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Jiř ı́ Hozman

Technical University of Liberec
Faculty of Science, Humanities and Education

Department of Mathematics and Didactics of Mathematics
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Abstract

In this paper we deal with the development of a numerical method for the solution of the mo-
dified equal width wave (MEW) equation – a very important equation with a cubic nonlinearity
describing a large number of physical phenomena. The crucial idea of introduced approach is
based on the discretization of the MEW equation with the aid of a combination of the discontin-
uous Galerkin (DG) method for the space semi-discretization and the backward Euler method
for the time discretization. The appended numerical experiments investigate the conservative
properties of the MEW equation related to mass, momentum andenergy, and illustrate the po-
tency of this scheme, consequently.

Keywords: Discontinuous Galerkin method; modified equal width wave equation; semi-implicit
scheme; solitary wave.

Introduction

Our aim is to present a sufficiently robust, accurate and efficient numerical method for the
solution of scalar nonlinear partial differential equations. As a model problem, we consider
a modified equal width wave (MEW) equation, describing the various phenomena in physical
disciplines. The MEW equation contains a cubic nonlinearity and exhibits a pulse-like solitary
wave having the same width with both positive and negative amplitudes. Several numerical
methods have been introduced in the literature for the solution of the MEW equation, see [1],
[6], [9] and references cited therein.

In this paper, we proposed a semi-implicit scheme for the numerical solution of the MEW
equation. The discontinuous Galerkin (DG) methods have become a very popular numerical
technique for the solution of nonlinear problems. The DG space semi-discretization uses higher
order piecewise polynomial discontinuous approximation on arbitrary meshes, for a survey, see
[2], [3], [4]. Among several variants of DG methods we preferthe so-called interior penalty
Galerkin (IPG) discretizations. The discretization in thetime coordinate is performed with the
aid of a linearization and the backward Euler method, sidetracking the time step restriction
well-known from the explicit schemes. Consequently, the fully discrete problem is represented
by the system of linear algebraic equations.

The rest of the paper is organized as follows. The problem formulation and its variational re-
formulation are given in Section 1. The discretization including a space semi-discretization and
fully time space discretization is considered in Section 2.Some numerical results are provided
in Section 3.
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1 Problem Formulation

Let Ω = (a,b) ⊂ IR be a bounded open interval, we consider the following MEW equation:

Problem (I): Findu(x, t) : QT = Ω× (0,T) → IR such that, for allT > 0,

(a)
∂u
∂ t

+ εu2∂u
∂x

−µ
∂
∂ t

(

∂ 2u
∂x2

)

= 0 in QT ,

(b) u(a, t) = ua
D(t) andu(b, t) = ub

D(t), t ∈ (0,T) (1)

(c) u(x,0) = u0(x), x∈ Ω,

where positive parametersε andµ represent the amplitude of the wave and long-wavelength,
respectively. The initial boundary value problem (1) is equipped with the initial conditionu0 :
Ω → IR and the Dirichlet boundary conditionsua

D,ub
D : (0,T) → IR prescribed at both endpoints

of the domainΩ.
In order to obtain a variational formulation of (1) we introduce the standard notation for

function spaces. Letk ≥ 0 be an integer andp∈ [1,∞]. We use the well-known Lebesgue and
Sobolev spacesLp(Ω), Hk(Ω), Bochner spacesLp(0,T;X) of functions defined in (0, T) with
values in the Banach spaceX and the spacesCk([0,T];X) of k-times continuously differentiable
mappings of the interval [0, T] with values inX. Further, we denote the inner product inL2(Ω)
by (·, ·), and letH1

0(Ω) = {v∈ H1(Ω) : v(a) = v(b) = 0}.
Now, we are ready to introduce the followingweak formulationof problem (1):

Problem (II) : Find u∈C1(0,T;H1(Ω)) such that, for allt ∈ [0,T],

(a) u−u∗ ∈C1(0,T;H1
0(Ω))

(b)
d
dt

(u(t),v)+ εb(u(t),v)+ µ
d
dt

a(u(t),v) = 0 ∀v∈ H1
0(Ω) (2)

(c) u(0) = u0 in Ω, u0 ∈ L2(Ω),

where symbolu(t) stands for the function onΩ such thatu(t)(x), x∈ Ω and the bilinear form
a(·, ·) and the nonlinear formb(·, ·) are defined as

a(u(t),v) =
∫

Ω

∂u(t)
∂x

v′dx, (diffusion term) (3)

b(u(t),v) =
∫

Ω

∂ f (u(t))
∂x

vdx with f (u) =
1
3

u3 (convection term). (4)

Function f (u) in (4) represents the physical flux.

2 Discretization

Let Th (h > 0) be a family of the partitions of the closureΩ = [a, b] of the domainΩ into N
closed mutually disjoint subintervalsIk = [xk−1,xk] with lengthhk := xk−xk−1 and the symbol
J stands for an index set{1, . . . ,N}. Then we callTh = {Ik, k∈ J } a triangulationwith the
spatial steph := maxk∈J hk and the intervalIk anelement. LetEh = {x0 = a,x1, . . . ,xN−1,xN =

b}. Further, we label byE I
h the set of all inner nodes. Obviously,Eh = E I

h ∪{a, b}.
The DG method can handle different polynomial degrees over elements. Therefore, we

assign a positive integerpk as alocal polynomial degreeto eachIk ∈ Th. Then we set the
vectorp = {pk, Ik ∈ Th}. Over the triangulationTh we define the finite dimensional space of
discontinuous piecewise polynomial functions

Shp ≡ Shp(Ω,Th) = {v;v|Ik ∈ Ppk(Ik) ∀k∈ J }, (5)
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wherePpk(Ik) denotes the space of all polynomials of degree≤ pk on Ik, Ik ∈Th. Consequently,
the approximate solution of the continuous problem (1) is sought in the spaceShp.

For eachx ∈ E I
h there exist two elementsIk, Ik+1 ∈ Th such thatIk ∩ Ik+1 = {x}. Let us

denote
v(x+) = lim

ε→0+
v(x+ ε) and v(x−) = lim

ε→0+
v(x− ε) (6)

thetracesof v at inner points ofΩ. Moreover,

[v(x)] = v(x−)−v(x+), 〈v(x)〉 =
1
2

(

v(x−)+v(x+)
)

, (7)

denote thejumpandmean valueof the functionv at pointsx∈ E I
h , respectively. By convention,

we also extend the definition of the jump and mean value for endpoints of domainΩ, i.e.

[v(x0)] = −v(x+
0 ), 〈v(x0)〉 = v(x+

0 ), [v(xN)] = v(x−N), 〈v(xN)〉 = v(x−N) (8)

In case thatx ∈ Eh are arguments ofv(x−) or v(x+), we usually omit these argumentsx−,x+

and write simplyv− andv+, respectively.

2.1 Space Semi-Discrete DG Scheme

Now, we recall the space semi-discrete DG scheme presented in [8]. The crucial item of the DG
formulation of model problem is the treatment of the convection part. The convection terms are
approximated with the aid of the following numerical fluxH(·, ·) through nodex ∈ Eh in the
positive direction (i.e. outer normal is equal to one):

H
(

u(x−),u(x+)
)

=

{

f (u(x−)) , if A≥ 0

f (u(x+)) , if A < 0
, whereA = f ′

(

u(x−)+u(x+)

2

)

, (9)

which is based on the concept ofupwinding, for more details see [7].
Due to the cubic form of physical fluxf (u) = 1

3u3, the derivativef ′(u) = u2 is nonnegative
everywhere inΩ and the numerical fluxH defined in (9) has simpler form:

H
(

u(x−),u(x+)
)

= f
(

u(x−)
)

, x∈ Eh (10)

The choice ofu(x−),u(x+) for boundary points{a,b} is necessary to specify. Here we use:

u(x−0 ) = u(a−) = ua
D and u(x+

N) = u(b+) = ub
D. (11)

A particular attention should be also paid to the treatment of the diffusion terms, which
include artificially addedstabilizationin order to guarantee the stability of the resulting numer-
ical scheme. Furthermore, in order to replace the inter-element discontinuities, the semi-discrete
scheme is completed withpenaltyvanishing for the continuous solution.

Therefore, we can define thesemi-discrete solution uh of the problem (1).

Problem (III) : Finduh ∈C1(0,T;Shp) such that, for allt ∈ [0,T],

(a)
d
dt

{

(uh(t),vh)+ µaΘ
h (uh(t),vh)+ µJσ

h (uh(t),vh)

}

+ ε bh(uh(t),vh) = 0

∀vh ∈ Shp, (12)

(b) (uh(0),vh) = (u0,vh) ∀vh ∈ Shp
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where

aΘ
h (u(t),v) = ∑

k∈J

∫

Ik

∂u(t)
∂x

·v′dx− ∑
x∈Eh

〈

∂u(t)
∂x

〉

[v]+Θ ∑
x∈E I

h

〈

v′
〉

[u(t)], (13)

+Θv′(x+
0 ) ·

(

ua
D(t)−u(x+

0 , t)
)

+Θv′(x−N) ·
(

u(x−N , t)−ub
D(t)

)

(diffusion form)

bh(u(t),v) = − ∑
k∈J

∫

Ik
f (u(t)) ·v′dx+ ∑

x∈E I
h

f (u−(t)) [v] (14)

− f (ua
D(t)) ·v(x+

0 ) + f (u(x−N , t)) ·v(x−N)
(convection form)

Jσ
h (u(t),v) = ∑

x∈E I
h

σ [u(t)] [v]+σ(x0) ·
(

ua
D(t)−u(x+

0 , t)
)

·v(x+
0 ) (15)

+σ(xN) ·
(

u(x−N , t)−ub
D(t)

)

·v(x−N)

(penalty form)

According to value of the parameterΘ, we speak ofsymmetric(Θ = −1), incomplete
(Θ = 0) ornonsymmetric(Θ = 1) variants of stabilization of the DG method, i.e., we generally
consider three variants of the diffusion formaΘ

h . The penalty parameter functionσ : Eh → IR in
(15) is defined in spirit of [5] as

σ(x) =
CW

d(x)
with d(x) =















h1/p1
2 , x = a,

min
(

hk/p2
k,hk+1/p2

k+1

)

, x∈ E I
h ∧{x} = Ik∩ Ik+1,

hN/pN
2 , x = b,

(16)

whereCW > 0 is a suitable constant depending on the used variant of scheme and on the degree
of polynomial approximation.

In order to simplify the notation we introduce the form

A
Θ,µ

h (u(t),v) := (u(t),v)+ µ aΘ
h (u(t),v)+ µJσ

h (u(t),v), u(t),v∈ Shp, t ∈ (0,T), (17)

which is bilinear due to (13) and (15). Consequently, the equation (12a) can be rewritten as

d
dt

A
Θ,µ

h (uh(t),vh)+ ε bh(uh(t),vh) = 0 ∀vh ∈ Shp,∀ t ∈ [0,T], (18)

The problem (18) represents a system of ordinary differential equations (ODEs) foruh(t) which
has to be discretized in time by a suitable method.

2.2 Fully Time-Space Discrete DG Scheme

There exists a wide range of approaches for the time discretization of ODE systems resulting
from the DG semi-discretization. In practical computations, the simplest time discretization is
via explicit scheme(e.g. Euler forward scheme and Runge-Kutta methods). These schemes
suffer from a strong limitation on the time step due to aCFL-stability condition. However, their
main advantage is easy implementation. On the other hand, inorder to avoid the strong time
step restriction of explicit DG schemes, it is suitable to use animplicit time discretization.

Let 0= t0 < t1 < · · · < tM = T be a partition of the interval[0,T], time stepsτl ≡ tl+1− tl ,
andul

h stands for theapproximate solutionof uh(tl ), tl ∈ [0,T], l = 0, . . . ,M. The fully discrete
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solution of problem (12) via an implicit approach with thebackward Euler methodis defined in
following way.

Problem (IV) : Findul
h ∈ Shp, such that, forl = 1, . . . ,M,

(a)
1
τl

(

A
Θ,µ

h (ul+1
h ,vh)−A

Θ,µ
h (ul

h,vh)
)

+ εbh

(

ul+1
h ,vh

)

= 0 ∀vh ∈ Shp, (19)

(b) u0
h is Shp approximation ofu0.

The main drawback inhibiting from the fully implicit treatment in (19a) is the nonlinearity of
the convection formbh(·, ·) which leads to a nonlinear system of algebraic equations at each
time step the solution of which is rather expensive and more complicated.

Therefore, in our case, the proposedsemi-implicitapproach, sidetracking the time step re-
striction as well as the nonlinearity of the convection formis generally based on a suitable
linearizationof this form. The nonlinearity appearing in the convection form (14) comes from
the physical fluxf (u) the linearization of which is crucial for the later linear treatment of the
form bh(·, ·).

We use a linearization off (u) with the aid of the Taylor expansion as

f (u(t + τ)) =
1
3

u3(t + τ) =
1
3

u3(t)+
∂
∂ t

1
3

u3(t)τ +O(τ2), τ > 0, t ∈ (0,T). (20)

Hence, differentiation and omitting of higher order termsO(τ2) in (20) lead to approximation

f (u(t + τ)) ≈
1
3

u3(t)+u2(t)
∂u(t)

∂ t
τ ≈

1
3

u3(t)+u2(t)(u(t + τ)−u(t)) , (21)

the last approximation in (21) comes from the Taylor expansion ofu, i.e.

u(t + τ) = u(t)+
∂u(t)

∂ t
τ +O(τ2) ≈ u(t)+

∂u(t)
∂ t

τ, τ > 0, t ∈ (0,T). (22)

Finally, from (21) we get

f (u(t + τ)) ≈ u2(t)u(t + τ)−
2
3

u3(t) = u2(t)u(t + τ)−2 f (u(t)), τ > 0, t ∈ (0,T) (23)

and by substitutingul+1
h for u(t + τ) andul

h for u(t) in (23), respectively

f (ul+1
h ) ≈

(

ul
h

)2
ul+1

h −2 f (ul
h), l = 1, . . . ,M. (24)

Next, we can proceed to the linearization of an implicit treatment ofbh as

bh(u
l+1
h ,vh) =− ∑

k∈J

∫

Ik
f (ul+1

h ) ·v′hdx+ ∑
x∈E I

h∪{xN}

f ((ul+1
h )−) [vh]− f (ua

D(tl+1)) ·vh(x
+
0 ) (25)

From (24) and (25) we find that

bh(u
l+1
h ,vh) =

− ∑
k∈J

∫

Ik
(ul

h)
2 ·ul+1

h ·v′hdx+ ∑
x∈E I

h∪{xN}

((ul
h)

−)2 · (ul+1
h )− · [vh]− f (ua

D(tl+1)) ·vh(x
+
0 )

︸ ︷︷ ︸

=:bhL(ul
h,u

l+1
h ,vh)

−2







− ∑
k∈J

∫

Ik
f (ul

h) ·v
′
hdx+ ∑

x∈E I
h∪{xN}

f ((ul
h)

−) [vh]







︸ ︷︷ ︸

=:b∗h(u
l
h,vh)

(26)
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where the formbhL(·, ·, ·) is linear with respect to its second and third components andthe
form b∗h(·, ·) is in fact the original convection form (14) with homogeneous Dirichlet boundary
conditions.

Since linear parts ofbhL are treated implicitly and the nonlinear ones together withthe form
b∗h explicitly, the semi-implict treatment preserves a linearalgebraic problem at each time step.
In this way we arrive at the following semi-implicit method.

Problem (V): Findul
h ∈ Shp, such that, forl = 1, . . . ,M,

(a) A
Θ,µ

h (ul+1
h ,vh)+ τl εbhL

(

ul
h,u

l+1
h ,vh

)

= A
Θ,µ

h (ul
h,vh)+2τl εb∗h

(

ul
h,vh

)

∀vh ∈ Shp,

(b) u0
h is Shp approximation ofu0. (27)

The discrete problem (27) is equivalent to a system of linearalgebraic equations at each time
instanttl ∈ [0,T]. The resulting method has a high order of accuracy with respect to the space
coordinates and the first order of accuracy with respect to time.

3 Numerical Experiments

In this section we present the results obtained from the semi-implicit method (27) proposed for
the numerical solution of the problem (1) for a propagation of a single solitary wave. The MEW
equation has three conservation quantities correspondingto mass, momentum, and energy

IM(u) =
∫

Ω
udx, IMM(u) =

∫

Ω
(u2 + µ(u′)2)dx, IE(u) =

∫

Ω
u4dx, (28)

respectively, and will be monitored to check the conservation properties of the proposed algo-
rithm.

Let us consider the following analytical solution of (1)

u(x, t) = Asech(k(x−x0− pt)) (29)

which represents a single solitary wave of amplitudeA=
√

6p/ε , wherep is the velocity of the
wave andk =

√

1/µ . The boundary and initial conditions are extracted from theexact solution
(29).

In order to compare our semi-implicit approach to the schemes given in [1] and [6] we set the
parameters valuesA= 0.25,x0 = 30.0, ε = 3.0 andµ = 1.0. The run of the algorithm is carried
up to timeT = 20.0 over the problem domain[0,80] with the constant mesh sizeh = 0.1 and
the time stepτ = 0.05. The computations were performed by piecewise cubic approximations
with Θ = 0 (incomplete variant).

Figure 1 captures the development of approximation solutions of single solitary wave from
an initial condition to different time instants. Table 1 records the invariant quantities and com-
pares obtained results with several previous schemes givenin [1] and [6]. We obtained satisfac-
tory results and quite good agreement was already achieved for a piecewise cubic approximation
with reference results from [1].

Conclusion

We dealt with the numerical solution of the MEW equation via semi-implicit scheme based
on the discontinuous Galerkin method and the backward Eulermethod for the space and time
discretization, respectively. A preliminary numerical example produced satisfactory results and
illustrated the potency of the resulting scheme.
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Tab. 1. Computed invariant quantities for single solitary wave
method l time IM(ul

h) IMM(ul
h) IE(ul

h)
present method 0.0 0.785398 0.166666 0.0052083

5.0 0.785398 0.166666 0.0052083
10.0 0.785398 0.166667 0.0052084
15.0 0.785398 0.166668 0.0052084
20.0 0.785398 0.166668 0.0052085

ref. method [6] 20.0 0.785398 0.166474 0.0052083
ref. method [1] 20.0 0.785398 0.166667 0.0052083

Source: Own based on [1] and [6]
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Fig. 1. Development of approximate solutions of single solitary wave
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NUMERICKÉ ŘEŠEŃI MEW ROVNICE PROSŤREDNICTVÍM

SEMI-IMPLICITN ÍHO NUMERICKÉHO SCH́EMATU

V tomto článku se zab́yváme v́yvojem numericḱe metody prǒrěseńı MEW rovnice – velmi
významńe rovnice s kubickou nelinearitou popisujı́ćı rozśahĺe mnǒzstv́ı fyzikálńıch jev̊u. Klı́čo-
vá my̌slenka uvedeńeho p̌rı́stupu je zalǒzena na diskretizaci MEW rovnice pomocı́ kombinace
nespojit́e Galerkinovy metody pro prostorovou semi-diskretizaci a zpětńe Eulerovy metody
pro časovou diskretizaci. Připojeńe numericḱe experimenty zkoumajı́ vlastnosti zachov́ańı pro
MEW rovnici spojeńe s hmotnostı́, hybnost́ı a energíı a ńasledňe tak dokĺadaj́ı potenci tohoto
sch́ematu.

NUMERISCHEL ÖSUNG DERMEW-GLEICHUNG MITTELS EINES

HALBIMPLIZITEN NUMERISCHEN SCHEMAS

In diesem Artikel bescḧaftigen wir uns mit der Entwicklung einer numerischen Methode zur
Lösung einer MEW-Gleichung. Das ist eine sehr bedeutsame Gleichung mit einer kubischen
Nichtlineariẗat, welche eine umfangreiche Menge physikalischer Erscheinungen beschreibt.
Der Schl̈usselgedanke des angeführten Ansatzes gründet sich auf der Diskretisierung einer
MEW-Gleichung mit Hilfe einer Kombination aus der nichtkontinuierlichen Galerkin-Methode
für die r̈aumliche Semi-Diskretisierung und impliziten Euler-Verfahren f̈ur die zeitliche Diskreti-
sierung. Die angeschlossenen numerischen Experimente untersuchen die Eigenschaften der
Erhaltung f̈ur die MEW-Gleichung, die mit der Masse, der Beweglichkeit und der Energie ver-
bunden ist, und belegen so die Potenz dieses Schemas.

NUMERYCZNE ROZWIA֒ZANIE RÓWNANIA MEW ZA POŚREDNICTWEM

SEMI-DYSKRETNEGO SCHEMATU NUMERYCZNEGO

W niniejszym artykule uwag֒e póswie֒cono rozwojowi numerycznej metody do rozwia֒zywania
równania MEW - bardzo wȧznego ŕownania nieliniowego trzeciego rze֒du opisuj֒acego wiele
zjawisk fizykalnych. Kluczowa idea wymienionego podejścia oparta jest na dyskretyzacji rów-
nania MEW przy pomocy poła֒czenia nieci֒agłej metody Galerkina dla przestrzennej semi-dys-
kretyzacji oraz zwrotne metody Eulera dla dyskretyzacji czasowej. Przedstawione ekspery-
menty numeryczne maja֒ na celu zbadanie cech zachowania równania MEW zwi֒azanych z mas֒a,
ruchem i energi֒a. Ponadto przedstawiaja potencjałtakiego schematu.
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