airfoil with a chord length of 65 mm and 

 

 
 

 

FIG. 1 MODEL OF THE NACA0015 AIRFOIL WITH TWO 
DEGREES OF FREEDOM IN THE VIEW OF A HIGH-SPEED 
CAMERA WITH STANDARD FRONTAL ILLUMINATION (a.), 

AND WITH INTERFEROMETERIC OPTICAL SETUP (b.)  

b. 

a. 
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width of 80 mm was manufactured. The supporting frame of the 

airfoil allows motion with two degrees of freedom – vertical 

shift (plunge) and rotation about elastic axis (pitch), which is 

located at 1/3 of the chord length. The model can be seen in 

Fig. 1, which shows high-speed camera frames in two 

measurement configurations: with standard frontal illumination 

by a standalone light source (a.), and with Mach-Zehnder 

interferometer installed (b.), rendering visible the 

interferometric fringes. 

The translation stiffness of the model is realized by 

adjustable flat springs outside the test section, the torsional 

stiffness comes from a thin torsion bar inside the profile. For 

higher flow velocities and pitching amplitudes, this bar with a 

diameter of 1.6 mm is highly dynamically loaded and prone to 

destruction. 

The total mass of the dynamic system can be tuned by 

mounting additional masses onto the moving frame. In this way, 

the eigenfrequency of the plunging mode can be shifted apart 

from the torsional mode eigenfrequency. From the theoretical 

point of view, this should postpone the flutter onset to higher 

flow velocities. The natural frequencies and damping ratios of 

the system with various values of additional masses attached 

were measured and identified in laboratory by Kozánek [12]. 

For the system with an additional mass of m = 350 g, the 

eigenfrequency of the translational mode is 17.7 Hz, about 2-

3 Hz lower than without the additional masses (m = 0 g). The 

natural frequency of the rotational mode is 24.8 Hz and should 

not depend on the additional masses. 

INTERFEROMETRIC SETUP 

The airfoil model was fixed in a 80x210 mm test section 

of a suction-type wind tunnel in the Aerodynamic laboratory of 

the Institute of Thermomechanics in Nový Knín. The optical 

glasses in the sidewalls of the test section allow optical access 

for the optical measurement. The Mach-Zehnder interferometer 

was mounted over the wind tunnel (see Fig. 2). 

Due to space limitations, the collimated beam from the 

light source is reflected by mirror C1 into the interferometer B 

(see Fig. 2). The coherent power light is divided into two 

branches on the first semi-permeable mirror in the 

interferometer. The measuring branch passes through the test 

section and the comparative branch passes through a 

compensator. The interferometric image of the flow field in the 

test section with the airfoil appears on the second semi-

permeable mirror. Slight refraction effects in the test section 

influence the phase differences between the two beams, thus 

forming an interference pattern. The interferometric image 

consists of dark and bright interferometric fringes. From the 

differences in times for a light beam to pass through a fluid in 

adjacent fringes (k) and (k-1), and from the wavelength of 

monochromatic light we may obtain relation for the difference 

in the index of refraction between the adjacent fringes: 

   
L

λ
nn lkk  

 (1) 

Here  = 435.8 nm is the wave length of the monochromatic 

light employed. Through the empirical Gladstone-Dale equation 

a relation for the difference in density between adjacent fringes 

is obtained 

   
KL

λ
ρρ

lkk



 (2) 

L is the test section width, K = 0.0002297 m
3
/kg is the 

Gladston-Dale constant. As seen from eqn. (2), interferometry 

can be used for measuring the density differences between two 

points in the flow field. The interferometer can be set for an 

infinite interference fringe (which is used in this measurement) 

or for the finite fringe displacement method. 

 

 

 

FIG. 2 WIND TUNNEL AND SCHEMATIC OF THE INTERFEROMETRIC SETUP:    
A. TEST SECTION WITH THE AIRFOIL MODEL, B. MACH-ZEHNDER INTERFEROMETER, C1. OPTICS BETWEEN THE 

MERCURY LAMP AND INTERFEROMETER, C2. OPTICS BETWEEN THE INTERFEROMETER AND HIGH-SPEED CAMERA,  
D. AMPLIFIERS AND DATA ACQUISITION HARDWARE 

    

    

            

A. 

B. 

C2. 
D. 

airflow 

C1. 

5.3. AUTHOR’S CONTRIBUTIONS TO AIRFOIL FLUTTER RESEARCH 171



 4 Copyright © 2014 by ASME 

The interferograms, focused by optics C2, can be either 

visualized on a simple diffusion screen, or recorded by a still or 

high-speed camera. For the current measurements of the 

unsteady airflow past the oscillating airfoil, the unsteady 

interferograms were recorded using a high-speed camera 

(NanoSense MKIII, resolution 1280x1024 pixels @1000 Hz), 

aligned on the optical bench of the interferometer. The field of 

view of the camera was set to approximately 380x300mm, 

covering most of the visible flow field around the oscillating 

airfoil. 

SENSORS AND ELECTRICAL CONNECTIONS 

In addition to the interferometric setup for the flow field 

measurements, the model was equipped with various pressure 

sensors. One dynamic pressure transducer (Kulite XCQ-080) 

was mounted in the wall of the entry section to monitor the fast 

variations of the static pressure due to airfoil oscillation. For the 

measurement of the inflow velocity, a Prandtl tube measuring 

the mean value of the static pressure p1 and total pressure p0 

was mounted shortly upstream of the test section. The Prandtl 

tube is connected to a pressure scanner wired to a PC, which 

registers the pressures and evaluates the Mach number using 

Eq. (3): 
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Here κ = cp/cv is the heat capacity ratio, for ideal diatomic gas 

equal to 7/5. The flow velocity can be then calculated according 

to Eq. (4). 

TRκMau    (4) 

Here R = 287.1 J kg K
-1

  is the specific gas constant for dry air 

and T is the absolute local static temperature calculated from 

the ambient temperature T0 as shown in Eq. (5) below: 
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  (5) 

Further, the airfoil is equipped with six miniature dynamic 

pressure transducers Freescale MPXH6115 mounted flush with 

the airfoil surface. Three of the transducers are located on the 

upper surface, three on the lower one. Due to damage of the 

model during previous measurements, only two sensors (V1h 

and V2h, as shown in Fig. 3) remained functional. The signal 

from the transducers, which have built-in preamplifiers, leads 

out of the vibrating airfoil and out of the measuring section by a 

flexible bundle of wires designed for high mechanical loads. 

 

FIG. 3 SCHEMATIC OF THE TEST SECTION WITH THE 
AIRFOIL MODEL, SENSORS AND TRANSDUCERS 

The vertical deflection of the airfoil is measured by a 

Larm MSL50 linear encoder. For higher plunging amplitudes, 

the dynamic range of this sensor is insufficient (the limit arises 

from exceeding the maximum allowed linear velocity). This is 

why an additional strain gauge bridge was mounted on the flat 

spring supporting the airfoil frame and calibrated to provide a 

redundant signal of the vertical deflection. 

The signals from the airfoil pressure transducers, strain 

gauge bridge and the linear encoder are digitized, monitored 

online and stored by a Dewetron software system. The software 

includes a special module for triggering of the high-speed 

camera, which enables perfect synchronization of the recorded 

interferograms with the signals from all the sensors. 

 

TABLE 1.  EXPERIMENTAL CONDITIONS OF THE 
EVALUATED MEASUREMENTS: ADDED MASS m, 

PRESENCE OF THE INTERFEROMETRER, MACH NUMBER 
Ma 

 m [g] Intetfer. Ma [1] Remark 

2792-15 73 no 0.15 critical 

2792-21 0 no 0.145 critical 

2792-25 215 no 0.155 critical 

2792-26 359 no 0.16 critical 

2810-2-23 0 yes 0.162 critical 

2810-2-39 940 yes 0.218 critical 

2810-2-45 940 yes 0.23 supercritical 

 

RESULTS 

In the following, the results from two sets of 

measurements are summarized. The first set (2792-xx) was 

flat spring 

torsion bar 
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realized without optical flow field measurements; the second 

one (2810-2-xx) was with Mach-Zehnder interferometer 

installed. Between the two measurements, the model had to be 

removed from the wind tunnel and disassembled. The 

eigenfrequencies of the model and the critical flow velocity for 

flutter onset is highly influenced by internal damping in the 

model, caused mainly by friction in the supports, bearings and 

model framework. Within the current setup, it is not possible to 

guarantee that the damping remains exactly the same after 

disassembly/assembly, negatively influencing the repeatability 

of the measurements. This is why the critical inflow velocity, for 

instance, was higher in the 2810-2 set than in the same 

configuration within the previous measurement set. For clarity, 

the important experimental conditions of the measurements 

reported in this paper are summarized in Tab. 1. 

The system being nonlinear, the initial conditions have to 

be kept constant, since they may influence the behavior of the 

system. For all measurements, the airflow was first set to a 

desired value. Then, the model was given an initial deflection 

(plunge) of 0.3 mm, released and left to vibrate freely in the 

airflow either with exponentially decreasing amplitudes (for 

subcritical flow velocities), or entering the flutter regime (for 

critical and supercritical flow velocities). 

   

 

TABLE 2.  VISUALIZATION OF THE FLUTTER OSCILLATION AND LIST OF VIBRATION PARAMETERS AT LIMIT CYCLE 
OSCILLATIONS NEAR CRITICAL FLOW VELOCITY FOR FOUR DIFFERENT VALUES OF ADDITIONAL MASS m 
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2792-21: m = 0 g, Ma = 0.145

 
 

Flutter frequency:  21.8 Hz 
Pitch semi-amplitude (half peak-peak): 18.9º 
Plunge semi-amplitude (half peak-peak): 1.15 mm 
Phase shift of pitch behind plunge: 1.35 π  
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2792-15: m = 73 g, Ma = 0.15

 
 

Flutter frequency:  21.2 Hz 
Pitch semi-amplitude (half peak-peak):  16.0º 
Plunge semi-amplitude (half peak-peak):  1.05 mm 
Phase shift of pitch behind plunge: 1.31 π  
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2792-25: m = 215 g, Ma = 0.155

 
 
Flutter frequency:  19.7 Hz 
Pitch semi-amplitude (half peak-peak):  10.2º 
Plunge semi-amplitude (half peak-peak):  0.89 mm 
Phase shift of pitch behind plunge: 1.26 π  
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2792-26: m = 359 g, Ma = 0.16

 
 
Flutter frequency:  18.6 Hz 
Pitch semi-amplitude (half peak-peak):  7.1º 
Plunge semi-amplitude (half peak-peak):  0.86 mm 
Phase shift of pitch behind plunge: 1.32 π  
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FIG. 4 STABILITY BOUNDARIES (CRITICAL FLOW 
VELOCITY FOR FLUTTER ONSET) AND LIMIT CYCLE 
PARAMETERS (FLUTTER FREQUENCY, PITCH AND 

PLUNGE SEMI-AMPLITUDE) AS A FUNCTION OF 
ADDITIONAL MASS 

Stability boundaries 

The critical flow velocities (Mach numbers Ma) for flutter 

onset for the case of four additional masses m attached to the 

airfoil frame are summarized in Tab. 2. The table also contains 

flutter frequencies, semi-amplitudes of the pitching and 

plunging modes (evaluated as a half of the peak-peak amplitude 

of the respective modes), phase difference between the plunging 

and pitching motion and graphical visualization of the limit 

cycle oscillations. The visualization was done by plotting the 

airfoil contours, extracted from the high-speed camera frames, 

within one limit cycle. The critical Mach number was 

determined with a precision in the order of Ma = 0.001, i.e., 

below 1 m/s. The trends summarized in Tab. 2 are also shown 

graphically in Fig. 4. It can be seen that with increasing 

additional mass (decreasing eigenfrequency of the plunging 

mode) the critical flow velocity increases, which is in agreement 

with the linearized flutter theory. 

However, during additional measurements 2810-2-23 and 

2810-2-39, where bearings of the supporting frame have been 

slightly redesigned, it has been found that the mechanical 

damping of the system can influence the critical flow velocity 

more than the setting of the plunging mode eigenfrequency. The 

redesigned system having slightly higher damping, the critical 

flow velocity for m = 0 g increased to Ma = 0.162, for 

m = 940 g the system lost stability at Ma = 0.218. 

From Fig. 4 it follows that the frequency of the flutter and 

amplitudes of both the pitching and plunging motion at critical 

flow velocity decrease with increasing additional mass. This is 

caused by the fact that the natural frequency of the plunging 

mode (about 20 Hz for m = 0 g and Ma = 0) gets further from 

the natural frequency of the pitching mode, which is 22 Hz for 

Ma = 0.  

For all configurations, the pitching motion is phase-shifted 

behind the plunging motion by about 1.3 π. The phase-shift 

does not seem to be influenced significantly by the additional 

mass. 

Post-critical behavior of the system 

When the airflow velocity is increased beyond the critical 

value, the amplitudes and the frequency of vibration generally 

increase up to certain limit, as was shown for certain 

configurations in [13]. In the current paper, the results obtained 

in measurement 2810-2-45 (m = 940 g, Ma = 0.23) are analyzed 

in detail. This measurement was performed for the highest 

velocity, where the flutter oscillation still occurred. For 

m = 940 g and inflow velocities higher than Ma > 0.23, the 

system regained stability due to high aerodynamic damping. 

During measurement 2810-2-45, the Mach-Zehnder 

interferometer was mounted and the unsteady interferograms 

recorded by the high-speed camera. 

As summarized in Tab. 3, the frequency of vibration is 

15.5 Hz. The airfoil vibrates with quite high plunging amplitude 

and moderate pitching amplitude, with the two modes out of 

phase similarly as in the previous measurements. Figs. 5, 6, and 

7 show the time history of the plunging motion, pitching motion 

and signals from the pressure transducers, with detailed views 

on the transient stage (release from the initial deflection, onset 

of the flow-induced vibrations) and a period of stable 

oscillations. Data in Fig. 5 was taken from the linear encoder 

signal, Fig. 6 was evaluated from the high-speed camera frames. 
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TABLE 3.  VISUALIZATION OF THE FLUTTER OSCILLATION 
AND LIST OF VIBRATION PARAMETERS FOR CASE  
2810-2-45 AT A SUPERCRITICAL FLOW VELOCITY  
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2810-2-45: m = 940 g, Ma = 0.23

 
 
Flutter frequency:  15.5 Hz 
Pitch semi-amplitude (half peak-peak):  9.9º 
Plunge semi-amplitude (half peak-peak):  3.17 mm 
Phase shift of pitch behind plunge: 1.17 π 

 
 

Unlike the previous measurements with independent 

illumination [13], in this case, when the interferometer was 

mounted, the software was not able to track and evaluate the 

position of the airfoil in the camera frames automatically. 

Instead, the airfoil position had to be located manually, which 

deteriorated the precision of the pitching signal compared to 

previous automatically evaluated measurements. Fig. 5 shows 

that before reaching limit cycle oscillations, the airfoil oscillates 

about 12 periods with increasing amplitudes. The limit cycle 

oscillations are nearly sinusoidal both in pitch and plunge. The 

motion can be also visualized in phase plane, as has been done 

in [13] for the first set of measurements. 

The signals from the pressure transducers are plotted in 

Fig. 7. Both probes are mounted on the upper surface of the 

airfoil: V1H close to the leading edge (in 18% of the chord), 

V2H further downstream in about middle of the chord. The 

semi-amplitude at V1H in the limit cycle oscillations is 2.1 kPa, 

at the downstream probe V2H about 0.5 kPa. The upstream 

pressure transducer is located in the region, where the airflow is 

mostly attached. V2H, on the other side, lies in the place where 

the airflow is massively separated, especially for high positive 

angles of attack and negative plunging velocities. This is why 

the data from V2H is more scattered, and unlike V1H, do not 

agree well with the results of numerical simulations [13]. 

For measurement 2810-2-45, the interferograms of one 

period of stable limit-cycle oscillations have been evaluated. 

The frame rate of the high-speed camera being 1000 fps and 

frequency of vibration f = 15.5 Hz, 65 frames per period were 

recorded. Eight frames are displayed in Tab. 4 together with the 

time instants, when the camera was triggered. The times 

correspond precisely to the time base of the Dewetron data 

acquisition system, used for pressure and plunge motion 

measurements. 
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2810-2-45: m = 940 g, Ma = 0.23
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2810-2-45: m = 940 g, Ma = 0.23

 

6.03 6.04 6.05 6.06 6.07 6.08 6.09
-4

-2

0

2

4

time [s]

p
lu

n
g

e
[m

m
]

2810-2-45: m = 940 g, Ma = 0.23

 

FIG. 5 TIME HISTORY OF THE PLUNGING MOTION (TOP), 
CLOSE-UP ON THE TRANSIENT (MIDDLE) AND STABLE 

(BOTTOM) STAGE 
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2810-2-45: m = 940 g, Ma = 0.23

 

FIG. 6 TIME HISTORY OF THE PITCHING ANGLE – ONE 
PERIOD OF THE STABLE OSCILLATIONS 
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FIG. 7 STATIC PRESSURE MEASURED ON THE SURFACE 
OF THE AIRFOIL, TRANSIENT AND STABLE STAGE. 

▬▬▬▬ PROBE V1H (12 MM FROM LEADING EDGE, 18% 
OF CHORD) 

▬ ▬ ▬ PROBE V2H (31 MM FROM LEADING EDGE, 47% 
OF CHORD) 

 

 

FIG. 8 EVALUATION OF A SAMPLE INTERFEROGRAM 

Out of the full number of 65 frames from the vibration 

period, each second was evaluated using a procedure described 

in detail by Kozánek [11], yielding discrete density values at 

points where the interferometric fringes intersect the airfoil 

surface (see Fig. 8). Under the assumption of isentropic flow, 

the aerodynamic pressure can be calculated from the evaluated 

density values.  

Interpolation and numerical integration of the pressure 

over the upper and lower surface of the airfoil yields the total 

drag and lift force, exerted by the airflow on the vibrating 

airfoil [11]. The time history of the drag force is shown in Fig. 9 

separately for the upper and lower airfoil surface. By 

comparison with Fig. 6 it can be seen that the drag on the lower 

and upper surface is almost precisely in-phase and out-of-phase 

with the angle of attack, respectively.  
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2810-2-45: m = 940 g, Ma = 0.23

 

FIG. 9 DRAG FORCE COMPONENTS:  
▬●▬●▬●▬ LOWER AIRFOIL SURFACE 
▬●▬●▬●▬ UPPER AIRFOIL SURFACE 
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2810-2-45: m = 940 g, Ma = 0.23

 

FIG. 10 TOTAL LIFT FORCE ON THE AIRFOIL 

Fig. 10 shows the time history of the total lift force. Again, 

the waveform contains some noise, which is caused mainly by a 

low number of interferometric fringes apparent for this low 

Mach number flow. Plotting the total lift force against the 

plunge displacement yields a hysteresis loop (see Fig. 11), 

whose area corresponds to the energy transferred from the flow 

field to the vibrating structure through the plunging mode. 
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TABLE 4.  INTERFEROGRAMS IN 8 PHASES OF ONE STABLE VIBRATION CYCLE 

2810-2-45, frame #1036 
t = 6.0265 s 

 

2810-2-45, frame #1044 
t = 6.0345 s 

 

2810-2-45, frame #1052 
t = 6.0425 s 

 

2810-2-45, frame #1060 
t = 6.0505 s 

 

2810-2-45, frame #1068 
t = 6.0585 s 

 

2810-2-45, frame #1076 
t = 6.0665 s 

 

2810-2-45, frame #1084 
t = 6.0745 s 

 

2810-2-45, frame #1092 
t = 6.0825 s 

 
 

 

Numerical integration of the hysteresis loop in Fig. 11 

using trapezoidal rule yields an energy of approximately 

0.045 Joule per one oscillation cycle, giving a power of about 

0.7 Watt. The energy is transferred from the flow to the airfoil 

by the pitching mode, too. However, to estimate this part, it 

would be necessary to calculate the total aerodynamic moment. 

For the current low flow velocities and consequent low 

resolution of the interferograms, the numerical integration does 

not provide results precise enough to perform these evaluations. 

  

 

 

FIG. 11 ENERGY TRANSFERRED FROM THE AIRFLOW TO 
THE AIRFOIL THROUGH THE PLUNGING MODE  

CONCLUSIONS 

A physical model of an airfoil with two degrees of 

freedom has been designed, equipped with sensors and 

subjected to airflow in a subsonic suction-type wind tunnel. 

Using the current methods, it is possible to investigate the 

stability boundaries of the system, measure and analyze its 

dynamic behavior. The wind-tunnel has lateral optical access, 

and can be equipped with a Mach-Zehnder interferometer. 

The stability boundaries of the current setup as a function 

of additional mass attached to the vibrating frame have been 

measured. For one case of a supercritical flow velocity, the 

waveforms of all the measured signals have been analyzed. For 

the same configuration, the interferograms have been evaluated 

and postprocessed, yielding the time-history of the drag and lift 

force exerted on the airfoil, and an estimate of the energy 

transfer from the airfoil to the structure. 

In the current setup, no direct measurement of the pitching 

angle was possible. Instead, this had to be evaluated from the 

high-speed camera frames. Even though the mounting of such 

transducer represents a challenging task due to serious space 

limitations and rather violent dynamic conditions in the 

vibrating airfoil model, this is one of the priorities for 

subsequent measurements. 

The accuracy of the pressure field evaluations from the 

unsteady interferograms increases with higher flow velocities, 

as more interferometric fringes are apparent on the high-speed 

camera frames. It has been shown that the method can be used 
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even for low flow velocities of about Ma = 0.2. For velocities 

above Ma = 0.3 - 0.4, the current airfoil model either oscillates 

with amplitudes so high that some components of the model 

might be destroyed (this is for the case of low additional mass, 

when the natural frequency of the pitching and plunging mode 

without airflow are close), or remains in the stable region where 

flutter does not occur (in the case of a high additional mass, 

natural frequencies of the two modes further apart).  

In future, a new airfoil model will be manufactured, 

allowing for more precise tuning of the eigenfrequencies, 

equipped with pressure probes on both airfoil surfaces and with 

a pitching angle sensor. An in-house software is also being 

currently developed for semi-automatic evaluation of the 

density and pressure field from the unsteady interferograms.  
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Chapter 6

Conclusion

Fluid dynamics is a fascinating scientific field with countless industrial applications. With the
advent of affordable computing power in the second half of the 20th century, CFD simulations
became a viable option for the investigation of various fluid flow problems. One might wonder
whether the CFD would not replace challenging and expensive fluid dynamic measurements in
foreseeable future. However, unlike e. g. computational solid mechanics, where it is nowadays
in many cases perfectly feasible to use a computational mesh fine enough to reduce the error and
uncertainity to an insignificant level, this is often not the case in CFD simulations.

For the ultimate numerical solution of the Navier-Stokes equations – so called Direct Numerical
Simulation (DNS), it is essential that the mesh size be comparable with the size of the smallest
turbulent eddies (and the time step with the inverse of highest frequencies). The DNS imposes
prohibitive requirements on the required grid point number, which scales with Re9/4 and which is
largely beyond the potential of contemporary largest supercomputers even for moderate Reynolds
numbers. For a typical airplane aerodynamics problem, for instance, the grid point number required
for a DNS is in the order of 1016. In present day, DNS has to be regarded as a research tool, not as
a brute-force solution to engineering problems.

For turbulent flow simulations, almost all contemporary commercial CFD codes use Reynolds-
Averaged Navier-Stokes (RANS) approach, where the influence of the turbulent eddies on the mean
flow is modeled by certain approximation. The choice of turbulence models is immense. However,
all the models were developed with specific assumptions and simplifications, none of them can be
used universally and none of them is exact.

A promising class of methods called Large Eddy Simulations (LES), where the influence of
large-scale anisotropic eddies induced by the geometry, boundary and initial conditions is solved,
while the impact of the small, subgrid-scale and essentially isotropic vortices is modeled, has
emerged during recent years and gains popularity not only in academia, but also in industry. In
terms of computational cost and accuracy, LES can be seen as a compromise between RANS and
DNS: the number of gridpoints for a correctly resolved LES of a given problem is much higher than
that of a RANS simulation, but still far away from extreme requirements of DNS. The influence of
the approximate subgrid-scale model on the global solution is generally lower than in the case of
RANS. Nonetheless, it still introduces certain modeling error.

We see that even for the simple cases of flow problems, where the physics are completely
known and exactly described by partial differential equations (i. e. incompressible single-phase
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flow of perfectly Newtonian fluids), the Navier-Stokes equations cannot be solved numerically in
a straightforward way due to practical constraints like the CPU performance, memory and cache
size and memory bandwidth, and have to be complemented by approximate models, introducing
additional and hardly quantifiable physical modeling error. In more complex situations, e. g. mul-
tiphase, non-Newtonian, reacting flow or combustion, even the mathematical model and the values
of physical parameters are not known exactly. This is why no one could seriously suggest that
the measurements in fluid flow problems are no longer needed. Both experimental and numerical
approaches have their limitations and uncertainties, resource requirements and costs. In any case,
most insight into a specific fluid flow problem can be gained when the numerical computations and
experiments are used concurrently.
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